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A. H. AobzoB (Kazanp), 1. T. Tankun (Ka3zamnn)
Kosbia, 6/im3Kie K 9uCThIM

Bce KosbIia mpe/InoiaratoTesi acCOIMaTUBHBIME U ¢ HEHYJ1eBoi eauuutieir. Kosbio Ha3bl-
BACTCS YUCTMBLM, €CJIA KayKJIbI €ro 9JIEMEHT MPEJICTABAM B BHJIC CYMMbBI OODATHMOIO 3JIe-
MeHTa W ujemrorenTa. 3ydenne ancrbix Koser 66110 nHunmupoBano B pabore [1]. KosbIo
HA3BIBAETCS CMPO20 “YUCTNDIM, €CITH KaXKJBI €ro 9JeMEHT IPEJICTABAM B BHUJIE CYMMBI KOM-
MYTHPYIOIMIX 06PATHMOrO 3JIeMeHTa U njeMioreHTa. [loHaTne ¢cTporo 4ncToro KoJbiia ObLI0
BBEJICHO U M3yUeHo B pabore [2|. HucThie 1 ¢cTPOro YucThie KOJIbIA B MOCTEIHEe JeCITHICTHE
M3y 4YaINCh MHOTIMI MATEMATHKAMIL.

KosbIio Ha3BIBACTCH HUAD-YUCTIDIM, €CITU KAXK/IBI €r0 9JIEMEHT ABJISETCA CYMMON HUJIb-
IOTEHTHOIO SJIEMEHTA M WJIeMIOTeHTa. FC B KOJIbIle KazKbIil 9JIEMEHT [IPE/ICTABUM B BHJIE
CYMMBI KOMMYTHPYIONIX HUJIBIIOTEHTHOTO 9JIEMEHTA U UJCMIIOTEHTA, TO TAKOE KOJIBI[O HA3BI-
BAETCSL CIMPO20 HUAb-YUCTOIMU. HITb-9HCTBIe U ¢TPOTO HUJIb-UUCTBIE KOJIbIA OBLIN BBE/CHDI
1 u3ydeHsl B pabore [3]. Besikoe (cTporo) HUIIb-4nCTOE KOJBIO SIBJISIETCS (CTPOTO) YHCTHIM.

IIycts ¢ > 1 — marypasbhoe qucito. Kosbino R HA3BIBAETCA CMPO20 ¢-HUAb-YUCTIDIM, €CITH
KazKJIblil 971eMeHT 13 R IpeJICTaBiM B BUJIE€ CYMMbBI KOMMYTHPYIOIIUX ¢-IIOT€HTA U HUJIHIIOTEH-
ta [4]. Ctporo 3-HMIBL-9UCTBIE KOJIBIA B IIOCJIEAHEE BpeMs ObLIM M3yUueHbl B paborax [5]-[6].
Nneer MecTO CiieyIoliee ONUCAHNE CTPOTO ¢-HHU/Ib-IUCTHIX KOJIEIL.

Teopema 1. Ilycre ¢ > 1 — marypanbaoe umcio. g kosbra R ciaemgytomnume ycaoBus
PaBHOCHUJILHBI:

1) R — cTporo ¢-HWIb-9UCTOE KOJIBIIO;

2) J(R) — Hwib-ujiean u BCAKOE NPUMHUTUBHOE cClipaBa (DaKTOp-KOJIbIO KOJiblla R umMeer
sug M, (F), rne F — koneunoe nosie, u | F' ' =1 | ¢ — 1 msa xazkmoro 1 < i < n.
Cuaexncrsue 2. llycrs ¢ > 1 — marypasnabHoe qucso. Torma cieayroriye yeaoBus pABHOCHIBHBI

1 KoJibna R:
1) J(R) — mwib-uzean u R/J(R) — ¢-loTeHTHOE KOJIBIIO;
2) R — ¢TPOro ¢-HUJIb-YUCTOE KOJIBIO, KOTOPOe KBA3UMHBAPUAHTHO CIIPABA,;

3) R — 2-mepBUYHOE U CTPOrO G-HUJIb-YUCTOE KOJIBIIO.

DKBUBAJEHTHOCTD IIYHKTOB 1) U 3) CJIEYIONIEro yTBep K /eHus Oblia JoKa3aHa B pabore
[7].
CaexncrBue 3. Ilycrs g > 1 — HeyerHOe HaTypaJsibHOE Yncyio u g Z 1(mod3),q # 1(mods).
Torna cieayiomuye ycjaoBus paBHOCHIBLHBI JIJI KOJIbIla R:

1) J(R) — nwib-nnean u R/J(R) — g-IOTEHTHOE KOJIBIIO;
2) R — cTpPOro ¢-HWIb-IHCTOE KOJIBIIO;

3) Jyist Kazkjaoro r € R sjiement r¢ — 1 siBJIsieTCs HUJIBIOTEHTHBIM.

JIureparypa. [1] W. K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer.
Math. Soc., 229 (1977), 269-278. [2] W. K. Nicholson, Strongly clean rings and Fitting’s lemma,
Communications in Algebra, 27:8 (1999), 3583-3592. [3] A. J. Diesl, Nil clean rings, J. Algebra,
383 (2013), 197-211. Chen H., Sheibani M., Strongly 2-nil-clean rings, J. Algebra Appl., 16:9 (2017),
1750178, 12 pp. [4] A.H. A6s1308, Crporo ¢-Huib-uucrsie Kosbiia, Cub. Mmarem. )KypH., 60:2 (2019),
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197-200. [5] H. Chen, M.Sheibani, Rings in which elements are sums of tripotents and nilpotents,
J. Algebra Appl., 17:3 (2018), 1850042, 11 pp. [6] Y. Zhou, Rings in which elements are sum of
nilpotents, idempotents and nilpotents J. Algebra Appl., 217:1 (2018), 1850009, 7 pp. [7] M. T.
Kosan, T. Yildirim, Y. Zhou, Rings with 2" — x nilpotent, accepted to Journal of Algebra and Its
Applications.

Kazanckuit (IIpuBomxkcknit) denepaabHblil yHIBEPCHTET
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I'. T. ApakesnoB (Mocksa), A. B. Muxanés (Mocksa)
Pacnupenenénnble BEIYICICHIST 1 TOMOMOPMHOE Mg pOBaHIE

Bsenenue. I'omomopdnoe mudpopanne — dopMma mudpoBaHNsI, MO3BOJISIONIAsT TPON3BOIUTE
OIIpEIeJIEHHBIE MaTeMaTUIeCKue JeHCTBUsS C 3aludpOBAHHBIM TEKCTOM U TIOJIydaTh 3aImunpPOoBaH-
HBII PE3YJIbTAT, KOTOPBIl COOTBETCTBYET PE3YJIbTATY OIEPAINii, BBITIOJIHSIEMBIX C OTKPBITBIM TEKCTOM.
Hamnpuwmep, o dejioBeK MOT ObI CJIOXKUTH JIBa 3aIuPPOBAHHBIX YUC/IA, & 3aTE€M JIPYTOi de/I0BEK
Mor Obl pacmmudpoBaTh Pe3yJIbTaT, HE UCIOJIb3Ys HU OJIHO U3 HUX.

Oco0bIil 2Ke MHTEpeC IpPeJICTaBIIsia BO3MOXKHOCTD ITIOCTPOECHUSI MOJHOCTBIO TOMOMOPQHOTro
mmmdpoBaHus, T.e. MudPOBAHNUS, TO3BOJISIONIEr0 TPOBOIUTL HAJ MUMPTEKCTAME JIIOObIE HEOOXO-
JINMbIE BBIYUC/IEHUsI. BliepBble njiesi IOJIHOCTBIO TOMOMOPGHOTO T pOoBaHus ObLIa IPEJJIOKEHA B
1978 romy mzobperaTe/isiMu KPUITOIPaUIeCKOro ajirOpuTMa ¢ OTKPBITHIM KarouoMm RSA Ponajibmom
Pusecrom n Anqu [lamupom cosmectHOo ¢ Maitkiaom Jleprysocom. Yxe cama kKpumrocucrema RSA
obecrieunBaJia, MYJIbTUIIMKATABHBIA TOMOMOPGU3M, T.€. MO3BOJISIIA BBIIOJHSITE ONEPAIUI0 YMHO-
JKEeHUs HaJl MHUMPTEKCTaMM, W I0ocje paciindpoBaHus WU3BJIEKATh N3 IMTOJIYyIEHHOTO MMHEMPOTEKCTA
[POW3BEEHNE UCXOHBIX TEKCTOB, T.€. BBITOJHSIIOCH CJIEIYIOIIEee:

Dec(Enc(my) @ Enc(mg)) = my * ma

OI[‘HaKO Ha HaYaJIbHBLIX 9TallaX IIOIILITKH CO3/aHudAd ITOJITHOCTLIO I‘OMOMOpCbeIX KPUIITOCUCTEMBI
HeymadHbl. MHOIrue robl ObLIO HEITOHSITHO, BO3MOXKHO JIM BOODIIIE ITOJIHOCTHIO TOMOMOpP@HOE M po-
BaHUe, XOTs MONBITKY CO3IaHNs TAKON CHCTEMBI IIPEeAIPUHIMAJINCH HEOJTHOKPATHO. Tak, HAIIpUMeED,
kpunrocucreMa, mpemiokennas B 1982 romy ladu losbasaccepom n CumbBuo Mukasu, nmesa
JIOCTATOYHO BBICOKHI yPOBEHb KPHUIITOCTONKOCTH, HO ObLIa JIMIIb YACTUIHO TOMOMOPMHOI (romo-
MOPMhHOI TOJBKO TI0 CJOXKEHUIO), W MOIJIa 3amndpoBaTh TOJbBKO onuH 6ut. Eme onHa agauTuBHO
roMmoMopdHasi cucteMa mudposanus ObLia npeaoxKera B 1999 roay Ilackamem Ilsite. IIpopsis B
Pa3BUTUN TOJTHOCTBHIO rToMoMopdHoro mudpopanus npuxogurcs Ha 2009 rox, korga Kpeiir xantpu
BIIEPBbIE IIPEJIOXKIJI BAPUAHT IIOJHOCTHIO PTOMOMOPQHON KPUITOCUCTEMbBI, OCHOBAHHON Ha KPUIITO-
rpadun Ha perrerkax. C Tex HOp HMOSIBIJIOCH OOJIBIIIOE KOJTUIECTBO pabOT, B KOTOPBIX IPEIaraeTcst
MOAU(UKAIINA KPUITOCUCTEMBI JI?KAHTPH € IeJIbI0 YIIydIlIeHusI ee IPOU3BOIUTEILHOCTH.

st Toro, 9T00BI KPUITOCXEMA, OBLIA TOJTHOCTHIO TOMOMOPMHOM JTOCTATOIHO €€ TOMOMOP(HOCTH
OJIHOBPEMEHHO | I10 OIEPAIINN CJIOXKEHHS U 110 OIE€PAIlUN yMHOXKEHHS,

Dec(Enc(my) ® Enc(mg)) = my * mg
Dec(Enc(my) ® Enc(msg)) = mq + mo

rjie ® u @ — oneparuu HaJT MuPOTEKCTAME, COOTBETCTBYIOIIME OMEPAIUsIM * U + HAJl OTKPbI-
ThIMU TEKCTaMU.

JocraroanocTs ToMOMOpPGhU3Ma, IO CJOKEHUIO U YMHOXKEHUIO CJIEIyeT U3 TOTO, UTO HaJI GuTamu
ollepaIuu CJIOYKEHNsT U YMHOXKeHUsT (OPMUPYIOT MOJIHBIA 110 Thiopunry 6aszuc. CjenoBare/bHO, €CIN
Takas KPUIMTOCUCTEMA CMOYKET HAJIeXKHO MudPOBATH JBa OUTa, TO CTAHET BO3MOYKHBIM BBIYUCIUTD
JII0OYI0 OYJIEBY, & CJIEIOBATEIBLHO U JIIOOYIO BBIUUCIUMYIO (DYHKIIHIO.



Tabnuma 1: Bpems BbIUnc/ieHHs 3HAYEHUs] MOJUMHOMOB IIPU C IOMOIIBIO KOMOMHAIIMOHHOM

cxembl RSA-+IIsite

3HayeHue x

[Tosmuom (1)

[TosmuoM (2)

[MosmroMm (3)

3452 0.92¢ l.lc 0.89¢
312 1.12¢ 1.04 c 0.9¢c
4124 0.92¢ 1.1c 0.83c

Tabmuma 2: Bpems Beranc/iennsi 3Ha9eHUsT TOJIMHOMOB pu ¢ ioMotnbio Cxembr J[xkanTpn

Buauenue x | [Tosmuom (1) | Tlommuuom (2) | [oaurom (3)
3452 3.21c 4.07 ¢ 93¢
312 5.1c 6.3 c 9.4c
4124 4.2¢ 5.1c 9.83c

Pacnpenenennbie Berduciienust 1 romomopdHoe iudpoBanue. PaciipeieieHHbIE BBIYIC-
JIEHUsI — COBpPEMEHHas] MHOTOI'DaHHAasi 00JIaCTb BBITUC/IUTEIBHBIX HAYK, OYPHO Pa3BUBAIOIIASICS U
SIBJIATOINAsICS HanboJiee aKTYaJbHONW B OuzKaiiime JecsaTuieThs. AKTyaJbHOCTb JTaHHOU 00J1acTh
CKJIQJIBIBAETCS M3 MHOXKECTBa (PaKTOPOB, U B IEPBYIO 0Y€PE[lb, UCXOJd U3 TOTPEOHOCTU B OOJIBIITUX
BBITUCIUTEIbHBIX PECypcax JJjisi PElIeHns MPUKJIAIHBIX 33724, | paJulMOHHbIE TOC/IeI0BaTE/IbHDIE
apPXUTEKTYPhI BRITUCIUTEIEH U CXeM BBIYUCJICHIN HAXOAITCS B IIPEIIBEPUH TEXHOJOINIECKOrO IIpe-
nena. B To e BpeMsi TEXHOJIOTMYECKU MPOPBIB B 0OJIACTU CO3MAHUS CPEICTB MEXKIIPOIIECCOPHBIX
U MEXKKOMIILIOTEPHBIX KOMMYHUKAIINN [TO3BOJISIET PEeaIn30BaTh OIHO U3 KJIOYEBLIX 3BEHBEB MapaJ-
sieim3ma — 3G @PEKTUBHOE YIIPABIEHNE B PACIPEICICHUN BHIUYUC/ICHUHN 110 PA3/IMIHBIM KOMIIOHEHTaM
MHTErPUPOBAHHON BBITUCINTEHbHON ycTaHoBKU. OIHON M3 TJIABHBIX 33189 B PACIPEIeIeHHbIX BbI-
YHUCJEHUSX SIBJISIETCS — 00ecIeveHne 3alnThl KOH(PUICHITNAIbHBIX JAHHBIX, KOTOPBIE IePeIatoTCs IO
pacmpeiesleHHoi cetr. PemuTs 1aHHy1o 33189y MOXKHO ¢ METOJAMU HOJTHOCTHIO TOMOMOP]QHOI KpHUTI-
Torpadun, 0JJHAKO OCHOBHAsI IIpOOIeMa Ha CEerOIHANIHUN JIeHb 3aK/II0UAETCsT B TOM, UTO He CYIIEeCTBY-
eT MOJEJIN MOJHOCTBI0 TOMOMOPMHOI CXeMbl MIMPOBAaHNUsI, KOTOPas MOIJIa Obl OBITH MCIIOJIH30BAHA,
Ha npakTuke. B 1okjajie paccMaTpuBaeTcs MO/ b OPraHU3allnN PACIIPE/IEJICHHBIX BBIYUCIEHNUI C TO-
MOMOPQHBIM MG POBAHIE, KOTOPOE 00ECIETNBALTCS 38 CUET KOMOUHAIINYN TaCTHIHO-TOMOMOP(HBIX
CXEM.

TomomopdHoe mmndpoBannsa Ha 6a3e YaCTUIHO-TOMOMOP@HBIX. [[j1s1 TOro, 9TOOBI HEKO-
TOpast cxeMa MuPOBaHUs ObLIA TOJHOCTHIO NOMOMOPMHOI, HEOOXOAUMO U JIOCTATOYHO €€ T'OMO-
MOPGHOCTH OTHOCHUTEILHO OIEPAIMil CIOYKEHUsI W YyMHOXKeHus. B HacTosiiiiee Bpems paspabora-
HO y»Ke JOCTATOYHOE KOJMYIECTBO ITOJIHOCTHIO NOMOMOPMHBIX CxXeM MUMPOBaHUsI, OTHAKO 10 CHUX
[Op HE CYIECTBYeT CXEMBbI, KOTOpasi Oblja Obl MPpaKTUYECKHU IOJie3Ha. Bee CyIecTByIOIme MoJTHO-
CTBHIO TOMOMOP(QHBIE CXeMbI MUGPOBAHUS B OOJIBINEH Mepe ABJISIOTCA MOKa JIUIIb TeOPETUIeCKIMUI
U UX MpaKTUYeCKOe IIPUMEHEeHUe MOKa HEBO3MOXKHO. B Toxke BpeMmsi, yKe JIOBOJIBHO JIaBHO, CyIIle-
CcTBYIOT 3 DEeKTUBHBIE CXeMbl 00JIaIAIoNe CBONCTBAMU YaCTHIHOTO romomopdusma. B moxirasme
[IpEeJICTABJIEHA Ues Pean3aind TOMOMOPGHOro mudpPOoBaHUst 3a CUeT UCIIOIb30BAHUsT KOMOUHAIIT
GaCTUIHO-TOMOMOP(DHBIX CXEM.

Hamu 6b11 poBeieH SKCIEPUMEHT, el KOTOPOT'o 3aK/II049ajiach B BHIYNC/JICHUN 3HAYEHUS CJie-
AYIOMIUX [OJIMHOMOB:

1. 42t + 76523 + 12322 + 78962 + 23
2. 7525 + 183x° + 79624 + 12323 + 9622 + 23
3. 4227 + 76525 + 1832° + 79624 + 12323 + 789622 + 23

HaJI 3aIndPOBAHHBIMI JTAHHBIME. Pe3yibraTe! npuseensl B Tabmurax (1) u (2).



Kak, BugHO U3 JaHHBIX TaOJIUIl, B CJydae KOMOMHUPOBAHUS CXEM, BPeMsl BBIUUCIEHUS BCEX TPEX
MOJIMHOMOB TTPUMEPHO OJMHAKOBOE. DTO CBA3AHO C TeM, UTO OCHOBHOE BpeMs, OBLIO 3aTpadeHo Ha
OTIPaBKy Ha KJIUEHTCKYIO CTOPOHY JIAHHBIX JJIs TIepeBosia n3 cxeMbl RSA B cxemy Ilsite.
Karouesvie caosa: TlonmHocThio roMmoMopdHOe mndpoBanme, IacTUIHO-TOMOMOPQHOE Mg pPOBaHNE,
KOMOHMHaIMs cxeM mudPoBaHusi, BBIYUCIUMOCTE (DYHKIUHN, paciupee/IleHHbIe BHIUYUCICHUS.

JIureparypa. [1] [ityxos M.M., Exuzapos B.II., Hewaes A.A. Anre6pa. Cankr-Ilerep6ypr: Jlans.
— 2015. [2| T'pubos A. B., Bosmoreix II. A., Muxanés A. B. Ilocrpoenne ajrebpandeckoii KpUITO-
CHCTEeMBI HaJ| KBA3UI'PYIIIOBBIM KOJIbIIOM // Maremaruaeckue Borpocsr Kpunrorpadum. — 2010. —
T. 1, Ne 4. — C. 23-32. [3] Karsumes C.}O., Mapkos B.T., Heuaes A.A. Vcnonb3oBanue Heacco-
[MATUBHBIX TPYIIIONJIOB I PEATH3AINN IPOIELyPhl OTKPLITOrO pacipesesenus Kiodeil // duc-
kperHass maremaruka — 2014. — T. 26, Ne 3. — C. 45-64. [4] Kyspmun A. C., Mapkos B. T,
MuxaneB A. A., Muxasies A. B., Hewaes A. A. Kpunrorpadpuiueckue ajropuTMbl Ha IpyIIax u
anrebpax// Juckpernas maremarnka — 2014. — T. 26, Ne 3. — C. 45-64. 5] Bypreika ®. B.
CI/H\IMGTpI/IqHOG IIOJIHOCTBIO FOMOI\IOpCbHOe H_H/I(prBaHI/Ie C HCIIOJIb3OBaHUEM HEIIPUBOAMMBIX MaT-
puunbIX mojnaoMoB / /M3Bectust FOxuoro denepanbroro yausepcurera. Texundeckue nayku. 2014.
crp. 107-122. [6] D. Song, D. Wagner, A. Perrig. Practical Techniques for Searches on Encrypted
Data // University of California, Merkeley. Security and Privacy, 2000. [7] R. Curtmola, J. Garay,
S. Kamara, and R. Ostrovsky. Searchable Symmetric Encryption: Improved Definitions and Efficient
Constructions // Proceedings of the 13th ACM conference on Computer and communication security.
2006. [8] D. Cash, J. Jaeger, St. Jarecki, Ch. Jutla, H. Krawczyk, M-Cat. Rosu, and M. Steiner.
Highly-Scalable Searchable Symmetric Encryption with Support for Moolean Queries // Advances
in Cryptology - CRYPTO 2013. [9] D. Moneh, C. Gentry, S. Halevi, F. Wang, D. J wu. Private
database queries using somewhat homomorphic encryption // Applied cryptography and network
security Springer, 2013, p.102-118. [10] D. Cash, J. Jaeger, St. Jarecki, Ch. Jutla, H. Krawczyk,
M-Cat. Rosu, and M. Steiner. Dynamic Searchable Encryption in Very-Large Databases: Data
Structures and Implementation // IACR Cryptology Fuzzy identity-based encryption //Advances
in Cryptology — EUROCRYPT 2005. ePrint 2014. [11] D. Moneh, A. Sahai, M. Waters. Functional
encryption: Definitions and challenges //Theory od Cryptography.2011. pp. 253-273. [12| Gentry C.
A fully homomorphic encryption scheme: Ph.D. thesis. — Stanford University. —2009. 13| Stehle D.,
Steinfeld R. Faster fully homomorphic encryption //Advances in Cryptology-ASIACRYPT 2010.
Springer Merlin Heidelberg.2010.pp. 377-394.

MI'Y um. M.B. JlomonocoBa, MexaHuko-MaTeMaTUIeCKuil (hakyIbTeT

. H. Bama6a (Tyna), A. B. Muxanés (Mocksa)
['pajgynpoBanHasi IPOEKTUBHAs aaredpa

B monorpadum ,,/Tuneiinas anrebpa n npoekrusHasi reomerpusi P. Bap [1] cucremarnyeckn us-
JIOKWJT pa3/ielt ajaredpbl, 3aMUHAIOIAICH U3y YeHNEM TPEX TECHO CBA3AHHBIX MEXKJIy 000 00HEKTOB,
aCCOIMUPOBAHHBIX C BEKTOPHLIMY IIPOCTPAHCTBAMU HAJI T€JIAMU: PENIeTKH IMOAIPOCTPAHCTB, KOJIbIIA
SHJIOMOP(U3MOB U IPyIILI aBToMOpdu3MoB. B npenuciiosun K ee pycckomy msmauuio A. I Kypor
STy BETBb AJIN€OPbI, MOTJIOTUBIIYIO BCE OCHOBHOE COJIEpXKAHUE IMTPOEKTUBHOW N€OMETPUHU U CBSI3aB-
IIyIO ITPOEKTUBHYIO F€OMETPHIO C TeOpuell CTPYKTYP U TeJi, ¢ 00Ieit Teopueil acConMaTuBHBIX KOJIEIT
U MOJIyJIell U C TeOpHeil KJIACCUIECKUX IPYIII, PEJIOKUIT HA3BIBATH NPOEKMUEHOT aA2e0p0T.

B nmokname OymayT mpeiacTaBiieHbl Pe3yabTaThl, KACAIOINIUECH I'PAYyUPOBAHHON MPOEKTUBHON aJi-
reOpbl, CBA3AHHBIE C IPAJYUPOBAHHBIMU JIMHEHHBIMU IPOCTPAHCTBAME HAJI I'PAJy HPOBAHHBIMU TeJjIa-
M.

I'pamyupoBannbie Tesia, TO €CTh IPAJLyUPOBAHHbBIE KOJIBIIA, KAXKJIbII HEHYJIEBON OJIHOPOJHBI 3J1e-
MEHT KOTODPBIX SBJISIETCS OOPATUMBIM, UTPAIOT 3HAUYUTEILHYIO POJIb B CTPYKTYPHOU TEOPUU T'Pay-
MPOBAHHBIX KoJienl. HecMoTpst Ha TO, 4TO I'pa/lyHpPOBAHHbIE TeJa HE SIBJIAIOTCHA TeJaMHU B OOBIYHOM
CMBICJIE, OHU CaMU U T'paJyUPOBaHHBbIE MOIY/IU HAJ[ HUMHU OOJ/IAJAI0T CBOWCTBAMU, aHAJIOIMIHBIMUI
CBOMCTBAM Te€JI M JIMHEHHBIX ITPOCTPAHCTB HAa/JI TEJIAMU.

Bce paccmaTrpuBaeMble KOJIbIA TPEIIOIATAIOTCS ACCOIUATUBHBIMU C €JIMHUTIEN, TPAJy HPOBAHHBIE
MYJIBTHILIHKATUBHON rpynmo#t G ¢ equHUIIEH €.
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Jlerko nmposeputh, uro ecau D = D, sasnserca G-rpagyupoBaHHBIM TejioM, TO D, saBs-

geqG
CTCs TEJIOM, ero HOCUTETh G’ = SuppD = {g € G| Dy # 0} — moarpynma rpynnst G u D — cuIbHO
G -rpajiyupoBaHHOe KOJIBIIO.

I'pajyupoBanubiii MOIY/Ib V' HAJL IPAIYUPOBAHHBIM TEJIOM [ SBJISIOTCS ¢r-C80000HbIM, TO €CTh
o0ba1agaeT 6a3MCOM, COCTOSIIIINM U3 OJHOPOIHBIX 3JEMEHTOB, IPUUIEM BCE OTHOPOIHBIE Oa3nuchl V nme-
0T OJIMHAKOBYIO MOIITHOCTG. |'pajlynpoBaHHbIE MOJIYJIN HAJ] IPAJIyUPOBAHHBIME TeJIAMU OYJeM HA3bI-
BaTb 2PadYUPOSAHHBMU AUHETHBLMU NPOCTPAHCTNEAMU,

B [2] 6bu1r paceMoTpeHBl CBORCTBa I'PaJlyMPOBAHHBIX JIMHEHHBIX IIPOCTPAHCTB U JIOKA3aH I'pa-
JIYyUPOBAaHHBIN aHAJIOr TPEYTOJbHON Teopuu [ajya, KoTOpast COCTOUT B MOCTPOEHUHU U30MOPQPU3IMA
MEK/ly PEIIeTKON IpaJlyupOBAHHBIX MOJIIPOCTPAHCTB IIPOCTPAHCTBA V' U PEIIeTKOM PaBbIX I'PaJLyd-
POBaHHBIX AHHYJISITOPHBIX UJIEAJIOB TPajlyMPOBAHHOIO KoJiblia sHjoMopdusmos A = ENDp(V), an-
TUHI30MOP(MU3Ma MEXK LY PENIETKOI I'PajyiPOBAHHBIX IIOIIIPOCTPAHCTB IIPOCTPAHCTBA V' U perreTKoit
JIEBBIX T'PaJyMPOBaHHBIX AHHYJIATOPHBIX UJIEAJIOB KOJIbla A U aHTUU30MOpMU3MA MEXK Y PeIreTKoit
MPABBIX M PEITeTKOMN JIEBBIX IPAIyUPOBAHHBIX AHHYJISITOPHBIX MIEATOB KOJbIa A.

MHO>KEeCTBO OIHOPOHBIX 0OPATUMBIX 3JIEMEHTOB DAy MPOBAHHOIO KOJIbIIA JIMHEHHBIX Ipeobpa-
soBanuit END (V) o6pasytor rpynmny GLI"(V'), siBISIIONILYOCS aHAJIOTOM IIOJHON JIMHEHHOM IPy b

Teopema 1. Ecjin pasMepHOCTb IpalydpOBAHHOIO JIMHEHHOTO IMPOCTpaHCcTBa V' HaJ IpajlyupoBaH-
HBIM TesioM D Gosbine 1, To cieyomue cBoiicTBa JnHeRHOro npeobpasosanus o € GLI" (V) sxBu-
BaJIEHTHBI:

1. o npunaexxutr neaTpy rpymmnst GLI"(V);

2. 0 oCTaBJIsleT HHBAPUAHTHBIM KaXKJ0€e I'PaJlyHPOBAHHOE MOIIPOCTPAHCTBO MIPOCTPaHCTBA V]

3. CcyIecTByeT HEHYJIeBOI OTHOPOIHBIH sstemenT f € D takoii, uro o(v) = vf mius Becex v € V.

CaeacrBue. Ienrp rpynust GLI" (V) uzomopdeH MyJbTUILINKATUBHON TPYIIE OJHOPOIHBIX dJie-
MEHTOB IIeHTpa Teya D.

Ilox usomopdusmom TpajiyupoOBAHHBIX KoJiel Oy/eM IOHUMAaTh COXPAHSIIONIUN IpayUupPOBKY
n30MOPQU3M KOJIEIL.

Teopema 2. Ilycte A = ENDp(V) u B = ENDg(W) — rpagyupoBaHHbIe KOJIbIIA 9HIOMOPMOU3MOB
rpayupOBAHHBIX JUHEHHBIX IpocTpancTB Vp u Wg nan rpajgyupoanubivu TesiamMu D u B cooTBeT-
creerno. Torma jo60it msomopdusM ¢ : A — B rpaayupoBaHHBIX KOJIEI HHIYIUPYET N30MOPQMU3M
PEIeTKN T'PalyiPOBAHHBIX TOIIIPOCTPAHCTE MPOCTPAHCTBA V' Ha PEIeTKy IpajyUupPOBaHHBIX IO/I-
[IPOCTPAHCTB IpocTpancTsa W.

B [2, reopema 3.1]| 6b1710 ycTaHOBIIEHO, YTO H30MOPGMU3MBI I'PAYUPOBAHHBIX KOJIEI SHI0MOPGhU3-
MOB I'Da/IyUPOBAHHBIX JIMHEHHBIX IIPOCTPAHCTB WHILYIIUPYIOTCA CIEIUAJIHLHOIO BUIA Oy INHEHHBIMI
Ipeodpa30BAHUAMHI JIMHEHHBIX ITPOCTPAHCTB.

OrMmeruM, 9TO aBTOpamMu Oblila paccMOTpeHa U OoJsiee obmmias curyarusi. IloydeHbl KpuTepun,
pelaIye BOImpoc O TOM, KOIJ[a H30MOPMU3M I'PalyHPOBAHHBIX KOJIEI] H30MOP(PU3MOB CTPOTUX ZI-
00pas3yIoNux, UHAYLIUPYETCS gr-o0pasyolluM, IpalydpPOBaHHONi SKBUBAJIEHTHOCTHI0 MoOpHUTHI Min
IOJIyJINHEHHBIM [IpeobpasoBaueM [3).

Hapsiny ¢ ommcanuneM n3oMOp@U3MOB KOJIEIl, 3HI0MOPMU3IMOB MOLYJIell 3HAYNTEIbLHBIA HHTEpeC
[IPEJICTABJISIET ONMCAHUE UX AaHTUU30MOPGU3MOB. V13 Gojtee 0OIMUX PE3yIBTATOB ABTOPOB, OIIUCHIBAIO-
UX KPUTEPUN UHIYIIUPYEMOCTH IPaSyUPOBAHHBIX KOJIEI SHIOMOP(MU3IMOB CTPOrUX gr-o0pasyonux
rpaJlyipoOBaHHOI AHTUIKBUBAJIEHTHOCTHI0 MOPUTHI WK I'PayUPOBAHHBIM AHTUIIOYIMHEAHBIM IIpe-
obpazoBanueM [4], ycTaHOBJIEHO, YTO KaxKJblii aHTHH30MOPGhU3M T'PayHMPOBAHHBIX KOJIEI SHIO-
MOPGPU3MOB I'PALYUPOBAHHBIX JIMHEHHBIX IIPOCTPAHCTB HHIYIUPYETCS CIEIUaJIbHOIO BHUIA AHTH-
O/ IMHEHBIM TTpeoOpa30BaHIEM JIUHEHHBIX ITPOCTPAHCTB.

Pa6ora mojyep:kana POOU (mpoekr Ne 19-41-710004 p-a).

JIureparypa. [1| P Bop. Jluneiinast anrebpa u npoekrusHas reomerpusi. Mocksa: Wzn-Bo Uno-
crpanHoil ureparypsl, 1953. [2] 1. H. Banaba, 1zomopdusmbl rpa/lynpoBaHHbIX KOJIEIl JIMHEHHBIX
peobpa3oBaHmii rpajlyHPOBAHHBIX BEKTOPHBIX MpocTpaHcTs. Yebbimesckuii 6., 6:4 (2005), 6-23.
[3] . H. Banaba, A. B. Muxasués, M3omopdusMbl rpalynpoBaHHBIX KOJIEI HIOMOPGhU3MOB Ipa-
JlyMPOBAHHBIX MOJyJieil, 6iam3kux K cBoboaubiM,Pyraament. n npukia. mareM, 13:5 (2007), 3-18.
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[4] 1. H. Banaba, A. B. Muxanés, AnrunzoMmopdusMbl IpayupOBAHHBIX KOJIEl 9HI0MOPMU3MOB
IPaJIyMPOBAHHBIX MOJIyJIell, 6JM3KUX K cBOOOuHbIM, DyHuaMeHT. u npuki. MareM, 14:7 (2008), 23—

36.

Tynscknit rocynapcTBeHHBIH Nefgarormdeckuit yausepcurer nm. JI.H.Toacroro
MockoBckuit rocynapcrBennbiit yuupepcuteT umenu M.B.Jlomonocosa

e-mail: ibalaba@mail.ru

B. H. BesBepxumnii (Mocksa)

O mpobJenMe paBeHCTBa CJI0B B Tpynnax Aprunal

I'pynma Apruna 3ajjaeTcss KOHEUHOH CHCTEMOl 0OpasyIonux: 01,02, ...,0, 1 CHCTEMOH ormpe-
Jesisiomux cootHoenuit (o;0;)" = (o;0;)"™7", tne (0;0;)"7 = 0,0j0;... CIOBO U3 4YepeiyiO-
IUXCsT 00PA3yIOMUX 05, 0j JUIMHBL Myj, TAE M;j — JEMEHT CHUMMeTPHIecKoil Marpuupl Kokcrepa
M= {mij|z',j € 1,n} ,mij € {2,3,4,...,00},my; =1 nys moboro i = 1,n, M;j = 0o 03HaYa€T, 9TO
COOTHOIIEHHE ¢ 00PA3YIOLUME 0, 0'j OTCyTCTBYET.

['pynna ApTuna uMeeT KoIpeJcTaB/eHne:

ij i 2 s T
G =(01,02,03,....0n;(050;)"" = (0j03)™" 07 = 1,i,5 € I,n) (1)

IlocraBum B coorBercTBHE rpyie (G KoHedHbI rpad I’ KaxK 101 BepinmHe v; KOTOPOI'O CTABUTCS
B COOTBeTCTBUE 00pasylomuil v;, a pedpy, coeUHsIONEeMy BepIIMHEBL V;, Uj — 3JIeMeHT m;; € M, npu-
9YeM, eCJTH BEPIIUHEL Uj, U He COeIMHEHbI peOPOM, TO Iape ;0 j COOTBETCTBYET m;; = 00. Takoii rpad
HasbIBaeTcs rpadom Kokcerepa, a cOOTBETCTBYIOIIAsl €My IPyIia ApTUHA UMEET KOIPEICTaBIeHue
(1) m oboznagaercs Gr. C xaxkoit rpynmoit Apruna Gr cpssana rpymina Kokcerepa Gr, mveromast
KOIIPEICTABJICHHE:

Gr = <01, 02,03, . ...0n; (0305)" = (0j03)"" ,022 =1,i,5 € 1,7n> (2)

Ecim rpymna Gt koHeuHna, To rpynna G Ha3blBaeTCs IPyINol ApruHa KoHeuHoro Tuma. Jan-
HOMY KJIACCY TPYII TPWHAJIEKAT TPYIIBI KOC By11, Mg kotopsix B 1969 r. @. A. Tapcaiimom
6bL1a pereHa npobJiema conpsizkeHHocTH cyioB [1]. 9. Bpukconom n K. Caiiro 6bu1a jokasana pas-
PEIINMOCTD TIPOBJIEMBI PABEHCTBA U CONPSXKEHHOCTH CJIOB B I'pynnax ApTuHa KOHeYHOro turna [2].
I1. lynn u K. Anmens onepe/uia ImupoKne KIaccel rpyn ApruHa 6osbinoro (mi; > 3) 1 9KcTpa
bosbmoro Tuma (m;; > 3).

Jns rpynn AptuHa 9KcTpa OOJIBIIOrO THIIA, UCHOJIB3Ysl IUATPAMMHBIA METOI, UMHU Ke ObLia
periena mpob/ieMa paBeHCTBa U COIPsIKEHHOCTH ¢I0B [5]. B paGorax [6,7] HesaBucuMO GbLIH PEIICHBI
npobJieMa paBeHCTBa U CONPSIKEHHOCTH CJIOB B rpynmnax Apruna Gosibmioro tuna. B [4] BBemeno
[MOHSATHUE TPyl APTUHA C JIPEBECHON CTPYKTYPOI.

I'pynma Aprtuna HasbiBaeTcst TPYTIION ¢ JpeBecHOl cTpyKTypoit, ecim rpad Kokcerepa I, co-
OTBETCTBYIOIIUI JAHHON TpyIile, sBJsIeTCs JepeBo-rpadoM. DjemeHTbl MaTpuiibl Kokcerepa —
M = {myli,j € T,n} ,ms; € {2,3,4,...,00}.

Teopema 1 [8]. B rpynmax Apruna c apeBecHOil cTpyKTYpOil pa3pemumMbl IpobJaeMbl PABEHCTBA U
COTIPSIYKEHHOCTHU CJIOB.

I'pynma Apruma maspiBaeTcs Tpymmoit ApTuHa ¢ m-yroabHOH cTpyKTypoit, ecim ee rpad I
COCTOHUT W3 M-yTOJbHUKOB C 3jeMenTamMu MaTpuibl Kokcerepa m;;, Ipuna/jIeKaIiuM MHOXKECTBY
{2,3,4,...,00}.

Teopema 2 Ilycre G - rpynma ApruHa ¢ m-yrojbHON CTpyKTypoii, m > 3, Toraa B rpyime Gr
paspemmnMbl TpobIeMbl PABEHCTBA U COMPSI)KEHHOCTH CJIOB.

[Iycrs Gr - rpynna Apruna, 3anannast konpeacrasienuem (1), I' - rpad Kokcerepa, coorser-

cryomuit rpynune Gr, 01,02, ...,0, - obpazyforiue rpymibl Gr.
Ilycts 'y C T' - makcumasibHBIN AepeBo rpad, 61y - momonuenue I'g B I', 6y - 3amkHyTOE
MHOXKeCTBO, Yepe3 X 0603HaUYnM MHOXKeCTBO obpasytomux rpynnsl Gr: Xo = {001,002, -.,00m},

!Pa6ora BeImosHena 1o rpanty POOU 19-41-710002 p_ a

12



e og; = 04,0 € 1,n u rge relGr, - cucreMa OLPeE/ISIONUX COOTHOIIeHUH rpyunsl Gr, , TOraa
Gr, = (Xo;relGr,) xoupeacrasienue rpynsl Gr,. O6oszunadunm Xo = {70;,1 < ko <i <ng < n} -
MHOZKeCTBO obpasyiomux rpynn Gsry,

X = {001, 1 < ko <i<mng<n},X C Xo,relGsr, = Gr\Gr,
TOrJa KOIIpeAacTaBJIeHUE TI'DYIIIIbL 6yﬂeT NMEeTDb BU:

G6F0:<Y;relG5FO>
Wcnonb3ys npeobpasoBanusi Tuiie MoxKHO IIpeobpa3oBaTh KoIpeicTraBieHne rpyuibl Gr K ciie-
TyToTeMy BUITY:

Gr = (001,002,003, - - -, 00n, 00 kg - - -  00,m03 T€lGTy, €l Gs1y, 00s = 003, 1 < ko <@ <ng < n) (5)
B ,HaﬂbHeI;‘HHeM 6yﬂeM HCIIOJIB30BaThb CJIe,ZLyIOHLee KOHpe,ILCTaBJIeHI/Ie prHHbI

GF = <GF0 * G&Fo;relGF(), TelG(sroa O0kg = O0kgy--->00ng = O-On0>

Teopema 3. B rpynme ApTuHa ¢ ApeBeCHON CTPYKTYPOil paspernmMa IpodieMa BXOXK ICHHSI.

Teopema 4 (ocHoBHast). Eciu B rpynmne Gsp, paspemnmva npobieMa PaBeHCTBa CJIOB U CYIIECTBYET
aJITOPUTM, MO3BOJIAIOIINIL JI7Is1 JTr00oro cioBa w € Gsr, u jmoboro obpasyromero og;, 1 < kg < i <
no < n rpyunsl Gsp, YCTAHOBHTDL IPUHAJJIEKAT JIM W IUKJIMIECKON MOArpyIIe (Go;), TO B TPYIIIE
Gr pazpemiuMa 1pobJieMa paBEeHCTBaA CJIOB.

JlokazaTeabCTBO T€OPEMbI HEIIOCPEICTBEHHO UCIIOIL3YET CTPOEHUE OJIHOCBA3ZHON auarpaMmbl M
HaJ1 rpy1moit Aptuna ¢ gpesecHoii crpykrypoit. Kak ciemyer us [?], quarpamma M siBiisieTcst oiHO-
cJIOMHOIL, TO ecTh yiobast obsacts D C M, rne 6M = 6~ ! - rpanmunerii muks guarpammsl M umeer
He MyCToe Hepecedenne Kak ¢ 7y TaK Kak u ¢ 0 1, dD N~y # @,6D NI ' # @ u M ue conepxut
BHYTDPEHHUX BEPIINUH, a TaK¥Ke UCIOJIb3yeTcs Konpejcrasiaenue (5) rpymmbt Gp.

Teopema 5. B rpynne Gsr, paspentuma mpobiieMa paBeHCTBa CJI0B, U 11l 100010 w € G5, MOXKHO
3bPEKTUBHO YCTAHOBUTD, IPUHAJICXKUT JIX W MUKJIXIECKOM [TOATPYIIIE, ITOPOXK ICHHOM 00pa3y oM
o0j € Xo, ko < Jj < no.

[Ipu noxazaTenbcTBe UCIONb3yeTcs TeopeMa 4 U pasioxkenne rpynnbl G5, B KOHEUHYIO HOCIIe-
JIOBATELHOCTD IPyHil APTHHA € JIPEBECHON CTPYKTYPOI.

Teopema 6. B koHeuHONIOPOXK IeHHOH rpyIiiie ApTrHa paspeniuMa, mpobjieMa paBeHCTBA CJIOB.

JIureparypa. [1| F. A. Garsid, The braid group and other groups. Quart. Math, Oxford ser(2), 20,
(1969), 235-254. 2] 9. Bpuckops, K. Caiiro, I'pynmbr Apruna u rpynnsr Kokerepa. Maremarnka,
18, (1974), No 6, 56-79. 3] B. H. Bessepxuuii, Hepaspermmumoctsb mpobsieMbl BXOXK/IEHHsI B I'PYIIIaX
Apruna xomeunoro tuma. Cu6. Mar. xyp. TXXVI, 5, (1985), 27-42. [4] B. H. Bessepxumit, O
rpynmnax ApruHa, Kokcrepa ¢ jpeBecHoi#l cTpykTypoit. Anrebpa u Teopusi ances. CoBpeMeHHbIE
pobJieMbl U UX IpuaoKeHus. Te3ucwr nokjaa0B V. Mexaynapoanoit koudepenruu, Tyma, 2003,
33-34. |5] K. Appel, P. Schupp, Artin groups and infinite Coxeter groups. Invent. Math. 72, (1984),
210-220. [6] K. Appel. On Artin groups and Coxeter groups of large type. Contempor. Math. 33,
(1984), 50-78. [7| B. H. Be3spepxuuii, Pemmenune npobieMbl CONpPsIzKEHHOCTHU CJIOB B rpyliiax ApruHa u
Koxkcrepa 60sb110ro Tuma. AjropurMudeckue IpodaeMbl TEOPUN IPyI 1 Hoayrpyir, 1986, Messys.
coopuuk Hay4d. Tp. Tyna 1986, 26-61. [8] B. H. Bessepxuuii, O. FO. Kapmnosa, [Ipobsiemsl paBeHcTBa
COTIPSI?)KEHHOCTH CJIOB B rpynnax AprtuHa ¢ napeBecHoil crpykTypoii. Useectus. Tyal'y. Maremaruka.
Mexanuka. Mudopmaruka. 12, (2006), No 1, 67-82.

Axkanemus rpazkpanckoii samurel MUYC Poccun.

e-mail: vnbezv@rambler.ru
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B. H. BesBepxuuii, H. B. BesBepxusisa (Mocksa)

O mpobJenMe BXOXKEHNE B TPyIax ApTHHa KOHEIHOTO THIIA!

Jlajium otpejiesieHne KOHETHOIIOPOXK IEHHOI TpyIiibel ApTuHa.

[Tycts S = {s1,52,...,8,} - KOHEIHOE MHOXKECTBO CJIOB, 1 M = (mg), s,t € S - cummerpuyeckast
maTpuita Kokcerepa ¢ mHIeKcaMu W3 MHOXKECTBa, S Takasi, 9TO Mg = Mys JJISI BeeX s,t € S, s #
t,mgs = 1,mg € {2,3,...,00}.

Konpencrapienue rpynnsl Apruna G 6yaeT UMeTh BUIL;

G = (81,...,8p; (st)"" = (ts)™" ,s,t € S,s £ t,mg # 00)
Kazkoit rpynie Apruna coorsercrsyeT rpynma Kokcerepa ¢ KolpecrasieHue:
G = <31,32, Sy st =10 =1,m, (st)™t = (ts)™ st € S>

Ecinu rpynna G — KOHedHa, TO COOTBETCTBYIOIIasi eif rpymmna (G HasbBaeTcst rpyImoil Apruna
KOHEIHOTO THMa. JIaHHBIH KJIacC COAEPsKUT TPYIILI KOC By 1.

Onpegenenne 1. HenpuBogumbiMu rpynmamu ApTHHa KOHEYHOTO THIA HA3BIBAIOTCS TPYIIIIHI,
MHOXKCTBO 00pa3yIonux KOTOpbIX X HeJIb3s pPa3lejuTh Ha JIBa MHOXKeCTBa X1, Xo TaKUX, UTO
X1NXy, =9, X73UXy = X, niue obpasyromniue U3 0JIHOIO MHOXKECTBA KOMMYTHUPYIOT ¢ 00pa3yio-
UMY IPYTOro.

W3BecTHO, 94TO 3TO OyLyT IPYIIILL
Byi1=An,n>1;By,n > 2;Dy,,n > 4; Eg; Er; Es; Fy; Hs; Hy; Goj Ia(p),

e p=o9o,unup > 7.

Besikast rpymma ApTrHa KOHEYHOTO THUIA SIBJISIETCS TPSIMBIM TMTPOU3BEICHUEM KOHETHOTO YHCTA
HEIIPUBOJIMMBIX I'PYIIT ApTHHA.

T. A. Makanunoii 6pL10 J0Ka3aHo, 9TO B rpymnax Bpyi(A,) npu n > 3 mpobiema BXOXKe-
uust Hepaspermma [1]. I. C. Makauunabim B «KoypoBckoit Terpaju» Obuia mocraBjieHa mnpobiema
«BBISICHUTD, pa3peluMa JIii pobjiemMa BXOXK/IeHusl B rpymnax By11» [2].

st HenmpUBOAUMBIX TPyl APTHHA KOHEUYHOTO THUIIA:

By,n > 4;Dy,,n > 4; Eg; By Eg; Fy; Hy

OBLIO JIOKA3aHO, YTO IPObJIeMa BXOXKJIEHNsI B HUX Hepaspermuma [3].
Paccmorpum mpobiieMy BxoKIeHus B rpymnnax By, By, Hs.

By = <01,02,03; (0102)% = (0901)° , (0203)° = (0302)% , 0103 = 0301>
3 3 5 5
Hj3 = <01702,U3; (0102)" = (0201)" , (0203)° = (0302)” ,0103 = U3U1>

B3 = <U1,U2,03; (0109) = (0901)* , (0903)* = (0302)* , 0103 = 03U1>

Omnpenenenne 2. Bynem rosopurh, 9ro B rpymne G paspermMma IpodjieMa BXOXKJIEHHSI, €C/IA CY-
[ECTBYET aJIPOPUTM, ITO3BOJISIFOIIII Jj1sT JIF0O0To 3jieMeHTa w € (G U J1H060i KOHETHO MOPOXKIeHHOM
rpyunbl H < G ycTaHOBUTH, IPUHAJJIEXKAT JIU w Hoarpyie H.

Omnpenenenune 3. Bynem roBoputh, uro B rpymie G paspeninMa nmpobJeMa mepecedeHnsl KOHETHO-
MOPOXKJIEHHBIX IOIPYIIIL, €CJIM CYIIECTBYET AJITOPUTM, ITO3BOJISIONINIA JJIs JIIOOBIX JBYX HOJTPYIIIT
H,, Hs u3 G BoIIuCaTh 00pa3yoIue UX ePecevIeHus .

Omnpenenenne 4. Bynem rosoputhb, uto B rpymme GG paspemmuma mpobdieMa mepecedeHnsi CMeyKHBIX
KJIACCOB JIBYX KOHEYHOIIOPOKIEHHBIX IIOJAIPYIII, €CJIM CYIIECTBYET aJI'OPUTM, ITO3BOJISIIOIIMIA JIJIst

!Pa6ora BhimosHena 1o rpanty POOU 19-41-710002 p_ a
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J06bIx AByx noarpymn Hq, Ho n3 G u gjs goboro sjteMmenTa w € (G yCTaHOBUTH, IIyCTO WMJIM HE
mycTo nepecedenue wHi N Ho.

OCHOBHBIM TOHSATUEM, HUCIOJB3YEMBIM IPU HUCCJAEIOBAHUU MPOOJEMBbI BXOXKICHUS B TI'PYIIIAX
By, B3, H3 sBJIsieTCs MOHATHE CHEIUAJIBHOIO MHOXKECTBA CJIOB B CBOOOIHOM IIPOU3BEICHUU TPYIII
¢ obbeuuennem 1 B HNN-pacmmpenusx rpymm [4,5].

Teopema 5. B rpymnmnax Apruna ¢ J1ByMsi 00pa3yOIIMu
Gap = (a,b,t; (ab)® = (ab)™be)

1) paspermMa TpobiieMa BXOK ICHUST;
2) paspemmnma npobsieMa rnecevdeHusi KOHETHOIIOPOXK IEHHBIX MOJPYIIIL;
3) paspermuma pobieMa mepecevdenus: CMEeKHbBIX KIaCCOB B KOHETHOIIOPOKIEHHBIX TIOIPYIIIAaX.

st mokazaresibCTBa Pa3peImMocT pobJieMbl BXOXKIEHUS B rpymnnax By m Hs paccMoTpum
TPYIIIBI

G3y = <01,U2,03,71773; (0109) = (0901)? , (0903)® = (0302)* , 5103 = G307, 01 = 71,1 ‘o3t = U3>

G35 = <01,U2703,71,73; (0109) = (0901)° , (0903)° = (0302)° , 5103 = 03071, 01 = o1, ‘o3t = 03>

Mozkno mokazarh, uro B rpymnax Gi; n G5y paspemuma npobsieMa BXOK I€HHs.

Teopema 6. B rpymmny G33 nm30MOpdHO BIOXKIMa IPYTIIIa

By = <0'1,0'2,0'3; (0109)% = (0201)? , (0903)" = (0309)% , 0103 = 0’301>

Teopema 7. B rpymnny G35 m30MOpdHO BIOXKIMa I'PYTIa

Hj3 = <01,(72,03; (0109) = (0901)° , (0903)° = (0302)° , 0103 = 0301>

Canencrsue 1. B rpynmax By n Hs paspemmuma 1mpobjieMa BXOXK IeHHUS.

Paccmorpum rpymmy

Gy = <01,02,03,71,73; <010’2>3 = <020’1>3 ) <0'20'3>4 = <U302>4,010’3 = 301,01 = 07,t ‘o3t = Cf3>

Teopema 8. B rpynne G3, paspemnmuMa mpobiieMa BXOXKICHUS.

Teopema 9. I'pynma
_ . 3 _ 3 4 4 B
B3 = <01,027U3, (0102) = (0201)" , (0203)" = (0302)" , 0103 = 0’301>

u30MOpdHO BiloXKUMa B Ipyniy Giy.

Canenctsue 2. B rpymnme Bs paspemmma mpobieMa BXOXK ICHUS.

U3 Tteopem 6-9 BhITEKAET PA3pEITUMOCTh TPOOJIEMbI BXOXKIeHUsT B Tpyinax By, B3, Hs.
Takum obpaszomM, HAMU IOJHOCTBHIO PEIIEH BOMPOC O PA3PENIUMOCTH IIPOOJIEMbl BXOXKIEHUS B
HEMPUBOJUMBIX TPyIIax ApTHHA KOHETHOTO THIIA.

JIuteparypa. [1] T. A. Makanuna, [Ipobrema pxoxenns ay1s rpymnn koc Bn+ 1) mpu n > 5. Ma-
remarnaeckue 3amerkn, 29, (1981), No 1, 31-33. [2| Koyposckas rerpasp. Heperenubie Bonpocs
reopuu rpymi. 13-e uzn. Hosocubupck 1995 r. [3] B. H. Bessepxuwmii, Hepaspemumocts mpobiie-
MBI BXOXKJleHusI B rpynnax Apruxa xoneunoro tuma. Cub. Mar. xyp. TXXVI, 5, (1985), 27-42.
[4] B. H. Bespepxuuii, Pemenne npobieMbl BXOXKIEHUsI JJIst OJHOTO KJjiacca rpyiil. Bonpocs! Teopun
rpynn u nosyrpynn. Tyna. Tynsckuit Tocynapersennstit [lenarorudecknit uncruryT. 1972, 3-86.
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[5] B. H. Bessepxuuii, Pemenune npobiembl Bxoxkaenus B kiaacce HNN-rpymmn. Anropurmudeckue
Ipo0J/IeMbI TEOPHUH TPYIIIT U HOJIyTpyIn. MexKBy30BcKuit COOPHUK HayIHBIX TPyaoB. Tyma, 1981, 20—
62.

Axkanemus rpaxkpanckoii samursl MUC Poccnn.

e-mail: vnbezv@rambler.ru

B. B. Beusim-Kpusern, 5I. A. 2Kykoser (Munck)
06 asabprepnatuBe Turca B 0000IIEHHBIX TETPAdIPATBLHBIX TPYIIAX THIIA

(2,n,2,2,2,2)
Topopsit, urto rpymma GG yaoByierBopsieT ajbTepHaTuBe Turca, eciau G conep:kut b0 HeabeieBy

CBODOJIHYIO TIOJIPYIIILY, JIMOO PasperuMyo MOArpyIiy KoHedHoro uhjekca. . b. Bunbepr [1] BBen
B paccMOTpenue 0000IIeHHbIe TeTPadIpaJIbHbIE TPYIIIILI, UMEIOIINe KOIPEJICTAB/ICHIE BUIA

T = (21, 29,23 | 21" = 2o = 23" = Rio(21, 20)" = Ros(22,23)™ = Riz(z1,23)" = 1),

rae ki, ko, ks, l,m,n > 2, R;j(x;,x;) — IUKIMIECKH PeJyIIPOBAHHOE CJIOBO B CBOOOIHOM IIPOU3Be-
JIEHIH <x@ | 2k = 1> * <:nj | :rjkﬂ' = 1>, KOTOpOE He dABJIsIeTCsl coOCTBeHHO# crenenbio. CyliecTByeT
runoresa [2|, uro kaxaas 0600IIeHHAsT TeTpasIipasbHasl IPYIIIa YI0BJIeTBOPseT ajJbTepHaTuBe Tur-
ca. K macrosiimemy BpeMenn B paborax [2-6] sra runmoresa JokazaHa jjisi BceX 0OOOINEHHBIX TeTpa-
3/IPAJIbHBIX I'PYIII, KPOMeE IPYIII CJAeAyIOIero BUa:

2 2
<961,902,903 | 215 = 20" = 13" == Ryp(z1,20)? = (21%23°)" = (x9723°)" = 1> ,

rie k% + é + ki > % OTMGTI/IM Takxke, 910 B [4] runoresa Pozenbeprepa jokazana B CJIeIyIOMIUX

caydasx: 1) 2 w T ki 3:2) £ 7t k < 3 3) 1711 + 1712 < 3, 3a UCKJoueHUeM ciydas ky = 2 u
(k1, ko) = (3, 8) (3 0), (4,5), (4, ) (4,8), (5,6). B mannoit pabore Mbl PACCMOTPUM DY C

KOIIpeaCTaBJICHIEM
T= <a, be|a®=b"=c = R(a,b)? = (%)% = (ac)® = 1>, 1)

riae R(a,b) = ab*tab"2 . ..ab%, 1 < u; < n. Cupasejusa

Teopema 1. [Tycrs I' — 0606imenHas TerpasapaibHast IpyIna ¢ KompejacrasienueM (1) u mycrb s
— verno. Torma ecau n # 2,3,4,5,6,8,10, To st [ cipaBeaiuBa ajnsrepHaTuBa Tutrca.

JIureparypa. [1| 9. B. Bunbepr. I'pynmsl, 3a1aBaembie mepuoiaecKIMU MOTAPHBIMUA COOTHOIIIE-
ausivu. Marem. ¢6. 188:9 (1997), C. 3-12. [2] B. Fine, G. Rosenberger. Algebraic generalizations
of discrete groups. A path to combinatorial group theory through one-relator products. New York:
Marcel Dekker, 1999. [3] J. Howie, N. Kopteva. The Tits alternative for generalized tetrahedron
groups. J. Group Theory. 9 (2006), 173-189. [4] B. Fine, A. Hulpke, V. groSSe Rebel, G. Rosenberger.
The Tits alternative for spherical generalized tetrahedron groups. Algebra Colloquium. 15:4 (2008),
541-554. [5] V. groSSe Rebel, M. Hahn, G. Rosenberger. The Tits alternative for Tsaranov’s
generalized tetrahedron groups. Groups-Complexity-Cryptology. 1:2 (2009), 207-216. [6] B. Fine,
A. Hulpke, V. groSSe Rebel, G. Rosenberger, S. Schauerte. The Tits alternative for short generalized
tetrahedron groups. Scientia. Series A: Mathematical Sciences. 21 (2011), 1-15.

Bestopyccknit rocynapcTBeHHBIN yHUBEPCUTET
Benopycckuit rocynapcrsennblit memarorndeckuii yansepcurer um. M. Tanka

e-mail: benyash@tut.by, y.zhukovets@gmail.com
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Exarepuna Buarosermenckasi (Cankr-IlerepGypr)
['paduaeckoe mocTpoeHme MPSIMBIX PA3JIOKEHHIT HEKOTOPOIO KJACCa ITOYTH
BIIOJTHE PA3/IOKIMBIX abe/IeBLIX TPy 6e3 Kpyuenus |

Paccmarpusaercst Kace 6JI0THO-KECTKUX Crq-IPyIT X KOJIBIEBOIO THIIA C peryusgropoM A. 91o
ozHavaer, 9T0 X /A $IBIsSIeTCS KOHEUHOH IUKJIMYECKON IPYIION, [IPU 9TOM MHOMKECTBO KPUTHYE-
ckux tunoB 1" = T (X) = T (A) cocTonT M3 momapHO HECPABHUMBIX THIIOB, KOTOPBIE MOTYT ObITH
[PEJICTABJIEHbl XapAKTEPUCTUKAMHU, COCTOSAIMMEI TOJIbKO n3 cuMBosioB 0's u oo’s. Brosme pasio-
KuMast rpynna A sBJIsercs HpsMOf CyMMOII CBOMX T-OJHOPOJHBIX KoMmmoHeHT A, = A(T), rme
A; = n.7 (npsmas cymma n, Komuit rpynnel 7, Z C 7 C Q), To ectb A = GBTGTCT(A) A n
n =1kX =r1k4d = >
I'PYIIONA.

AGesieBbl TpymIbl 6€3 KPYyUeHHUsI 0T IPUMEpPbl HeM30MOPMHBIX IPIMbBIX PA3JIOXKEHUil, U Kiac-
cuduKAanmsT TAKUX PA3JIOXKEHUI OIHOI U TO 2Ke IPYIIIIBI SIBJISIETCS OJJHON U3 IIEHTPATIBHBIX IIPO0IIEM
ux uccjaenoBanus. [lourn nsomopdusm, siBisiFOIuUiics SKBUBAJIEHTHOCTHIO Gojiee ciaboii, yeM n30-
MOPMU3M, TPAJIUINOHHO UCIOIB3YETCsT JIJIsT KIACCH(MUKAIAN TPYIIT M3 9TOr0 KJIacca:

FET(A) VT Ecnu Bce n; pasubr 1, To rpynma X HaA3bIBAETCS KECTKOM Cr(-

Omnpenenenue 1. [Ipe aGesieBbl IpymIbl 6e3 KpydeHust KoHeTHOTo panra G u H nowmu usomopdrot,
o6o3n. G =, H, ecimm jy14 1106010 IPOCTOTO p CymecTByioT Monomopdusmer &, : G — H, ¥, : H —
G, ns xkoropeix rpymnel G/HV, u H/G®, koueunsl, n uncia [G : HV,| u p, a takxke [H : G®p| u
P, SBJISIIOTCST B3AUMHO TTPOCTHIMU.

Kak u3BectHo, mourn nzoMopdusM coxpaHsieT CBOMCTBaA MPSIMbBIX Pa3JIoyKeHni abeieBbIX IPYyIII
0e3 KpydeHUs KOHEYTHOTO PAHTa:

Teopema 2. ([1, 12.9 (b), c. 144]) Ilycrs X u Y — nmouru usomopduble abeseBbl rpyibl 6e3
Kpydenus Kouneunoro paura. Eciu X = X7 @ Xo, To cymecrByer pazioxenne ¥ = Y] @ Y, Takoe
qaTo Y Sy Xy 1 Yo =iy Xo.

[Tycrs e = | X/A|. Boibepem nopoxratomuii amement b+ A 8 X /A, tornaeb =3 __pvr, vr € Ar,
U 110 OIPEJIETICHUIO OJOKIM

mr =m:(X) = [vr| = |vr + e, (1)

TO €CTb M, — IOPSJIOK djieMeHTa Uy B A/eA.

OueBuiHo, M, |e mius Kaxoro 7 € T, U 9TU YUC/Ia He 3aBUCAT OT BBIOOPA 3JieMeHTa b, yI0BIIe-
TBopstoriero yciaosuio (b + A)X/A, To ectb siBisiiorcst nHBapuanTamu crq-rpymimbst X . Bosee Toro,
OHU O/IMHAKOBBI JIJIfI ITOYTH I/I3OMOpCbeIX I‘pyHHZ

Teopema 3. (Kpurepwuii nouru nuzomopdusma [2, Theorem 2.4]) Ilycrs X u X' — Gaouno-
KecTkre (B 9aCTHOCTHU, YKECTKUE) CrQ-TPYIIbLI KOJIBIEBONO THUIIA € IMUKJIUIECKUM DEryJIsiTOPHBIM
daxropom. Torma X =, X' eciu u Tosnbko ecim ux peryasropbl R(X) u R(X') uzomopdusr u
my(X) = m(X’) qns Beex tunos 7 € T

Ocobast posib B HaIleM IOJIXO/e K MPSIMBIM Pa3JIOXKEeHUSIM PACCMATPUBAEMbBIX Py IPUHAJIJIE-
KUT CJIeyIoNeil TeopeMe.

Teopema 4. (Kpurepuii Hepassoxkumocrtu [2, Theorem 3.7]) Ilycrs X sBasiercs 6s04HO-
xecTkol crq-rpymmoit. Toryga X HepaszjokuMa, eCc/id U TOJIBKO €CJIN OHA YKeCTKasi U He CyIIeCTByeT
HeTpuBHaIbHOrO pasdnenus T, (X) = T1UTh, takoro uro ged(mq(X), m, (X)) = npu mobsix o € T}
and 7 € Ts.

[Tepexonst k rpadudeckoii uHTEepnperanuu 3], BBegeM cieyroiiee

Omnpenenenne 5. Ilycts X — 60un0-2kecTKas crq-rpynna. Kapkacom rpymnnst X #HazoBeM rpad
F(X), BepminHaMu KOTOPOI'O SIBJISIFOTCS 3JIeMEHThI MHOKeCTBa T¢r (X)), IpudeM jiBe BEPIIMHBL 0 U T
coepuusoTCst pebpoM "p" ist Kazkoro npocroro sesuress p aucia ged(mey (X)), m-(X)).

C crg-rpymmoit X accoruupyercsi HekoTopbiii rpad I ciemyromum obpazom. O6o3HaUUM 1 =
|Ter(X)| m nist rpynmbr X MPOU3BOJIBHO YIOPSIIOYNM JIEMEHTBI MHOYKECTBA KPUTHIECKUX THIIOB,

!Pabota BhITIOHEHA TpH bUHAHCOBOI noIep:kke POOU, rpant 17-01-00849
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cuuTas, 4TO KaXKJblii Tui 0603nHadaer Hekoropbiil nser: 1o (X) = {m,...,7.}. Torma A = A, @
A, @ ... ®A,,.

Pacripeniesium n Bepiun rpada [ Ha r pajgmycax 7, . . . , T, HEKOTOPBIX KOHIICHTPUIECCKUX OKPY K-
HOCTEH TaK, YTOOBI OKPY?KHOCTH HAUMEHBIIETO pajnyca ObLia Obl 3alo/IHeHa BEPIIMHAMUA KapKaca
F(X), n xaxip1it pajuyc 7; comepan ot n; = rkA;, Beprmn, ¢ = 1,...,7. Bcem npocrsiv jiesmre-
JISIM P YHCJIAa € eCTECTBEHHO COIOCTaBUM pebpa KapKaca, KOTOPBI TaKuM 00pasoM, pacIiojiaraercst
Ha OKPYZKHOCTH HAMMEHBIIETO Pajuyca. 3aMeTHM, 9TO JIIOObIE JBe CMEKHBIE (COeIMHEHHbIE PeGPOM )
BepiuHbI rpada [ He HAXOAATCS HA OMHOM pajuyce.

Takum obpaszom, rpad I' aBiasiercs r-packparmmBaeMbiM T'padoM, B KOTOPOM pebdpaMu COeIu-
HSIIOTCsI TOJIBKO BEPIMHBI pa3HbIxX 1BeToB. OH npejcrasisier coboit obbeaunenne kapkaca F(X) u
MHO2KECTBa M30JIMpOBaHubIX BepinH. Mbl naszsiBaeM rpad I' rimasabiv rpadom rpymmnsr X, Tak Kak
[0 HEMY C TOYHOCTBIO O IMOYTH H30MOP(MU3Ma BOCCTAHABIMBAETCS €€ Tak Ha3blBaeMmoe "TIaBHOE
paznoxkenne" X =Y @ A’, comepzKallee BIOJHE Pa3IoKUMYyIO IPYIITy MAaKCUMAaJbLHOIO paHra, B KO-
TOpoM Y BUByaJU3UPYeTCs KakK O0beIMHEHNE BCEX KOMIIOHEHT CBSI3HOCTHU C KOJIMYIECTBOM BEPIITUH HE
MeHee 2, a BIIOJIHE Pa3/IoxKuMoil rpyime A’ cooTBeTcTByeT MHOXKECTBO BCeX M30/IMPOBAHHBIX BEPIIKH.

Crenysi Teopuu MUPSMBIX PAa3JIOyKEHWH Crq-rpyIil, Mbl BBOJAUM '"IOIyCTUMBIE TpaHCHOPMa-
mun'"rpacda I', npu xoropwix pebpo p Hoporo rpada I coepuHsieT ApyTyo Hmapy BepHIMH, HAXO-
JIATIAIXCS HA TEX Ke pajmycax, 9ro u B rpade [', npu oueHb Ba>KHOM OIpAHUYEHUU, ITO HUKAKUE
JIBe BEPINUHBI [OJIYIEHHBIX KOMIIOHEHT CBSI3HOCTH HE HAXOJSTCS HA OJTHOM M TOM YK€ PaJInyce.

Takum obpazom, monycruMbie TpaHcHOPMAIUU IPUBO/IST K HOBBIM HAOOPAM KOMIIOHEHT CBSI3-
HOCTH IIPU COXPAHEHWH YUCJIa BEPIITMH KAaXK/IOTO [IBeTa U JUCa pebep, COeTUHSIIONIINX BEPITUHBI JIFO-
661X BYX (pa3HbIX) 1BeTOB. Kpurepnit Hepa3IoKuMOCTH 00€CIIeInBAECT, ITO 110 STUM KOMIIOHEHTaM
CBSIBHOCTH C TOYHOCTBIO JI0 TOUTH W30MOp(MU3Ma BOCCTAHABJIUBAIOTCI HEPA3JIOKUMBIE CJIAraeMbIe
HCXOJIHO} I'PYNIIBI, TO €CTh OIPEJIESIOTCH BCe €€ BO3MOXKHbBIE TIPSIMbIE PA3JIOXKEHUS.

JlokazaHa

Teopema 6.

Ilycte Iy +lo+...+1; =n > 2r > 6 - HarypaJibHble anucia. Toraa cyecTByer 0J109HO-KeCTKAs
crg-rpynmna X paHra n, Koropas obJagaeT pa3Io:KeHUsIMHU B IIPsIMbIE CyMMbl HEPA3JIO0KUMBIX T'PYIII
paHroB li,lo, ..., l;, ecI BBITIOJIHEHO OJIHO U3 YCJIOBHIA:

1. r=max{ly,la,..., 1}
i

2. r=n—tupur >max{ly,la, ..., i}

JIureparypa. [1] D. Arnold. Finite Rank Torsion Free Abelian Groups and Rings, Lecture Notes in
Mathematics, vol. 931, Springer Verlag, 1982. |2] E. Blagoveshchenskaya, A. Mader. Decompositions
of almost completely decomposable abelian groups, Contemporary Mathematics, vol. 171, pp. 21-36,
1994. [3] E. Blagoveshchenskaya, D. Kunetz. Direct Decomposition Theory of Torsion-Free Abelian
Groups of Finite Rank: Graph Method Lobachevskii Journal of Mathematics, 39, # 1, 29-34, 2018.

[Terepbyprekuit rocyTapCTBEHHBIN YHUBEPCUTET My Teit coobimennst mmnepaTopa Asekcanapa [

E. A. BacunbeBa (ITapuxk), A. P. MaiiopoBa (Mocksa)
O6o061mennst Tox tecTBa Komm n ux mpuioyKeHust

Mycres X = {x1,29,...} nY = {y1,y2,... } — MHO)KeCTBa KOMMYTUDPYIONHX repeMeHHbIX. O60-
saaauM XY MHOkKecTBO map {x;y;}, yHOPsIOIEHHBIX B JIEKCHKOIPAMDUIECKOM MOPSIIKE.

Toxnecrso Komm s,y (XY) = 3, sa(X)sa(Y) nna dysxumit Hlypa sy = > regyr(n X7,
MPOM3BOJISIIIX (DYHKIMIA TOJyCTaH apTHBIX Tabsul, FOHra, sBjsieTcss OJHUM W3 HamboJiee IMoJIe3-
HBIX KOMOMHATOPHBIX TOXKecTB. OHO TeCHO CBsSA3aHO ¢ m3BecTHON Omekiueit Poburcona-Illencrema
RS : m — (Pr,Qr) Mexy HepecTaHOBKAMU CUMMETPUIECKON IpyIIbl S, U IapaMu CTaHIapT-
opix Tabsun FOura oamnakopoit popMbl u3 n Kiaerok. OcHoBHOe cBoiicTBO Oueknnu Pobuncona-
[Tencresa 3aKk/II09a€TCST B TOM, 9TO OHA coXpaHsieT MHOKecTBO ciycka (Des(T) = {i € [n — 1] =
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{1,2,...n—1} | ¢ pacnonoxena Bolie ueM i+ 1}, Des(w) = {i € [n—1]|7(i) > 7(i+1)}), a umenno
Des(w) = Des(Qr); Des(n ') = Des(Py).

Breipasus ob6e wactu ToxjectBa Komu B 6asuce pyHIAMEHTATBLHBIX KBAZUCUMMETPUYECKUX
dbyuxrmit {Fr} IC[n—1], MOKHO IIOKa3aTh CyIIECTBOBaHUE OMeKIuH, 00/1a/Jatomell STHM CBOHCTBOM.

B pabore [1] aBroper npemioxuin GbyHKIUU JTOMUHO G\ = ZTeSDT(A) XT . 1e. npoussoms-
e (DYHKIIAN TOJTyCTaHIaPTHRIX TabJIuI] JOMUHO, B KadecTBe aHajora gpyukmit [lypa mist ciaydas
KBazucuMMeTpudeckux byukiuit tuna B. Beut gokazan ciaemyromnuit anasgor Toxaectsa Komm s
byHKIUN TOMUHO:

Teopema 1. Paccmorpum jBa andasura KoMMyTupyomux nepemMenubix X = {...,x_1,xo, T1,... }
nY ={...,9-1,Y0,Y1,- .-} C JOIOJHUTEIbHBIMU YCJIOBUSMU T_; = Tj;Y—; = y;. Oboznaunm XY
MHOZKeCTBO map {x;y;}, yHOpsI0deHHbIX B JeKcuKorpadudeckoM mopsiaxe. Torna

Gy (XY) =D GA(X)GA(Y). (1)
A

Bripasus 06e qacTu ToXK1€CTBaA 1 IPHU MMOMOIIHA (DYHIaMEHTAIbHBIX KBASUCHMMETPUIECKAX PYHK-
it {F IB } [c{0}un—1) TuUDa B, MOXKHO nOKasaTh CyllecTBoBaHue aHajora Ouekiun Pobuacona-
[lencrena mexmy smementamu rpymnbl Kokcrepa B, u mapaMu CTaHAAPTHLIX TAOJIUIL JOMUHO OJIH-
HaKOBOH (DOPMBI.

ABTOpBI 00001 PYHKIIAN JOMUHO IIPY TOMOIIH JIOIOJTHATETEHOM TEPEMEHHOI ¢, OTBEYAOIIEi
3a craructuky Sp(7T), paBHYIO KOJIMYECTBY BEPTUKAJBHBIX JIOMUHO B TabsuIe joMuHo 1.

aXig)= > ¢

TeSSDT(N)

Sp(T)
P2 T

ApropamMu ObLIO JOKa3aHO TOXKjecTBO Komm st MOAudUIUPOBAHHBIX (MYHKIUH JTOMIHO
Gr(X5q).
Teopema 2. Paccmorpum JBa asdaBuTa KOMMYTUPYIONHX epeMeHHbix X = {...,x_1, %0, Z1,... }
nY ={ .. y-1,90,Y1,...} C JOIOJIHAUTEIBHBIMU YCIOBUSIMA T_; = qT;; Y—; = qy;. O6o3HaumM XY
MHOKeCTBO map {x;y;}, yHOpsI0IeHHbIX B JeKcHKorpadudeckoM mnopsiake. Torna

G (XY, q) =D GA(X,9)GA(Y, q).
A

HokazarenbcTBO TEOpeMbl 2 0cHOBBIBaeTcst Ha opmyste Jlama (cum. [2]), obobiaroreii ToxK 1ecTBO
Komm ma xocere LLT MHOrOYW/IEHBL.

Wcnonb3oBanne MOAUPUITTPOBAHHBIX (PYHKIUN JTJOMIHO M TEOPEMBI 2 ITO3BOJISIET YJIyUIIUThH aHa~
Jsior 6ueknnu Pobuncona-Illencrena misa rpynmnst Kokerepa B,,. B gacrHocTn, cymecTByer Ouekius,
HE TOJIbKO COXPAHSIONIAsi MHOYKECTBO CIyCKa, HO ¥ CBSI3BIBAIOIIAs CTATUCTUKU Sp u tc(7), Kosmde-
CTBO OTPHUIATEIBHBIX JIEMEHTOB IIepeCTaHOBKU co 3HakaMmu: 2tc(m) = Sp(Pr) + Sp(Qr).

Pacemorpum Tabumny gomuao 1. OTMETHM KaxkKIylo KJIETKY 3HaKOM “+7 wiad “—’, mpu ITOMOIIH
[IaXMaTHON pacKpacKu, B BEpXHEM JIEBOM yIuIy cTouT “—’. Mbl Ha3bIBaeM JOMHHO OTPHUIATEILHOM,
€CJIA ero IIpaBast BEPXHsisl KJIETKA OTMeYeHa 3HAKOM “— 1 IOJIOXKUTEILHON — nHade. ABTOPBI HCIIOJIb-
30BaJjId TeopeMy 2 JjIsI JI0Ka3aTe/IbCTBa CyIeCTBOBAHUSA OMEKIINU, CBS3LIBAIONICH JIBE CTATHCTUKI:
Sp(T) n neg(T), KosmuecTBa OTPUIATEIBHBIX JOMUHO B Tabsuie JoMUHO 1.

W

Teopema 3. Cymecrsyer 6uekiusa W : (T,U) — (R, S) Ha MHOXKeCTBe T1ap CTaHIAPTHBIX TaOJIHIL
JIOMHHO OJJMHAKOBOI (DOPMBI, TaKas 4TO

Des(T) = Des(R), Des(U) = Des(S); Sp(T) + Sp(U) = 2neg(R) = 2neg(S).
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Muorounenst [lypa umeroT 601bI10€ 3HAYUCHUE B TEOPUY [IPEICTABIEHUN, TAK KAK OHU SBJISTIOTCS
xapaktepamu G L,,. [ToMrMO 9TOro OHM TakKe CBSA3AHDLI C XapPAKTEPAMU CHUMMETPUYIECKON TPYIIIEI
¢ nomorpio orobpaxkenusi Opobennyca. [losokuTENBHBII OTBET HA BOIPOC, PACKJIAJIBIBACTCS JIU
cuMMeTpHuYecKast (PyHKIUsS C HMOJOXKUTEeTbHBIMU Kodddunentamu Ha dyuknuu [Ilypa, Takum o6-
pa30M, O3HAYAET, UTO JAHHAS CUMMeTpuvecKas (DyHKIUS CBA3aHa ¢ KaKuM-jnbo xapakrepom GL,
win S,. MuaoKecTBo A HazbBaercs: [1Lyp-11o10KUTE/IBHBIM, €CJIN aCCOIUUPOBAHHASI ¢ HUM KBa3U-
cuvvmerpraeckasd Gynxmua Q(A) = ) c 4 Fpes(q) 0Ka3bIBaETCA CHMMETPIIECKOTl U PACKIIA IHIBA-
€TCsl C MOJIOKUTENIbHbIME KO3ddurtenramu Ha dyuknun [Ilypa. Knaccuueckumu npumepamu [lyp-
[IOJIOYKUTEJIbHBIX MHOYXKECTB ABJISIOTCS KJIACCHI COIPSAKEHHOCTH, KJacchl KHyTa 1 0O0paTHble KJIacChl
CITyCKOB.

YacTb 3TUX pe3yiabTaToB BbiTekaeT u3 Ouekiuu Pobuncona-Illencrema. ABTopbl 0600IIMIN 110~
asrue [IIyp-ronoKuTe/IbHBIX MHOXKECTB Ha ciaydail Tuna B, BBes nonsitue G-nosoxkuTebHoro (3|
1 (-G-TOJIOKUTETLHOTO MHOYXKeCTBa. CrescTBust TeopeM | U 2 MO3BOJAIOT MOKA3aTh, ITO HGA30BbIE
MHOXKECTBA, TaKnie KakK KJiaccbl KHyTa u 00paTHbIE KJIACCHI CIIYCKOB SIBJISIIOTCST G-1TOJIOYKUTE/IbHBIMEI
(em. [3]) u q-G-nos102KUTENBHBIMU.

JIureparypa. [1] E.A. Vassilieva, A. R.Mayorova. A new link between the descent algebra of
type B, domino tableaux and Chow’s quasisymmetric functions. Discrete Mathematics, 342:6
(2019), 1658-1673. [2] T. Lam. On sjostrand’s skew sign-imbalance identity, 2006. url: https://arxiv.
org/abs/math/0607516. [3] A.P. Maiioposa, E.A. Bacuibesa. HoBast ¢BsI3b MeXK/Iy IPOU3BOJAIIEH
dbyuKImei TabIUI JOMUHO U KBazucuMmmeTpudeckumu yuknusymu tuna B, Tesucsr Mexaynapos-
HOit anrebpamdeckoit kondepennnn namsatn A. I Kyporra (2018) 129-132

MockoBckuit rocymapcrBennbiit yaunpepcureT umenu M.B.Jlomonocosa
Ecole Polytechnique

e-mail: alina.r.m@yandex.ru

E. M. Beuromos (Kupos)
O moJiyKoJibllaX 9acTHYHbIX (DYHKIUI ¢ pACIIMPEHHBIM CJIOYKEHUEM

[Iycrs X — npoussoibuoe mMuoxkectso, F(X) = R — muoxkecrso Beex dymkimit (oTobpaske-
auit) X — Ru PF(X) = U{F(Y) : Y C X} — MHOXeCTBO BCEBO3MOXKHBIX YACTHIHbIX JCHCTBH-
TesibHO3HAYHBIX yHKIuil Ha X, Biaoudass F(X) u nycryio dyuknuio @. O6oznaunm depes D(f)
obsiacTh ompesesiennst YacTuaHoi pyHKmun f. OmpesesinM Olepamun CJIOXKEHUsI U yMHOXKEHHUST da-
cruvHbIX QyHknuit norodedno. s mobsix f,g € PF(X) nomoxum: D(f + g) = D(f) U D(g),
(f +9)(z) = f(x) + g(a) mpu = € D(f) N D(g), f+g = f na D)\ Dig) u f +g = g na
D(g)\ D(f), D(fg) = D(f) N D(g) u (fg)(x) = f(x)g(x) wpu = € D(f) N D(g). Ornocuremo
BBesieHHbIX onepanuii PF(X) cranoBurcss KOMMYTATUBHBIM HOJIYKOJIBIOM C HyJIEM @ U eJUHUIEH —
dyuknumeii-koncranToit 1 Ha X, TOAMOIYKOIBIIOM KOTOPOTo CaIyKuT Kosbio F'(X).

[Tycrs R U {@} — nosaykosbio, mosydenHoe jgobaBjieHneM K 1oyt0 R 1eficTBUTEIbHBIX dUCeT
HOBOTO HyJIeBOTO 3jieMenTa . [Tpu oxHossiemenTHOM MHOXKecTBe X 1101yKOuIbI0 PF(X) uzomopduo
Ru{o}.

Tlosie3no uMeTsb B BUIY C/IEAYIOIIEE YTBEPKICHUE:

Ipengoxenne 1. [5, npeoxkenue 39.2] Homykosbno PF(X) nsomopdno nosykonbiy (RU{@})*
Beex orobpazkennii X — R U {@®} ¢ morodyeunbIMu onepanusMu CJI0KEeHHsT U yMHOXKEHHsI 0ToOpa-
KeHnH.

B |5, riaBa 8| paccmarpuBaeTcst HOIYKOJIBIO RP¥X Bcex wactmanpix R-3naunbix GyHknmit za X,
KOT/Ta, CYyMMa, 9YaCTUIHBIX DYHKIUN f U ¢ onpejesieHa, KaK W IIPOU3BeeHne, Ha ux obIeil obaactu
onpeaenenus D(f)ND(g). Ilpu oxnosiementHoM MEOXKeCTBe X MMeeM HoTykoibio RPX = RU{oco},
SIBJIATONIEECs] PACIIIPEHreM R Ipu MoMOIy morIomaromero (1o obenm ormeparusM) SJIeMeHTa O0.

TTostykosIbIieBbIE TIOHATHUST TOAIIOIYKOJIbIIA, UIea/a, KOHIPYIHIIMH, TOMOMOP(MU3Ma, U T. JI. OIIpe-
JesisttoTcst 00braHBIM 06pazom. [Toanomykosbio A nonaykoubia PF(X) wim RP¥X nasbiBaercs mogai-
rebpoii, eciiu A BbLIepKUBaeT YMHOXKEHNE Ha Jncia u3 R, T. €. SIBJISeTCss BEKTOPHBIM IIPOCTPAHCTBOM
naJt nosieM R. Ilycroe MHOXKecTBO @ TakxKe cuuraeM mojasurebpoii nouaykosen PF(X) n RPX.
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Bameuyanne 1. [Toaykosbno R U {@} nmeer: tpu uneana {0}, {0,@}, RU{@}; gerbipe koHrpysH-
IUH: OTHOIIIEHHE PABCHCTBA, C OJJHUM HEOJHOdJICMEHTHBIM KitaccoM {0, @}, nByxkiaccosyio {{0}, R},
OJIHOKJIACCOBYIO; IecThb nojasredp @, {@}, {0}, {0,0}, R, RU {@}. INoxykonsno R U {oco} nme-
er Tpu uueasa: {00}, {0,00}, R U {o0}; Tpu KOHIpySHIIUM: OTHOIIIEHNE PABEHCTBA, JIBYXKJIACCOBYIO
{{o0}, R}, onHOKIACCOBYIO; IIATH HOmAIredp @, {oo}, {0,000}, R, RU {oco}.

Mpr uzyuaem anrebpamdeckue coiictsa moaykosbia PF(X), B Tom gnciie pemerkn ero u/easios,
KOHIPY3HIMA 1 nojasre6bp. Kak nokasbisaer 3amedanue 1, 9Tu CBOWCTBA CYIECTBEHHO OTJIUYAIOTCS
or ciyuas noaykonbia RPX. Cum. rakske paborst [1—4] 0 m0IyKOJIBIAX HENPEPHIBHBIX YACTHIHBIX
R-3HavHBIX DYHKITHIL.

MuozkecTBO X MOXKHO PacCMaTpuBaTh Kak JIUCKPETHOE TOMOJOIMYECKOe IPOCTPAHCTBO, TOIJIA
BX — xomnakrudukanus Croyna — Yexa npocrpancrsa X . Yepes [Y] o6o3nauaercsi 3aMblkaHue B
BX muoxecrBa Y C SX. st touku p € X nosyudaem makcumasbhblii uiaean MP = {f € PF(X) :
p € [f10)] wwm p ¢ [D(f)]} B nonykonsue PF(X). Ecim p € X, o MP = M,, = {f € PF(X) :
f(p) =0 nmp¢ D(f)}.

Teopema 1. /151 siroboro muOX)KecTBa X MHOXKecTBaMu MP 110 Bcem ToukaMm p € BX MCUEPIIBIBAIOTCSI
BCe MaKCHMaJIbHbIE Hjieassl moaykosbia PF(X).

[lannas Teopema sABJIeTCS aHAJIOIOM KJlaccuaecKoit Teopemel I'enbdanmga — Kommoroposa o crpo-
CHUM MaKCHMAJIbHBIX HJICAJIOB KOJIEI HeIIPEPBIBHBIX JefiCTBUTEIbHO3HAYHBIX (dyHKImi |6, theorem
7.3]. MHOXKeCTBO BCeX MaKCHMaJIbHBIX nieasos nosykoibiia PF(X), pacemarpusaemoe ¢ Tonosorueii
Croyna — 3apHCKOro, Ha3bIBAETCS MAKCUMAJIBHBIM CIIEKTPOM 3TOI'O IOJIYKOJIBIIA.

CaeacrBue 1. Makcumasbhbiii criektp nosykosbia PF(X) romeomopden SX.

Teopema 2. Besikasi MakcuMalibHasi KOHIPY HIMs Ha moiykosbiie PF(X) mmubo nByxkiaccosasi,
Jb0 SIBJIAIOTCS oTHOIIeHeM BepHa 1o HekoTopoMmy MakcnMmasbaoMy uzaeany B PF(X).

Ornomennem bepna 1o upeany J nosmykosbiia S Ha3bIBAETCS KOHTDYSHIUS p Ha S, 3aJaHHAS
npaBuyioM: spt upu s,t € S o3Havaer, 9To s + a =t + b st HEKOTOPBIX @, b € J.

Kaxmas qactuanas QyHKIMSA ¢ 13 MHOXKECTBa Y BO MHOKeCTBO X HHIYIIUPYET MOJTYKOJIBIIEBOM
romomopdusM oy : PF(X) — PF(Y) no npasuiy: ag(f) = f o ¢ nna seex f € PF(X). Ilpu stom
ag(1) = 1py) — emuruna xombia F(D(4)).

Teopema 3. Jlns mo6eix muokectB X, Y u Z C Y Beakuii MOJIyKOJIBIEBON TOMOMOPMU3M v :
PF(X) — PF(Y), nepesongamuii 1 B 17, umeer Buj oy Jiis euHCTBeHHON dDynKimn ¢ 1 Z — X.

Teopema 4. Kareropus BCEBO3MOXKHBIX MHOXKECTB X U YACTUYHBIX (PYHKIUH ¢ MEXKIy HUMU
aHTUIKBUBaseHTHA Kareropun nosykoser, PF(X) n ux romomopdusmos, mepeBofsamux eaunuity 1
B «JaCTHIHYIO» eJMHUIY 1p(4).

CuaencrBue 2. Kareropust MHOXKeCTB aHTUSKBUBaJIEHTHA Kareropun nosrykoder sujga PF(X) u ux
rOMOMOP(}DU3MOB, COXPAHAIOMMIX 1.

Pabora BeInosiHEHA B paMKax rocymapcrBenHoro 3amannst Munobpaayku P® "Tlosykosbia n ux
cs3u”’, poekT N 1.5879.2017/8.9.

JIureparypa. [1] B. I1. Bapaukuna, E. M. Beuromos, E. H. Jly6saruna. Iloganre6psr nosykoser
HEMPEPBIBHBIX YaCTHIHBIX YNCJIOBBIX GyHKIWA // Mexaynaponnas anrebpandeckas KOHD., MO-
cB. 110-netuto co gus poxuenusi nmpodeccopa A. I. Kypoma. Tesucer gokia. — M.: MI'Y, 2018.
C. 49-50. 2] E. M. Beuromos, E. H. JIy6sruna. ITosykosblia HEIPpEPBIBHBIX YACTUYHBIX JEHCTBH-
respro3HauHbIX dyHkiwmii // CEUR-WS.org  Vol-1894. Proceedings of the 48th International Youth
School-Conference “Modern Problems in Mathematics and its Applications”. — Yekaterinburg, Russia,
February 5-11, 2017. C. 20-29. |3] E. M. Beuromos, E. H. Jly6siruna. O mogaiarebpax B mMoJyKoIbIax
HENPEPBIBHBIX YaCTUYHBIX JIeHCTBUTEIbHO3HAYHbIX (byHKIwmii // Advanced science. Kupos: Barl'V,
2017. Ne 2. 0,5 .. [4] E. M. Bearomos, E. H. Jly6saruna. O mogairedpax B MOIyKOJIbIIAX HEITPEPHIB-
HBIX YaCTHYHBIX JeficrBuTesnbHo3HadHbX dyukiwmit. 1T // Advanced science. Kupos: Barl'V, 2018.
Ne 2. C. 4-9. [5] E. M. Beuromos, E. H. JIy6aruna, B. B. Cumopos, /1. B. Uynpakos. DiieMeHTbI
dyuknmonasbHoit aarebper: B 2 T. T. 2. — Kupor: OO0 «Uzmarenscreo «Panyra-IIPECCs, 2016.
316 c. [6] L. Gillman, M. Jerison. Rings of continuous functions. New York, 1976. 300 pp.
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OO0 onpe/ieIIeMOCTH BIIOJIHE PA3JIOXKUMBIX (DAKTOPHO JIEJIMMBIX a0€/IeBBIX IPYIII
CBOUMU I'PYIIIAMI aBTOMOPMU3MOB

Bynem rooputs, uro rpynina A onpejessiercs cBoeii rpynioi aBroMopgu3MOB B KJIacce TPy
X, ecom u3 Aut(A) = Aut(B), tne B € X, Beskwuii pas caenyer, uro A = B.

Cwerrannblie (haKTOPHO JI€TMMbIE TPYIIIBI KOHEUYHOro panra onpeaeauan A. A. Qomun u Y. Yu-
kJsiecc B pabore [1|. I'pyna A naspiBaercs HakTOPHO JEIUMOIL, €Cu OHA He COJEPKUT HEHYJIEBBIX
HNEPHOJIMIECKIX JIEJTUMBIX IIOATPYIIIL, HO COJIEPXKUT TaKylo CBOOOIHYIO moarpynmny F konednoro pan-
ra, uro A/F — mnepuojndeckasi JieiuMasi IpyIia.

Bonpoc onpejiensiemoctt akKTOPHO JeJIMMO IPyNIIBI paHra 1 cBoeil rpynnoil aBToMophu3MOB
B KJIaCCe BCEX TAKHUX IPYI paccMorpeH B pabotre [1]. OmpezernsieMocts GaAKTOPHO JIEJIUMBIX IPYIII
CBOMMH TIOJIYIPYIIIAMU SHIOMOPGU3MOB paccMaTpuBasuch B paborax [2, 3.

Kirace Bcex hakToOpHO JleuMbIX rpyin panra 1 oboznadum QD;. Kpome Toro, Ham morpebyercst
cIesLyIolee
Omnpepesnenne. Bynem roBopuTh, 9TO KOHEUHAS TTHKINYECKas rpynma A caabo onpedeasemca c6o-
etl 2pynnoti a8MoMopPu3M06, eCI I JTI000i KOHEIHON NUKIndecKoit rpymnsl B 2 A u3 yciaoBus
Aut A = Aut B cieyer, 9To 9HCIO HEHYJIeBBIX KOMIIOHEHT B, rpynmnnr B 6osbie, deM 9muciIo Hemy-
JIEBBIX KOMIIOHEHT A, rpynmnsl A.

IIpensioxkenne 1 [4, teopema 3|. I'pymna A € QD oupexensiercsi CBOeil Ipymioil aBroMop-
dusmoB B kimacce 9D Torja m TOJALKO Torjda, Korja t(A) — rmukimdeckas rpynmna (BO3MOXKHO,
HyJsieBast ), cabo ONpeessonasicst cBoeil rpymmnoit aBromopdusmos, u pA # A s Becex p € P
Taknx, 9ro A, = 0.

Hazoeem rpynmy G oIHOPOIHON BIIOJIHE PA3JIOXKUMON (PAKTOPHO AEJMMON rpymnnoi, eciu G =
D, A, re A € OD;. Knace Beex Takux rpymn obozuaunm QD

_ * - s
IIpensioxkenne 2. I'pymia G = @, A € QD" onpenensercs cBoeii rpynmnoi aBToMoppH3MOB B
kyacce QD" | eciim rpynma A onpejessiercs: B Kiacce QD1 cBoeii rpyiioii aBTOMOPQH3MOB.

Teopema. I'pynna G = @, A € QD* oupejensiercss cBoeil Tpynmoit aBTOMOPGHU3MOB B KJIacce
2—enumbix rpynn u3 QD% ecoim 2A = A un > 2.
st n > 3 TpeboBanue 2—IEIUMOCTH B TEOPEME MOYKHO OIMYCTUTD.

JIureparypa. [1] A. A. Fomin, W. Wickless, Quotient divisible abelian groups. Proc. Amer. Math.
Soc. 126, (1998), No 1, 45-52. [2] B. K. Buubganos, O. B. Jlio6umnes, /1. C. Yucrsakos, O6 omnpee-
JISTEMOCTH CMEIIAHHBIX abeIeBbIX TPYII CBOMMHY MOJyTPyIIaMu 3H10Mophu3MoB. MareMaTmaeckue
samerku. 103, (2018), No 3, 364-371. [3] O. B. JIwobumies, O6 ompejesieMOCTH BIOJIHE Pa3Jio-
JKUMBIX (PAKTOPHO JIEUMBIX abe/IeBbIX TPYII CBOMME MOJyTpyIHIaMn 3HaoMopdusmos. M3sectus
By30B. Maremarnka. 10, (2017) 75-82. [4] E. A. Timoshenko, V. K. Vildanov, On determinability of
a quotient divisible Abelian group of rank 1 by its automorphism group. AJyirebpa u Jioruka: Teopust

U TPUJIOXKEHUs : Te3. JoKaA. Mexyrap. KoHd., nocesimt. 70-ysleruro B. M. Jlepuyka. Kpacrosipck,
24-29 wrong 2016 1., 120-122.

Huxeropomckuit rocynapcrsennsiit yuupepcurer uMm. H.U. Jlobatesckoro

e-mail: kadirovi@gmail.com
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B. II. Budasaumes

Koneuno nmopoxkieHubie ajaredps! JIn BEKTOPHBIX MOJIel U CJIOEHUA ¢ 0COOEHHO-
cTaMu Ha I depeHImpyeMbIXx MHOTO0OPa3nax

Ilpennoxxkenue. Koneuno mopoxkjaeHnble ajaredpsl JIu BEKTOPHBIX TOJIEH 3a1a10T BIIOJIHE HHTEIPH-
pyemble muddepenIaibable CHCTEMBI ¢ 0COOEHHOCTIMH (cstoenust). JIOKaIbHO c1oeHue ¢ 0COOEHHO-
CTSIMH MOYKET OBITH 338JJaHO BO3PACTAIOIIEH IEIIOYKOM TakuX ajareop Jlm.

MI'Y kad. mudd. reomerpun, KOx. orn. PAH

H. H. BopoGbeB, A. P. ®unumonosa (Burebek)
06 NHAYKTHUBHBIX PEIlIeTKaX KPpaTHO O-JIOKaJIbHBIX KJIaCCOB Q@urrunra

Bce paccMarpuBaemble IPyNIbl KOHEYHBI. Mbl OyjieM HCIOJIB30BAaTh TEPMUHOJIOTHIO U3 [1-4].
Hanomamnm, yto kinaccom PuTTHHTra HA3BIBAETCS KJIACC I'PYIII §, KOTOPBIH 3aMKHYT OTHOCHTEIHLHO
B3ATHS HOPMAJILHBIX HOJIPYIII U IPOU3BEEHNN HOPMAJIBHBIX HOJAIPYIII U3 §.

Yepes P 0603HAYAIOT MHOXKECTBO BCEX MPOCTBIX 4uCesl, T = {p1,...pn} C P u ' = P\ 7.
CumBosioMm m(n) 0603HAYAIOT MHOXKECTBO BCEX PA3JIMUHBIX [POCTHIX JeuTesIeil 1eaoro dncaa n. B
nanpreitmem 0 = {o; | i € I}, tne P = J,c;0i m 0;Noj = @ pns Beex @ # j; 0(n) = {o; | oyN7(n) #
2}, 0(G) = o(|G)).

IIycrs f — npousBosibHas QYHKIUS BUIA

el

f: 0 — {kmnaccor @urTHnral, (1)

Ha3biBaeMasi o-dyHkimeii Xaptiu (6osee kparko, Hy-pyuknueit). Cremys [2,3] conocraBum dyHK-
mun f KJ1ace rpyiin

LR,(f)=(G|G=1umG#1n 077 (G) € f(oy) nns Beex o5 € o(@)),

e O%%(G) — HAMMEHbIIAsT 04-3aMKHYTasi HOPMAJIbHAs HOArPYIa rpyms: G.

Eciu knacec @urrunra § takos, uro § = LR, (f) mis nekoropoit H,-dbyukmun f suga (1), To Kiace
§ (o npemyioxkennto H.T. Bopo6besa) Ha3bIBaeTCsl 0-JIOKAIBHBIM U f 0-JIOKAJIBHOE OIIPEJIEJICHUE §.
Ecyin ipu aToM Bee 3Hadenus f jexkar B §, 10 H,-pyHKius [ HasbiBaeTCs 8HYymMpeHHed.

Cormacuo [5], Besikmii kiace @urrunra cunrtaercst 0-kpaTHo o-joKaabHbIM. [Tpu n > 0 kiacc
QurTruHTa § HA3BIBAETCS N-KPATHO 0-JIOKAJLHBIM, eciu OH objagaer takoit H,-dyuknueit Jloker-
Ta f, Kaxoe Hemycroe 3HadeHue f(o;) KOTOPOil siBysiercs (n — 1)-KpaTHO 0-JIOKAJIBHBIM KJIACCOM
@urTHHTA.

Crnenys [4], coBokynnocrs kiaaccop @urrunra © Ha3bIBAETCH MOJHOI perieTkoil KiaccoB Pur-
THHTa, €CJIU IepecevdeHne Jiroboit cOBOKynHOCTH KiaccoB Purrtuara n3 © cHOBa HpuHAIEKUT O,
1 BO MHO»KeCcTBe © mmeercst Takoil kiaacc @urrunra §, uro ) C §F s moboro kiaacca PurTuHra
Heo.

JL1st Tpon3BOJIbHOI TOJTHOM pereTkn KjiaaccoB Purruara © cumBosoM OF 0003HATAETCS TOJTHAS
peleTka BCeX TaKUX o-JIOKAJbHBIX K1accoB OUTTHHNA, KOTOPBIE ONPEIEIA0TCsT O-3HadHbiMUu H ;-
beHKI_H/IHMI/I, T.€. TAKUMU beHK]_H/ISIMI/I7 BCE€ HEIIyCTble 3HaYCHNA KOTOPBLIX IIPpUHA/Ie>KaT 6

[Tycts © — mosnas pererka KiaaccoB @urruara. Torma BepxHsisi TpaHb TPOU3BOJIBLHOM COBOKYTI-
nocru {§; | ¢ € I} snemenros n3z ©7 obosnavaercst yepe3 Voo (F; | ¢ € I). Pemerka ©7 HasbiBaeTcst
undykmuenot (cm. [4]), ecaun qyst moboro nabopa §; = LR, (f;) ximacco @urrunra §; € ©7 u mis
BCsIKOro Takoro Habopa {f; | i € I'} ©-3naunbix H,-pyuknuii f;, rae f; — HeKoTopasi BHYTPEHHsIsI
H,-dyuknusa kinacca @urrunra §;, IMeeT MECTO

Voo (§i |i€I) = LRs(Vo(fi|i€1)),

rie cuMBoa Vo(f; | i € I) obosnauaer takyto H,-byukuuio f, aro f(o;) siBiasieTcst BepxHeii rpaHbio

s {fi(o;) | 1 € I} B ©, ecin | fi(o;) # @, n f(0;) = @ B uporuBHOM CiIydae. 3aMeTHM, 9TO
i€l

MHIYKTABHOCTD pemreTkKu OF 110 CyIecTBy 03HAYAET, YTO UCCICIOBAHIE OLEPAINT Voo HA MHOYKECTBE

O7 MOXKHO pPeIyIUpPOBaTh K UCCACTOBAHUIO DOJIee TPOCTOH omeparun Vg Ha MHOXKeCTBe O.
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HaHOMHI/IM, YTO IIO0JIHad pelleTKa Ha3bIBaeTCA aﬂee6pau%ec1€07j, ecJin JII000i ee 3JIEMEHT SIBJISIETCSI
PeIIeTOIHBIM O6’b€,ZLI/IH€HI/IeM KOMITaKTHBIX 3JIEMECHTOB.
OcHOBHBIM PE3YJIbTATOM fABJIACTCA CJIEYyIoHiad

Teopema. CoBOKYIHOCTb BCEX M-KPATHO 0-JOKAJIbHBIX KjaaccoB Purrunra L)) sIBJISETCS MOJIHOM,
ajredbpanteckoil U NHIYKTUBHON pelreTkoi KiaaccoB Ourrtunra, B KOTOPOU i TPOU3BOJIBLHOIO MHO-
JKECTBa N-KPATHO 0-JIOKAJIbHBIX KiaaccoB @urrunra {§; | i € I}

No{Siliel} = ﬂ §i — TOUHAs HUXKHSSI TPAHb U
el

Vi{Si|liel} = lgﬁt( U 8’1> — TOYHAs BEPXH:As TPAHb.
icl

31ech CIMBOJIOM lgﬁt( U &) obo3HavaeTcA IepecedeHne Bcex Tex KjaccoB Purrmmra ns [,
el
KOTODBIE COJIepZKAT COBOKYNHOCTD rpymi | J §;.
i€l

JIureparypa. [1] JI. A. Illemerkos. @opmanuu «koHeunbix rpymm. M.: Hayka, 1978.
[2] Zhang Chi, V. G. Safonov, A. N. Skiba. On n-multiply o-local formations of finite groups.
Comm. Algebra, (2019), doi.org/10.1080/00927872.2018.1498875. [3] A. H. Ckuba. Kparso w-
JIOKaJIbHbIe hopMmaruu u Kiaaccel PurrnHra KoHeuHbx rpymi. Marem. Tpyuer, 2 (2) (1999), 114-147.
[4] A. H. Ckuba. Anrebpa dopmarmit. Munck: Benapyckas nasyka, 1997. [5] H. T. Bopobbes. O
[PeJIIoJIoKeHn XOyKca JUIs PaIKaIbHbIX KiaccoB. Cubupckuii marem. xkypuas, 37 (6) (1999),
1296-1302.

Burebcknit rocynapcrBennbiii yauepcuter nmern 11.M.Marmeposa

e-mail: vornic2001@mail.ru, anyafilim@gmail.com

H. T. Bopo6ses, T. B. KapaysioBa (Buretck)
O xapaxkrepuzamuu noArpymn Puinepa KOHEIHBIX T-Pa3pelInMbIX IPYIII

B pabore paccMaTpuBaioTCsi TOJBKO KOHEUHBIE TPYIIBL. B 0603HaueHnsix Mbl caeayem [1]. Hemy-
CTOE MHOXKECTBO JF MOArpymil rpyuibl G HA3BIBAIOT MHodcecmeom Pummumnza G, eCin MHOXKECTBO
F 3aMKHYTO OTHOCHTEJIBHO B3ATUS HOPMAJBHBIX IOATPYIII, UX [POU3BEIEHUI U CONPS2KEHUN 101~
rpyui. V3 ompejiesienusi ciieiyer, 9To Jiisi KaxkJgoro MHOXKecTBa Purruara F rpynmnsl G, JTaHHAS
rpyimna o0/Ia/1aeT eIMHCTBEHHOW JF-MaKCUMaJIbHONH HOPMAJIBLHON IMOATPYIIION, KOTOPYIO HA3BIBAIOT
F-paduxanrom G u obozuagaor Gr.

[TemerkoBbIM [2] jt0Ka3aHo, uTo ecim rpyima G m-paspemuMa (7T — MHOXKECTBO BCEX MPOCTBIX
nesnresteii Becex F-noarpynn G) u F — muoxkectBo @urrunra rpyninst G, 1o G 06s1a1a€T eIuHCTBEH-
HBIM KJIACCOM COIPSI?KEHHBIX J-IHBEKTOPOB.

Ecim F — wmmuoxkecrBo @urruura G, 1o noarpynma Vo rpynmsr G HaseiBaercs:: (1) F-
makcumarvnol B G, ecrmu V. € F u U = V, upu yciosun, uro V < U < G u U € F; (2) F-
unsexmopom G, ecim V N N gaBnsgerca F-MaKCUMAJILHON MTOJATPYIIION JIjIs BCAKONW CyOHOPMAJILHON
noarpynnsl N rpymmbst G.

[Tycrs P — mHOXKecTBO Beex npoctbix uncen, & # m C P u 7/ = P\m. Muoxkecrso @urrunra F
rpynnsl G HasbiBaercst m-Hacviuentom, ecmn F = {H < G : H/Hy € €}, rne €,/ — KIacc Bcex
7/-rpym.

IIycts F — maO)ecTBO PurrHara rpyuisl G. [loarpymnmna F' rpynmsr G HasbiBaeTcs F -nodepynnot
Quwepa G, ecim BbIIONHSIOTCS caeayiomue yeaosust: (1) F € F; (2) ecom L — F-nonrpynna G,
nopmasusyemas F, o L < F.

[Moxrpynna U rpynust G HassiBaercs: F-dyaavho nporopmanvrot 8 G (3], eciu (U, U9) r conep-
xurest B U jyist kaxoro g € G (kparko U F-dpn G).

Jokazana
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Teopema. Ilyctb F — m-HachIeHHOE MHOXKECTBO PUTTHUHTA T-pas3pentuMoil rpynnbl (G, 3aMKHYTOe
oTHOCHTENBHO moarpymni. Ecau V' — noarpynmna rpymmst (G, TO CIIYIONTHE YTBEPXKICHUS SKBUBA~
JIEHTHBI:

(1) V — F-noarpymna @umepa rpyumnst G, cofepxKaiias Xo/toBy ' -noarpynmy G

(2) V — F-unbekrop rpymumst G;

(3) V — F-makcumasibhast u F-IyajabHO IPOHOpPMAaJbHas noArpyma G.

JIureparypa. [1] K. Doerk, T. Hawkes. Finite Soluble Groups. Berlin — New-York: Walter de
Gruyter, 1992. [2] JI. A. Illemerkos. O noarpymnmnax m-paspenmMbix rpymir. B kx.: Koneunsie rpymimsi,

Munck: Hayka u rexnuka, 1975. [3] A. D’Aniello. Dualpronormality and Fitting classes. Comm.
Algebra, 26 (1998), 425-433.

Burebcekuii rocynapcrBennbiii yauepceurer uMmern 11.M.Marmmeposa

e-mail: vorobyount@tut.by, tatyana.vasilevich.1992@mail.ru

A. U. Tenepasios, 1. M. Buubbep6opy, (Canxkr—Ilerepbypr)

O0600mENHAsT TeOpeMa O COTIACOBAHHBIX Pa3JIOXKEHUAX JIJIA MOJLyJIel Ha/l ITOJTy-
COBEPIIEHHBIMI KOJILIIAMUI

Teopema o0 coriacoBaHHBIX Dasmcax ObliIa BIIEPBBIE PACIpPOCTPaHeHa Ha OECKOHETHO MOPOXKIEH-
Hble CBOOOHbIE abesieBbl rpyTnbl B pabore Kosna u [imioka |1]. Xwmr u Memxubben 2| copmystupo-
BaJIM U JIOKA3a/I1 OOOBIIEHHYIO TEOpeMy O COIVIACOBAHHBIX 0asncax (COrIacOBAHHBIX Pa3JI0KEHUSIX )
nust abesieBbIx rpymi, a lenepasnos u 2Kemynes [3, 4| — 1151 1eI€KMHIOBBIX KOJIETL.

Mgl pacrpocTpannin 060OMIEHHYIO TEOPEMY O COIJIACOBAHHDLIX PA3JIO2KEHUSX HA MOJIYJIU HAL
[IOJIYCOBEPIIIEHHBIMA KOJIBIIAMU, & UMEHHO, HAMU JIOKA3aHO CJIEJYIOIIee yTBEPK IeHUE:

Teopema 1. Ilycrs R — momycoseprnennoe koubliio, J = Rad(R) — pagukasn xKekobcoHa KoJbIa
R, u B Kareropun Jj1eBbIX R-Mojyseil gaHa KOMMyTaTHBHAsSI JUarpaMMa C TOYHBIMH CTPOKAMH, B
koTopoit Moxym G u G’ npoekTusHbl, a ® — n30MOpPUIM:

0 H G -2 A 0
lq’
0 ik o 0

Torya ceayiomume yeJoBis pABHOCUILHBI:

(1) ® unpynuposan HeKOTOpbIM H30MOpdu3aMoM 7 : G — G’ (uHAYe rOBOpS, CYIIECTBYET U30-
mopdusm 7 : G — G’ rakoit, uro p' o = P o p);

(2) (H + JG)/JG ~ (H' + JG')/JG".

B kauecTBe HEIIOCPEeJACTBEHHOI'O CJICACTBUA U3 STOU TE€OpEMBI MbI ITIOJIYYINJIXN TEOpeMy O COIJIacCO-
BaHHBIX DA3J/IOZKEHUAX J1JIsd MOﬂy.TIeﬁ Ha/l II0JIYCOBEPIICHHBIMU KOJIbITaMM:

Teopema 2. Ilycts R — mostycoBepiiieHHOE KOJIbl0, H — 10MOoysib ipoekTuBHoro R -momyns G,
TOI/IA CJIEJIYIONINE YCIOBUST PABHOCUJIBHBI:

(1) cymectByer pasioxkenue monyins G = @ P; B UpsAMyI0 CyMMY HEpPas3JIOKUMbIX Mojysei P

i€l
takoe, uro H = & (P, N H);
i€l

(2) G/H — npsimast cymma cemeiicTBa MOJLyJIeil, KayKIblil 13 KOTOPbIX n3oMopden hakTopMo-

JLyJTI0 HEKOTOPOTO TJIABHOTO HEPA3JIOKUMOr0 MOy ist (T.e. MoiyJist Buja Re, rje € — npuMUTUBHbII

UJIeMIIOTEHT B R).

JInreparypa. [1] J. M. Cohen, H. Gluck, Stacked bases for modules over principal ideal domains.
Journal of Algebra, 14, (1970), 493-505. [2] P. Hill, C. Megibben, Generalizations of the stacked bases
theorem. Trans.Amer.Math.Soc., 312, (1989), No 1, 377-402. 3] A. U. I'enepasos, M. B. 2Kenyzes,
Teopema 0 cOrIACOBAHHBIX HA3MCaX B MOLYJISIX HAJT JIeJIEKUHIOBBIMU KOJIbIIaMu. AJirebpa u aHams, 7,
(1995), No 4, 157-175. [4] A. U. T'enepasos, M. B. ZKenyznes, CornacoBamible pasioxKeHus: MOy el
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HAaJl O'PAHUYEHHBIMHU JI€JIEKMHIOBBIMU [IEPBUYHBIMU KOJIbIlaMu. Ajrebpa u anasus, 9, (1997), No 4,
47-62.

Caukr-IleTepOyprckuit rocy1apCcTBeHHbBIN YHUBEPCUTET

e-mail: i.zilberbord@mail. spbu.ru

A. B. I'puims (Mocksa)

O nepmoinyueckoil 4acTu IPyHIIbl HEBBIPOKJIECHHBIX 2 X 2-MaTpHUIL ¢ ajaredpan-
JecKUMI KO3 pUuimenTaMmu

PaccmarpuBaercs mosnast muneiinast rpynma GLo(L), tme Q C L — KoHedHoe BEIIECTBEHHOE
paciupenue 1moJisi palMoHaIbHbIX drcest. Vlecemyercs BOIpoc: KaK yCTPOEeHa MePHOInIecKast 4aCTh
rpyumsl GLo(L), T.e. MHOXKecTBO Takux Marpull x u3 GLg(L), KOTOpbIe B HEKOTOPOI CTEIICHN JIAI0T
eJMHUYHYIO MaTPHILy, KAKOB MOXKET OLITH IOPAI0K 3Tux Marpun’? Jokazano, uro npu L = Q ume-
[OTCSL TOMBKO ciieyione apuanTer: o(z) = 2, o(z) = 3, o(z) = 4 u o(z) = 6. Ecim L = Q(+/d),
rie d > 0, KBaJpaTUuHOe PACIIUPeHne, TO JOOABJIAIOTCS ellé CIeyIonue BO3MOoKHoCTH: 0(z) = 5,
o(z) =8, o(x) = 10, o(x) = 12. IIpu srom nose L MOXKET UMETH BH/L;:

L=Q(V?2),L=0Q(V3),L=Q(h).

MozkHO 1oKazaTh, 4TO JJIs JII0OOT0 HATYPAJIBHOIO N CYIECTBYET TAKOe KOHETHOE BEIeCTBEHHOE
pacrmupenne L, aro B rpymnue GLy(L) uMeeTcs 3jeMeHT mopsijika 1.

[Tpeacrasisier maTEpEC coeyionias QyHKINsS HATYpaabHOro aprymenta n. [lycrts D(n) — nan-
MEHbIIIee HATYPAJbHOE YHCIIO, I KOTOPOIO CYIIECTBYET BEIIeCTBEHHOEe paciiupeHue L crereHn
D(n), Takoe, uro rpymna G Lo (L) comepxxut sement nopsiaka n. Hanpumvep, D(1) = D(2) = D(3) =
D(4) = D(6) =1, D(5) = D(8) = D(10) = D(12) = 2.

MockoBCKMil e 1aroruIecKuii ToCyIapCTBEHHBIN YHUBEPCUTET

e-mail: grishinaleksandr@yandex.ru

C. B. I'yces (Exarepuntypr)
HpI/IMep IpeacjabHOIroO MHOFOO6pa3HH alIepUOANICCKNX MOHOMJIOB

Mmuoroobpa3ue yHUBEPCAJIbHBIX aJIredp HA3BIBAIOT KOHEUHO Oa3UPYeMbiM, €CJIM OHO UMeeT KOHEU-
HBIT 6a3UC TOXKIECTB, U HECKOHEeYHO 6a3UPYeMbiLM B TIPOTUBHOM ciiydae. MuHUMaAIbHBIE OECKOHETHO
basupyeMble MHOTOOOpa3usi MPUHATO HA3BIBATDL npedesvhvimu. LIpesebHbIM MHOTOOOPA3USM YHE-
BEpPCAJIBHBIX aJIreOp pa3IUIHBbIX THUIOB YIEJSETCs CYIIECTBEHHOE BHUMAHME. DTO CBSI3aHO C TEM,
910 JTI000€ BECKOHETHO ba3upyeMoe MHOr000pas3ne COIePKUT HEKOTOPOE MIPEeIe/IbHOe MHOT00bpasue.
Orcrona ciiemyer, 9To MHOroobpasue Hacaedcmeerto beckoneuto 6a3upyemo, T.e. BCe ero MoaMHOIO-
00pasnst KOHEYHO HA3UPYEMBI, TOTIa U TOJBKO TOIA, KOIJIa OHO HE COAEPIKUT HIKAKOIO IPEIeTEHOTO
MHOroobpasusa. Takum obpa3oM, 3ajiada ONUCAHUS HACIEICTBEHHO KOHEYHO H6a3MpyeMbIX MHOI000-
pa3uil cBOIUTCA K 3ajiade OMUCAHUS MIPEIeIbHBIX MHOI000Opa3Uii.

Mowmon 1 Ha3bIBAIOT anepuoduveckum, eCii BCe ero MOJArPYIILI OJHOJIEeMeHTHBI. llepBble 1Ba
npuMepa [peebHbIX MHOr00Opasuii alleproinuecKuX MOHOUIOB ObLIN IIOCTPOEHbI B pabote [1], u
J10 HeJABHUX TOP JPYTUX HPUMEPOB TAaKUX MHOrooOpas3mii m3BecTHO He ObL10. TOJIbKO HEmaBHO, B
upenpunTe [2], 661 yKa3aH TpeTuil npuMep Takoro MHOroobpasusi. B Haeil pabore Mbl 10CTpOMIN
ellle OJIMH IIPUMEP MIPEIEIbHOI0 MHOTOOOPa3s allepHOINIECKIX MOHOUIOB. A HMEHHO, MBI IIOKA3aJIH,
UTO TIPEJIEJIBHBIM SBJISIETCS MHOTOOOPAa3ne MOHOWIOB, 33JIAHHOE TOXKIECTBAMMU

TYT ~ :cy:cQ,
2,2 2.2
ry =yx,
TYZXTY R YT2TY,
ryxztr ~ xyrzatr,

n n
~ 2
T 25Zom Znn X (Htm> N X ZpZen  Znn <Htm>
i=1

i=1
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JJIdd BCEX HAaTypPaJIbHBIX Tv 1 BCEX IIEPECTaHOBOK 7 Ha MHO2KECTBE {1, 2, PN ,’I’L}.

Pabora Beimosinena npu nomgepxkke Poccuiickoro ¢oumga OyHIAMEHTAIBHBIX UCCISI0BAHUI
(rpanr 17-01-00551) u Munucrepcrsa obpasosanusi u Hayku Poccuiickoit ®enepaiun (1poexT
1.6018.2017/8.9).

JInrepatypa. [1] M. Jackson, Finiteness properties of varieties and the restriction to finite algebras,
Semigroup Forum, 70 (2005), 154-187. [2] W. T. Zhang, Y. F. Luo, A new example of limit variety
of aperiodic monoids, to appear; available at: https://arxiv.org/abs/1901.02207.

Vpasbckuit degepabHblli yHUBEPCUTET

e-mail: sergey.qusb@qgmail.com

A. 3. I'yrepman (Mocksa)
DKcTpeMaJibHbIe EHTPAJIN3aTOPbI U X MPUJIOKEHHST

JlokJtag ocHOBaH Ha COBMeCTHBIX pedyibrarax ¢ I'. Jlosmaapom, B. Kysbmoii, O.B. Mapkosoii u
I1. O6naxk.

Henrpammsaropom marpunpst A € M, (F) naspiBaercsa muoxkecrso C(A) = {X € M,(F)| AX =
X A} Bcex marpur, kommyrupytonmx ¢ A. Iearpanuszaropom nogmuoxkecrsa S C M, (F) nasbiBa-
ercst MmuOKecTBO C(S) = {X € M, (F)| AX = XA nya kaxgoro A € S} = NaesC(A), sapusioneecs
epecedeHneM HeHTPAIU3aTOPOB BCEX €ro 3JeMEHTOB. IleHTpain3aTophl aKTya bHbI KaK JJIsd PyH-
JaMEeHTAJIbHOM, TaK U JIUIS IPUKJIAIHON MaTEeMaTUKU.

Heckansipaas marpuna A € M, (F) naspiBaercsa munumasvrots, ecan nist kaxkagoro X € M, (F),
Jutst kotoporo C(A) 2 C(X), cupasemmmso C(A) = C(X). Heckansipuast marpunia A € M, (IF) naszbl-
BaeTCsd MaKCHUMaJILHOM, ecau s KaXKJI0i HecKaJIApHON maTpuinsl X € Mn(IF), YI0BJIETBOPAIOIIECH
C(A) C C(X), semonnsiercst C(A) = C(X).

OxapaKTepu30BaHbl MUHUMAJIbHBIE I MAKCHMAJIbHBIE MATPHUILI HAJ MPOU3BOJBLHBIMA IOJISIMU.
[Tonyuennsre pes3ysbTaThl OyIyT IPOUJLIIOCTPUPOBAHLL CBOMMY IPUIOXKEHUAMI K OIMCAHUIO rpadoB
KOMMYTHPOBAHUS KOJIEI MATPHIL, HEHTPAJU3ATOPOB 60JI€e BBICOKOTO MOPSIIKA, XaPAKTEPU3AIMA MaT-
PUYHBIX OTOOParKEHUi, COXPAHSIOIINX KOMMYTATUBHOCTD.

B mokiaze Takzke OyyT pacCMOTPEHBI aHAJOTUIHBIE BOIPOCH /IS ¢-IEHTPAJIN3aTOPOB. B gacT-
HOCTH, UCCJICJOBAHBI BOIIPOCHI CyIIECTBOBAHUS aHAJIOTOB KJIACCHYIECKOI TEOPEMBI O JBOMHOM IIEHTPA-
JIA3ATOPE.

MockoBckuii rocynapcrBennniit yuusepcuter umenu M.B. Jlomonocosa

e-mail: guterman@list.ru

A. 3. I'yrepman, O. B. Mapkosa, M. A. Xpsictuk (Mocksa)
ﬂﬂI/IHbI I'PYIIIIOBBLIX aﬂFe6p B CJIy4da€ T'PYIIIl MaJlbIX IIOPAJKOB

JImHO#MT KOHEYHOM CHCTEeMBI TTOPOXKIAIONINX KOHETHOMEPHOM aCCONMATUBHON aaredphl HaI IIPO-
M3BOJILHBIM TTOJIEM HA3BIBACTCS HANMEHbBITIEE HATYPATBLHOE THCIO Kk, TAKOE 9TO TIPOM3BEICHNUST [ITNHEI,
He Gouiblieii k, 3JIEMEHTOB 9TON CHCTEMBI TIOPOXKIAIOIINX [TOPOKJIAIOT JAHHYIO ajredpy Kak BEKTOD-
HO€E TIPOCTPAHCTBO. JInHoit anrebphl HA3BIBAETCS MAKCUMYM JIJTHH €€ CHCTEM TTOPOXKTATOTINX.

Bajiaua BBIYKMCIIEHNs] JJIMHBI BIIepBble BO3HKKIIa B paborax Cuencepa u Pusiuna 1959-60rr. (cM.
[4], [5]) mst mosmoit anrebpbl MATPHIL HOPSIKA 3 B CBA3U € BOSMOXKHBIM IPUMEHEHHEM B MEXaHUKE
CILIOMIHBIX cpeji. B obreit (hopMymupoBke mpobiiema BLIYUCICHUS JTHHBI TIOJTHON aaredpbl MaTPHIL
M,,(F) kax dbyskun nopsiaka Marpul; obta nocrasiena [lazom B 1984 roay B pabore [3| u 1o cux
mop ABJsAEeTCsT OTKPBITON. OCHOBHBIE anrebpandeckne cBOHCTBA QPYHKITMY JIHHBI ObLTH n3ydeHbl O.
B. Mapkosoit B 2012 roxy B pabore [2].

Brerancienve nuHbI B 06IIeM CIydae sIBJISIETCST JOBOJBHO TPYAHON 3amadeit. B eé pemenun Mo-
JKeT MOMOYb PacCMOTPEHHe Cilydasi IpynnoBbix aarebp. B pabore [1| A. 9. I'yrepmanom u O. B.
MapkoBoii 3aj1a9a BEIYUCTEHUsT IJINHBI PEIieHa JI/TsT 9eTBepHoit Tpynibl Kitefina u rpynmbl mepecta-
HOBOK TPEX 9JIEMEHTOB, B pabore [8] — st rpynmbl kBarepHnoHoB. B paborax [6], [7] paccmorpen
ciIydait abesleBbIX TPYIIIL.
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IIpeameroMm JTaHHOTO JIOKJIa 18, SIBJSIFOTCST PE3YJIbTATHI O JUIMHE IPYIIIOBBIX aJiredp Jjisi IPYII Ma-
JIBIX TIOPSIIKOB, B YaCTHOCTH, 3HAYEHUS JJINH TPYIIIOBBIX aJIredp /i BCeX TPYIII, MOPSIOK KOTOPBIX
He TTPEBOCXOJIUT 8.

JIureparypa. [1] A. 9. I'yrepman, O. B. Mapkosa, /lyimaa rpynnossix ajare6p rpyIin HeG0IbIIOro
pasmepa, 3anucku HaydHbx cemunapos IIOMMU, 472(2018), 76-87. [2] O. B. Mapkosa, ®@yuxiusi
JUTMHBL U MaTpuuHble ajarebpbl, Oynjgament. u npuki. marem. 17:6 (2012), 65-173. [3] A. Paz, An
Application of the Cayley—Hamilton theorem to matrix polynomials in several variables, Linear
and Multilinear Algebra, 15(1984), 161-170. [4] A. J. M. Spencer, R. S. Rivlin, The theory of
matrix polynomials and its applications to the mechanics of isotropic continua, Arch. Ration. Mech.
Anal., 2(1959), 309-336. [5] A. J. M. Spencer, R. S. Rivlin, Further results in the theory of matrix
polynomials, Arch. Ration. Mech. Anal., 4(1960), 214-230. [6] A.E. Guterman, M.A. Khrystik,
0.V. Markova, On the lengths of group algebras of finite Abelian groups in the semi-simple case,
Preprint. [7] A.E. Guterman, M.A. Khrystik, O.V. Markova, On the lengths of group algebras of
finite Abelian groups in the modular case, Preprint. [8] A. E. Guterman, O. V. Markova, The length
of the group algebra of the group Qg, Proceedings of ICAC2017. 2019. to appear.

MockoBckuit rocymapcTsennblii yausepcurer nmenu M.B.Jlomonocosa

e-mail: good_michael@mail.ru

. B. Ho6psmuna (Mocksa), A. C. ¥Yrapos (Tyia)
O mpobJieme CONpsIZKEHHOCTH CJIOB B 0000IIEHHBIX JPEBECHBIX CTPYKTYPax IPYIII
Aptuna !

ITycts G — KOHEYHO MOPOXKIACHHAS IPyIIa APTHHA ¢ KONPEACTABICHIEM
. ms v_ MM . .- = . .
G = (ai,...,an; < aja; >MI=<aja; >4, j =1,n,i # j),

rae < a;a; >"" — CJIOBO JUIMHBI 1M;j, COCTOAIIEE U3 1M;j IePEYIONHXCca OyKB a; U aj,1 7 J, Mij —
9HCJI0, COOTBETCTBYIOIEe cuMMeTprieckoii Mmarpurne Kokerepa: my; = 1,m;; > 2,1 # j.

['pynma Apruna Ha3bIBaeTCA TPYIIIONH APTHHA SKCTPAOOJILINOrO THIIA, €CJIH My > 3 JJIs JIOOBIX
i # j. Hanubiit knace rpynn B 1983 rony seiesen K. Anmesem u I1. Hlynmowm [1].

st Besikoit rpynmnbl Apruaa G MOXKHO mocTpouTh Ipad I’ Takoit, 1ro 0bpasyronmM a; COOTBeT-
cTBYIOT BepimmHbl rpada I', a Kaxk1oMy onpeJiesioneMy COOTHOIEeHno < a;a; > =< a;ja; >"
— pebpo, coeuHsIONee BEPIINHBI, COOTBETCTBYIOMIUE ; U Gj, 1 # j. Hcam mpu 3TOM moJydmuTcs
nepeso-Tpad [, To rpynma Aptuna G Ha3bIBaeTCst TpyOIoit ApTuHa ¢ APEeBECHO CTPYKTYPOIL.

I'pymma Apruna G ¢ gpeBecHO CTPYKTYpPOil MOXKET OBITH IIPEJICTABIeHA KaK CBOOOHOE MTPOM3-
BeJIEHIE JIBYTOPOXKICHHBIX TPy ApTHHA, 00beIMHEHHBIX 0 OECKOHETHBIM ITUKTHIECKUM TIOATPYTI-
nam: ot rpada I’ rpymusr Apruna G nepeiizem K rpady I tak, uro sepmmuaMm rpada [ mocraBum
B COOTBETCTBHE Ipynibl ApTuHa Ha ABYX obpasyoomux Gy = (a;,aj; < aja; >"i=< aja; >"),
a BCAKOMY pebpy €, COeAUHAIONEeMY BepPIIUHEL, cooTBeTcTBytomue Gy u Gji — MUKITIECKYIO MOJ-
rpymy (a;).

Kiacc rpynn Apruna ¢ jgpeBecHOl cTpyKTypoit BBesieH B paccmorperune B. H. Bessepxaum B
2003 romy [2].

Hanee paccmorpuM rpynmny ApTtuna

t

G = <H *Gs;aim = ajpi 7&]7@)] € {ﬁ}%

s=1

[PEeICTABJISIONIYI0 coDOil ApeBecHOe mpousBenenue rpynn Apruta G, rae G mubo rpymnma ApTuHa
C ApeBecHOll CTPYKTypoii, b0 rpynna ApTuna 3KCTpabOILIIOro TUIlA, 3alHCh G, = (j O3HAYAeT,
4T0 00besuHenne rpynn Apruna G; u G BesieTcs 110 6eCKOHEUHBIM IUKINIECKIM HOArpyIam (d;,, ),
(aj,), re a;,, — HEKOTOpPBIH obpasyomuit rpymumnsl G;, aj, — HEKOTOPbI obpasyroruii rpymmsl Gj.
Taxyto rpynmny Apruna GG GyieM Ha3bIBaTh 0OOOIEHHON JIPEBECHON CTPYKTYpPOi rpymin ApTuHA.

'Pabora mopmepskana PO®U (rpant 19-41-710002 p_a)
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MsBectHo, uTo B rpynnax Apruaa 5KCTpabOJIbIIOro THIA PA3PEIIUMbI MPOOIEMbl PABEHCTBA, U
COIIPSIZKEHHOCTH CJIOB [1], a TakxKe mpobiiemMa BXOXK/IeHHsI B IUKJIMYECKYIO ToArpymy [3].

B rpynmax Apruna ¢ ApeBecHOil CTpYKTYpOil aJropuTMUYecKast pa3penmMOoCTh IIpo0IeM paBeH-
CTBa U CONPSI?KEHHOCTH CJIOB MOKa3aHa B [4], a pobieMbl BXOXK/IEHUsI B IIUKJINIECKYIO TIOIPYIILY —
B [5].

[IpobiieMbl paBeHCTBA W COIPSI)KEHHOCTH CJIOB Jijisi CBOOOIHOTO mpouseenenus rpymmn Gy, Go,
rne Gq — rpynma ApTuHa ¢ ApeBecHoil cTpyKTypoil, Go — rpymnmna ApruHa 3KCTpaboJIBbIIOro THIA,
¢ 00beIMHEHNEM 110 GECKOHEUHBIM UK/IMYECKUM MOJTPYIIIAM, MOPOXKIEHHBIM 00PA3yIONUMU STHX
rpynn, pemensl B. H. Bessepxuum u A. C. Yraposbim [6].

Teopema 1. B 0600menHoi#t 1peBecHoil crpyKType rpynn Apruna G paspermma podJieMa paBeH-
CTBa CJIOB.

Ucnionb3yst quarpaMMbl COIPSI2KEHHOCTH CJIOB HaJT OOODINEHHOM JIPEBECHONM CTPYKTYPOH rpyIil
Apruna G, npeacrapisromnmue coboii TTOCIeI0BATEIBHOCTD MO IHarpaMM, KarKIasi U3 KOTOPBIX SIBJIsI-
eTCsl UarpaMMoit HaJl OJTHUM U3 COMHOXKuTeJelt G, 00beIMHEHHBIX MEXK Ty cOD0il 10 pebpy ¢ METKOI
U3 00beUHIEMON TO/IrPYIIbI, ABTOPAMHU IOJIyI€HbI CJIEIYIONNe PE3Y/IbTATH:

Teopema 2. B 060611eHHO# jipeBecHOil cTpyKType rpyiin Apruaa GG EHTPAIU3aTOP SJIeMEeHTa KO-
HevHo 1opoxkaeH. CyInecTByeT ajirOPUTM, BBIITUCHIBAIONINI 00Pa3yIoIie JAHHOIO [IEHTPAJIN3aTOPA.

Teopema 3. B 060611eHH0I#T jipeBecHOi cTpyKType rpyin Apruna G paspermma mpodieMa Corpsi-
2KEHHOCTH CJIOB.

JInreparypa. [1] K. Appel, P. Schupp, Artins groups and infinite Coxter groups. Ivent. Math.,
72 (1983), 201-220. 2] B. H. Bessepxnuii, O rpynnax Apruna, Kokcrepa ¢ 1peBecHoil cTpyKTypOii.
Tes. noka. V mexayHap. Koud. «Aaredbpa u Teopust IuUCeT: COBPEMEHHbBIE TPOOIEMBI ¥ TPUIOXKEHUST»,
Tyna (2003), 33-34. [3] B. H. Bessepxuuii, A. H. Kysnerosa, IIpo6iema BXOXKjieHUsI B I[UKJIAYe-
CKyIO TOArpymmy B rpymmnax Aprtuaa 6osbimmoro tuma. M3s. Tyal'y. Cep. Maremarnka. Mexamuka.
Nudopmaruka, 11:1 (2005), 76-93. [4] B. H. Bessepxuuii, O. FO. Kapnosa, [Ipo6iemsbr paBercTBa 1
COIIPSI?KEHHOCTH CJIOB B Tpymnax ApTuHa ¢ apeBecHoit crpykrypoii. Use. Tyal'V. Cep. Maremaruka.
Mexanuka. Uudopmaruka, 12:1 (2006), 67-82. [5] B. H. Bessepxuuii, O. FO. Kapnosa, IIpo6iema
BXOXKJICHUS B IUK/IMIECKYIO TTOJATPYIINY B TPyIIax ApTHHA ¢ APEeBECHOM CTPYKTYpOit. UeObImeBcKmit
cbopuuk, 9:1 (2008), 30-50. [6] B. H. Bessepxuuii, A. C. Yrapos, Pemenne mpobJeMbl conpsizKeHHO-
CTU CJIOB B HEKOTOPOM KJjacce rpynn Apruna. Tes. mokii. XV MexayHap. KoHD. «Ajrebpa, Teopust
YHCEJ U JIMCKPETHAsI TEOMETPHsI: COBPEMEHHBIE TPOOIeMbl U Ipuiiozkenus», Tyna (2018), 74-75.

Axkanemus rpakpanckoii samurel MYC Poceun
Tynbckuit rocygapcTBeHHbIH negarorudeckuii yuusepcurer umenu JI. H. Tosicroro

e-mail: dobrynirina@yandex.ru, ugarandrey@gmail.com

®. A. Odynkuu (HoBocubupck)

ANIpoKCHMUPYEMOCTh KOHEUHBIMI 7T-IPYyIIIaMi 00001eHHbIX Iy Baymciara—
Counrepa

Koneuno nopoxjennas rpymmna (G, Koropasi JefCTBYeT Ha JepeBe Tak, 4TO BCe BEPIIMHHbIE U
pebepible cTabMIN3aTOphl — OECKOHEUHbIE IUKINIECKIE TPYIIIbI, Ha3blBaeTCs 0000wentoli 2pynnot
Baymcaaza—Corumepa (GBS rpymnmna). 1o reopeme Bacca-Ceppa rpymmna G npejicTaBiseTcst B BUJIE
m1(A) — dbyngamenTanbroil rpynibl rpada rpyun A [1|, BepiuunHbie u pebepHbIE IPYIIIBI KOTOPOTO
GECKOHEUIHBIE TUK/INIECKHE.

Besikoit GBS rpynne G MOKHO conoctaButh epag ¢ memramu A = (A, ), rige A — KOHEUHBbI
cesi3Hblil Tpad, a A\: E(A) — Z \ {0} merku Ha pebpax rpada A. Merka A\, = A(e), HanucanHast
Ha pebpe e ¢ HAYATIOM B BEpIIUHE U, ONPEIENseT BIOKEHNe o, : e — v ¢ nukimaeckoil pebeproit
rpymnsl (€) B IUKJINYECKYIO BepinnHHyIo rpymiy (v). Takum obpasoM rpad ¢ MerKaMmu siBJIsleTCst
YaCTHBIM CJlydaeM Trpada IpyIIi.

DPyndamernmanvrasn epynna m1(A) epaga ¢ memramu A = (A, X) 3a/1aeTCs TOPOKIAIONUMHI 1
ompeessomuMu cootromennsamu. O603HaqnM depes A rpady, HoIydenHblit n3 A 0TOXKIeCTBICHIEM
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e n e. Maxcumanbaoe noyepeso T’ rpada A 3amaer KonpecTrasienne rpybt m (A)

| Ale) _ @)

Yo(e) ™ It(e)
Ae)

o(e)

gv,v € V(A),

e € BE(T),
te;e € E(A)\E(T) | t/'g A

te = g e € B(A) \ E(T)
Jlist pasjmYIHbIX MAKCHMAJIBHBIX IIOIE€PEBHEB COOTBETCTBYIOIINE KOIPEICTABICHUS 3aIal0T HU30-
MOpPGHBIE TPYIIIIHI.

Kaxk samermi JI.Pobuncon 2], GBS rpymiibl 3aHUMAaIOT BazKHbIE [O3UIUKE B KOMOMHATOPHON Teo-
pun Ipymnn 6arogapsi CJEAYIOMMM CBoicTBaM: Helukjndeckue GBS rpyimbl — B TOYHOCTH TaKue
KOHETHO ITOPOKJIEHHBIE IPYIIILI KOTOMOJIOTHIECKONH PA3MEPHOCTH 2, KOTOPbIE MMEIOT COU3MEPUMYIO
6ECKOHEUHY IO IIUKIMYIECKYIO rpy1ity; GBS TpyIiibl KOrepeHTHBI (BCsiKasi KOHETHO TIOPOZK JICHHASI [T0]1-
IPYIIIA JTOIMYCKAET KOHETHOE KOIPEICTABICHHUE).

I'pymra HaspiBaercsa xongosoti, eciin BeaKnii eé roMmoMopdu3M Ha cebsi IMeeT TPUBHAJIBHOE /PO,
T.e. ABjsgeTcs apromopdusmom. [laiee OyaemM cUUTATb, YTO P U ¢ B3AUMHO MPOCTHIE IEJIbIE UHC/IA
(mumem p L q), me pasuble Hyso. Baymciar u Cosmrep [3] BrepBble MpeIoXKUIA CEPUIO TIPUMEDPOB
HeXOH(bOBbIX prHH C ABYM< TTOPOKIAIOIMINMHU dJIEeMEeHTaMM W OJHUM COOTHOIIIEHUEeM, OHU TeIlepb
0003HATAIOTCS

BS(p.q) = (a, t || t™aPt = a?).

OTH IPYHIbl OKA3aJUCh MHTEPECHBIMU M C APYIUX MO3UIUN: FeOMeTPUIECKUX CBOWCTB, (PYHKIIMIA
pocra, dpyukmun Jsna u T.10. Kpome Toro, rpynmnst Baymcnara—Conurepa siByisitorcst GBS rpynmamu.

['pynna G HasblBaeTcsl AlPOKCUMUDPYEMOl TpyHIaMu u3 Hekoroporo kiacca K (wmm K-
AIIPOKCUMUPYEMOii ), ecjim Jijist JI000r0 HEeeIMHUIHOTO djieMeHTa ¢ € (G CylecTByeT Takoil roMo-
MopdusM rpynnsl G Ha HEKOTOPYIO TPyIILy n3 Kjaacca K, oOpas 3,ieMeHTa ¢ OTHOCUTENHBHO KOTOPOTO
oTJINYeH OT enuHUIBL. B ciaydae, Korma K coBmamaeT ¢ KiaaccoM JF BCeX KOHEUHBIX TPYII, TaKast
CPyIITa HA3BIBACTCH (PUHUTHO AIIPOKCUMUpyeMoit. Eciin m — HelrycToe MHOXKECTBO IPOCTBIX UUCEJT
u K = F; Kjacc BceX KOHEUHBIX 7-TPYII, TO Tpymma (G Ha3bIBAETCs J o -allpPOKCUMUPYEMOI.

B 2008 I.1.MonmaBarckuit u O.A.BaHOBa yCTaHOBUIN KpUTEPHil F-all-IIPOKCUMUPYEMOCTH
paspemuMbIX rpynn Baymciara—Cosinrepa
Vreepxkaenune 1. (Teopema 1 [4]) ITycmv m — npousdsosvhoe mmoorcecmeo npocmois wucea. I'pyn-
na BS(1,k) Fr-annpoxcumupyema mozda u moavko mozda, kozda cywecmeyem T-wucio § > 1,
63aumHo npocmoe ¢ k, nopadox no modyso Komopozo wucia k maxosice AGAAELMCA T -HUCAOM.

ByjieM Ha3bIBATH 3JIEMEHT AAAUNMUYECKUM, €CIIU OH CTaOUIM3UPYeT BepIIUHY (T.e. COIPSIYKEH C
ssieMenToM u3 (a), Juist Hekoropoit a € V(A)).

Onpenenum Momyastpabiii Tomomopdusm A: G — Q. laa mannoro g € G BbIGEpEM IPOU3-
BOJIbHBIN HETPUBUAJBLHBIN SJTHIITUYECKUIT 971eMeHT a € (G, TorJa i1 HEKOTOPBIX TEJBIX M U N, He
paBHBIX (), BHIIOJHSIETCH PABEHCTBO ¢ la™
HO JI0KA3aTh, YTO TaKoe olpejiesienne KOppeKTHO [5]. Momyasipablii romoMopdusM urpaer BazxKHYyIO
pouib B uccyenoannu GBS rpymm.

Taxk Kak F-alllpOKCUMHUPYEMBbIE IPYIIIIbI ABJISIOTCS (DUHUTHO AllIPOKCUMUPYEMBIME, TO JIJIsT OIIH-
canusi Fr-annpokcuMmupyembix GBS TpyIin HaJI0 3HATH KaKWe U3 HUX (PUHUTHO aIllllPOKCUMUPYEMBI.
B 2014 G.Levitt onucas Bce dunuTHo anmpokcumupyembie GBS rpynmbt
YrBepxkaeuune 2. (Cuencrsue 7.7 [6]) GBS epynna G gurummo annpoxcumupyema mozda u monv-
Ko moeda, Koeda ona uzomopPpra BS(1,n) uau yrumodyaspnua, m.e. A(G) C {£1}.

C [IOMOIIBIO 3TUX YTBEPKICHUN MBI JIOKA3LIBAEM OCHOBHYIO TEOPEMY
Teopema 1. Ilycmv A — epap ¢ memxramu, npedcmasisowut GBS epynny G. I'pynna G Fr-
ANNPOKCUMUPYEMA M020G U MOALKO Mo20a, K020a 8LINOAHEHO 00HO U3 YCA0SUL

1. G = BS(1,n) u n ydosaemsopsem ycaosusm yms. 1,

2. A(G) = {1} u sce memxu A — w-wucaa,

3. A(G) = {£1}, sce memru A — T-wucaa u 2 € .

VccenemoBanne BBITOTHEHO 3a c4eT TpanTa Poccniickoro Hayanoro dona (mpoekt Ne19-11-00039)

JIuteparypa. [1] J. P. Serre. Trees. Berlin/Heidelberg/New York:Springer, 1980. [2] D. J. S. Robinson,
Generalized Baumslag-Solitar groups: a survey of recent progress. Groups St Andrews 2013, LMS,

— n —m
g = a”. B arom ciyuae, nonaraem A(g) = ™. Hecox-
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Lecture Note Series 422 (2016), 457-469. 3] G. Baumslag, D. Solitar, Some two-generator one-relator
non-hopfian groups, Bull. AMS, 68, 3(1962), 199-201. [4] O. A. Usanosa, 1. 1. Mosnasanckuit,
ANIpoKCUMUPYEMOCTh KOHEUHBIMH TT-IPYIIIAMU HEKOTOPBIX TPYIII ¢ OJHUM OINPEJIE/ISIONM COOT-
nomenueMm, Hayq. tpyuaer VIBI'Y, Maremaruka, 6 (2008), 51-58. [5] M. Forester, Deformation and
rigidity of simplicial group actions on trees, Geometry & Topology, 6(2002), 219-267. [6] G. Levitt,
Quotients and subgroups of Baumslag—Solitar groups, J. Group Theory, 18, 1(2015), 1 — 43.
WNucruryr maremaruku um. C.JI.Cobosesa CO PAH, r.Hosocubupck, Poccust

HoBocubupckniit rocynapcrBernbiii yausepcutet, r.HoBocubupcek, Poccust

e-mail: DudkinF'@ngs.ru

. 10. 2K nanosckuit (Mocksa)
['OMOTOIBI U M30TOIBI KOHEUHOMEPHBIX aareop

B nmokmiaze 6y1yT paccMaTpuBaThCs KOHETHOMEPHBIE (BOOOIIE TOBOPsT HEACCOIMATUBHBIE) asred-
pbl. B ciiydae HeaccomMaTUBHBIX AJIredp MOMUMO MOHSATHS HU30MOPGMU3Ma PACCMATPUBAETC U OoJtee
rpyboe MOHSITHE U30TOMUU AJIredp, KoTopoe ObLIo BBeJeHO B cepeaune 20-ro Beka A.AbbepToMm.
[Toustue romoTonmu ajrebp — 0b600IeHne nzoTonuu. B ciiydae accOUATUBHBIX ajredp ¢ eJIuHU-
el U30ToNHS 9TO N30MOPGU3M, HO TOMOTOIHNS UMeeT UHTepec. #l paccKaKy O CBA3M U30TOIUU C
PA3JINYHBIME T'€OMETPUIECKUMU 3a/[a9aMU, & TAKXKe O CBsI3U MOMOTOIUU ACCOIUATUBHBIX AJIredp C
BOIIPOCAMU TE€OPUU KaTeropuil.

M®TH, BIIID

e-mail: yjdanov@mail. ru

C. A. 2Kwuymna (Mocksa)
['pacd oprorona/JibHOCTH aJreOpPbl KOHTPCEIEHNOHOB

[Tycrs A — asrebpa, Z**(A) — MHOXKeCTBO HETPUBUAJIBHBIX JIBYCTOPOHHUX Jlejuresieli Hys B A.

I'pagom opmozonasvrocmu I'o(A) anredbps A HazbiBaloT rpad, MHOKECTBO BEPIIHH KOTOPOTO
— Z**(A), a pasiuuHble BepIIUHBI @ 1 b coeMHEHbl pebpoM, ecsn u ToJbKo ecan ab = ba = 0 ([1]).

[Tycrs (A, +, ) — anrebpa mas norem F ¢ exmuueii 14, Ha KOTOpOIl 3aaHa omeparus COmpsi-
JKEHHs @ +— G. ByreM Ha3bIBATh 9TO CONPSIKEHUE NPAGULbHbIM, ECITU JJid JII0OoTo 3jeMenTa a € A
BBINTOJTIHEHO a + @ € Fly u aa € Fly. Hanee Gymem cumrarh, uro Ha F-anrebpe A samana mpa-
BUJIbHASI ONEPAIUsl COTMPSIKEHUsI ¢ — G. Torma Jiist KaXKJI0ro sjgeMenTa a € A MOXKHO OIpeJie/uTh
ero deticmeumenviyio wacmo — Re(a) = 452, mnumyro wacmo — Im(a) = %52, a TaKKE HOPMY —
n(a) = aa = aa.

Aure6bpa A{v}, moayuennas uz A ¢ nomorpto nporexypsl Kasn-/lukcona ¢ napamerpom v € F,
OTIpEJIENISIETCST KAK MHOYKECTBO YTIOPSITOYEHHBIX TIap 9JeMeHTOB u3 A ¢ oneparusaMu

ala,b) = (aa,ab);
(a,b) + (¢,d) = (a+c,b+d);
(a,b)(c,d) = (ac+ vydb,da+ be)

1 COIIPsAZKEHUEM

(a,b) = (a, —b), a,bec,de A, a €.

MozkHO IpOBEpUTH, YTO olepallus conpsizkerus Ha A{v} sBisiercst npaBUIbHOI, TPUIEM BBITOJTHEHO
Re((a,b)) = Re(a), Im((a,b)) = (Im(a),b) u n((a,b)) = n(a) — yn(b) aus Beex a,b € A.

Aurebpa KOHTPCEIEHIOHOB S IToJTy 9aeTcsl MpuMeHenneM mporeaypbl Kan-nkcona ¢ mapaMer-
pom v = 1 K anrebpe okrornoHoB () U siBJIsIETCST €CTECTBEHHBIM 0000IIeHnEeM ajredp KOHTPKBaTEp-
unonos H u xourpokronnonos O ([2]), rpadsr oproroHaIBEHOCTH KOTOPBIX ObLIN U3yUeHbI paHee. B
paMKax JIaHHON paboThl OBLIA MTOJIyYeHa CJEIYIOIIas TeopeMa:

Teopema 1. Z**(S) = {a #0 ’ n(a) = 0}. KoMIOHeHTHI CBAZHOCTH Lo (S) umeror opun u3 aByx
BUJIOB:
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1. moutHbIt ABY10/BbHBI rpad, gossivu Koroporo ssistiorcs (R\ {0})a n (R\{0})a, rae n(a) =0,
MRe(a) # 0, qrameTp TaKoil KOMIOHEHTHI CBI3HOCTU DaBeH 2;

2. moarpad Ha MHOYKECTBE BEPIITIH {a #£0 ‘ n(a) = 0,Re(a) = O}. JwmameTp 3TOi KOMIOHEHTBI
CBSA3HOCTH PAaBEH 5.

ABTOD BBIpakaeT HJIArOJAPHOCTb CBOEMY HaydHOMY pykKoBoguTeso A.9. ['yrepmany.

JIureparypa. [1| B. P. Baxagibr, A. 9. I'yrepman, O. B. Mapkosa, I'padsl, onpe/esennbie opro-
roHaJIbHOCTHIO. 3am. Hay4H. cem. [IOMU, 428, (2014), 49-80; Ilepeseneno B J. Math. Sci. (N. Y.)
207, (2015), No 5, 698-717. [2] K. McCrimmon, A Taste of Jordan Algebras. Springer-Verlag New
York, 2004.

MockoBckuit rocymapcTBennblit yuupepcuteT nMenu M.B.JIomonocosa

e-mail: zhilinaOsveta@gmail.com

E. B. 3y6eit (I'omenn, Benapycs)

O KoHe4HOIl rpytIe, B KOTOPOil CHJIOBCKas TOJIPYIITa TepecTaHOBOYHA C I10/I-
rpynnamu [IMuara HeweTHOrO MOpSIKA

PaccmarpnBaroTest TOIBKO KOHedHBIe rpynnbl. ['pynmoit [IIMuara HA3BIBAIOT HEHHJIBIIOTEHTHYTO
IPYIILy, BCe COOCTBEHHBIE MOAIPYIILI KOTOpoil HuiabnoreHTHBL. O630p o rpymnax IIummara mpen-
crasiied B [1].

I'pynibl, B KOTOPLIX CUJIOBCKas HOArPYIIA HepecTaHOBOYHa ¢ moarpymnnamu IIMmmara gyeTHOro
HOPSIJIKA PACCMaTPUBAINCL B paborax [2, 3|. B pabGore [4] ykasanbl HeabesieBbl KOMIO3UIIMOHHBIE
daxTopbl rpymnmbl, B KOTopoii Her noarpynn IIIMuaTa He4eTHOro MOPAIKA.

Jokazana ceyiomas TeopeMa.

Teopema. Ilycrs B rpynne G cymecrsyer 2'-xosiosa noarpynna B. Ecim nekoropasi cuiioBckast
2-moarpynna P rpymnsl G nepectaHoBoYHa co Beemm moarpymmamu [Imuara uz B, to G nubo
paspernma, b0 HeabeeBbl KOMIIO3UIMOHHBIE (hbakTOpbl Ipytiibl G uzomopdubr PSL(2,7).

JInreparypa. [1| B. C. Monaxos, [Toarpymmust [IIMura, ux cyrecrBoBaHie ¥ HEKOTODBIE TIPUJIO-
skenust. Tpynbt VKp. mareMm. kourpecca-2001, ceknust 1 (2002), 81-90. [2] B. H. Kusiruna, B. C. Mo-
HaxoB, O MepecTaHOBOYHOCTH CUJIOBCKUX TOArpynn ¢ noarpymnnavu [Imuara. Tpyast uncruryTa
maremaruku n Mexanuku YpO PAH, T. 16, 3 (2010), 130-139. [3] B. C. Monaxos, E. B. 3y6eii, O
[EePeCTaHOBOYHOCTH CUJIOBCKUX MOArpyni ¢ noarpynnamu ITIMuara u3 HeKoTOporo ee j100aBIeHus.
Tpynet uncruryra Maremaruku n Mexanukn YpO PAH, T. 24, 3 (2018), 145-154. [4] B. H. To-
0B, [1. B. Berakos, Konednble rpymibl ¢ HUJIBIOTEHTHBIMU MOJAIPYIIIIAMEA HEYETHOTO MOPSIIKA.
[Tpobsembr husnku, maremaTuku u rexuuku, 3 (36) (2018), 84-86.

lomesnbekuit rocymaperBennbiit yausepcuter umenun O. CKOPUHBI

e-mail: ekateina.zubey@yandex.ru

. 3. Karan (Mocksa)

[[Mupura BepOAJBLHBIX TOJATPYIIT aHOMAJILHBIX ITPOU3BEAEHUil ¢ OeCKOHEeUHOI
[IUKJINYECKOI I'PYIIIION

MMupunoit Bepbasbhoii noarpymust [1] V(G) ornocurenbHo MHOXKECTBa CI0B V' HA3BIBACTCS HA-
menbinee unciao m € N (J{+oco} Takoe, uro Besikuii snement noarpyst V (G) 3anucsiBaercs: B Bujie
Ipou3Be IeHnsT He Gostee deM m 3Hadenuii cioB V. PaccMaTpuBaoTCst KOHEUHbIE COOCTBEHHDIE MHO-
JKeCTBa CJI0B V), Tak Kak B IPOTHBHOM ciydae mupuna V (G) Bcerma Gyjier KoHedHA.

HanomHuM, 9TO MHOXKeCTBO €jIoB V' HasbiBaeTcss cobCTBEHHBbIM, a noarpyniny V (G)— cobcrBe-
noit, ecii V(Fy) # E u V(Fy) # Fs.

[Monsitre mmpuHbl BepbasibHbIX HoArpyii 6110 Begero 0. V1. Mepsisikosbim [1] B 1967 romy.
Pesynbrarel ais ¢cBOOOAHBIX IpousBemeHnii Obutm mosydensl A. X. Pemrysioi. Beuio mokasano,
9TO MIMPUHA BCAKOI cOOCTBEHHOI BepbasibHON moarpynnbl V(G) Gyaer 6eckoHeYHA B CBOOOIHOM
[IPOM3BEIeHNN HeeIUHUIHbIX rpynn G = A x B, 3a uckitouenneM Z2 x Z2.
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B. A. QaiizuesbiM [2] 6611 TOJIyYeH Pe3yIbTaT 0 GECKOHEYHOCTHU MUPHUHBI BEPOATIBHBIX HOJIPYIIIL
B CBOOOJHOM mpousBejieHnn ¢ obbegunenueM A xy B, eciu |A : Ul > 2, |B :: U| > 3. B nocuen-
creun U.B. Jlob6pbiauna [3] nokasaia 66CKOHEUHOCTD MMUPUHBI BEPOAJIBHBIX MOJATPYII JIJIs CBOOOJI-
HBIX [IPOM3BeJIeHNI ¢ 00beuHenreM A 7 B, npu BbIoJHeHUH cienyomux ycuopuit: |[A : U| > 2 u
|B : U| > 3. .B. Hobpbiaunoit 1 B.M. Bespepxuum [4] 6b11 TakzKe MOJIyIeHbI HEKOTOPBIE PE3YIlb-
TaThl 0 OECKOHEYHOCTHU MIUPUHBI BEPOABHBIX MOJAIPYII B IPYIIIAX ¢ JABYMsT 00Pa3yOIUMI U OJHIM
onpeesomuM coornorenneM. B.I. BapmakosbiM [5] mokazana GECKOHEYHOCTH MIMPUHBI BCSKOM
cobcTBeHHOI BepbasibHOM moArpynnkl st H N N-pacimupenuil, rae CBsISHBbIE HOATPYIIBI OTJIMIHbI
oT 6a30BOI I'PYIIIILI.

P. U. I'puropuyk [6] ycraHOBIII yCI0BHsT GECKOHETHOCTH JJIsi KOMMYTaHTHBIX COOCTBEHHBIX BEp-
OaJIbHBIX TOJATPYIIT B CBOOOIHBIX mponsBeenusax ¢ o0beaunennem u HNN-pacmupenusx. Bepbasib-
Hast nogrpymna V(G) Ha3blBaeTCst KOMMYTAHTHOI, eciin V' COIEpKUT TOJBKO KOMMYTATOPHBIE CJIOBA
- CJIOBa, JIeXKaIle B KOMMyTaHTe coBoOoHOM rpymmsl F) . B paborax asropa |7, 8] Oblam mokazaHbi
YTBEP:KIEHH, IPOLOJIZKAIOIIe pe3yabraThl I puropdayka. B yacrHocTH, pelrer Borpoc 06 yCJIOBHSX
OECKOHEYHOCTH MIUPUHBI COOCTBEHHBIX KOMMYTAHTHBIX BEpPOAJIbHBIX MTOATPYII JJIsT TPYIIT C OJHUM
OIIPEJEISIIONINM COOTHOIIEHNEM U HETPUBUAIbLHBIM IIEHTPOM. JloKa3aHbl HEKOTOPBIE YTBEPXKICHUS O
KOMMYTaHTHBIX BEpPOAJIbHBIX MTOJIPYIIAX JJIsi aHOMAJbHBIX TPOU3BEIEHUIA.

B pabore |9] npuBomuTcst 0630p MOTYUEHHBIX PA3INIHBIME AJreOpANCTaMU PE3yIbTaTOB O IIU-
puHe BepOAJIBbHBIX TIOATPYIIIL.

JlokazaTeabcTBO BECKOHETHOCTH ITUPUHBI KOMMYTAHTHBIX BEPOAJIBHBIX ITOATPYII, KaK IIPABUIO,
OCHOBaHO Ha MOCTPOEHUU JIJIsi PACCMATPUBAEMBIX I'PYIIAX CIENUAJbHBIX (DYHKIUH - HETPUBUAJIb-
HBIX IICEBJOXapaKTePoB. [l MpOM3BOIBHBIX BEPOAJIBHBIX MMOAIPYII, HEOOSI3ATETHHO KOMMYTAHT-
HBIX, 9TOT MeTo/I HenpuMeHnnM. V3 cymecrBoBanust Ha rpyiie G HeTPUBHAJIBHBIX IICEBIOXaPAKTEPOB
He cjemayer OECKOHEYHOCTDL IMUPUHBI BEPOAJIBHBIX MOATPYIII, MOPOXKIECHHBIX HE TOJBKO KOMMYTa-
TOopHBIMU cjoBaMu. C IOMOIIBIO ICEBIOXaPAKTEPOB HEBO3ZMOYXKHO J0Ka3aTh OECKOHEIHOCTDb ITUPUHBI
J71s BEpOAJIbHBIX TOJTPYIII, IIOPOXK IeHHBIX cTenensaMu x°. [losTomy, mokaszareibcTBO OECKOHETHOCTH
MAPUHBI BepOaJIbHBIX IOJAIPYIIIT B OOIIEM ciIydae He MOYKET OCHOBBIBATHCA Ha IMPUMEHEHHH IICEBIIO-
XapaKTepoB.

B mannoit pabore paccMaTpuBaeTCs IMIUPUHA BEPOAIBHBIX MOATPYII AJIsT aHOMAJIbHBIX ITPON3Be-
JIEHWIi, B KOTOPBIX OJIHMM W3 MHOXKUTEJIEl sIBJIsIeTCsl OECKOHETHAsT IUKIMIECKas MOrPYIIIIA.

HanomuuMm onpejiesienue anomasbubix npoussejiennii, seejenoe C. /1. Bpogckum [10] B 1984 romy.

Omnpenenenne 1. Ilycte F' = A x B - cBobOoIHOE IpOU3BEIEeHEe HEKOTOPHIX Ipymnn A u B, w—
[UKJIMIECKH HECOKPATUMBIH 3jiemeHT rpynnbl F. IIpu sToMm, sjeMeHTsl JyimHBbl OJuH (HpUHAJIIE-
amue rpyminam A win B) He cunTaoTesl IUKJIXYECKH HECOKPATUMBIMU 110 onpejeienuto. Tora,
daxrop-rpymma G = F/ < w! > ceobommoro npoussesenns F 10 HOPMAJIBLHOMY 3aMBIKAHHIIO
9JIEMEHTa W Ha3bIBAETCs AHOMAJIBHBIM IIPOW3BEJIEHNEM TPyl W C aHOMaJjmell w u 0003HATIaeT-
ca AwB, AwB = F/ < w!" > .

B dbopmynupoBkax ucosb3yercsi HOHATHE TPYIIIbI, JJis KOTOPOil BBIIIOJTHEHA TeopeMa, O CBODO/IE.

Ounpeaesienne 2. [Tycts C =G+ G * ... G/ << w >> — cBOOOJHOE TIPOU3BEJICHNE HECKOJIBKIX
n30MOPQHBIX KOOI IPyIibl B, Ha KOTOPOe HAJOKEHO OIHO JOIOJHUTEIHLHOE COOTHOIIEHUE W, CUU-
TaeMoe IUKJINIECKH HeCOKpaTuMbIM. Eciu yobast moarpymnma C, mopoxKaeHHast BceMu KonusiMmu (3,
3a UCKJIIOYEHUEM OJIHOM, 9JIEMEHTHI U3 KOTOPOH BXOJAT B JOITOJTHUTEIBHOE COOTHOIIEHNE W, SIBJISIET-
cs1 ¢cBOOOIHBIM IIPOM3BEIEHIEM STHX KOIUiM, TO NOBOPAT, 94TO Jjisl TPyHIbl (G BBIIIOJIHEHA TEOpeMa O
cBoboIe.

Teopema 1. Ilycts rpynmna G pasHa anomMaibHOMy Tpousseaenunio rpynn A u B, G = AwB. Ilyctn
Takx)e rpymnmna A - OecKOHeUHasl MUKJIUYECKas, rpylmna B - He paBHA HOPMAJBHOMY 3aMBIKAHIIO
HUKAKOI'O CBOEr0 3JIEMEHTA, W I IPYIIbl B BhIIOIHEHA TeopeMa o cBoboje. Ilycrs Takke cymma
BCEX CTeIeHEel IMOPOXKIAIOIIEro CBOOOAHON rpymnbl A =< & >, ¢ KOTOPBIMA OH BXOJIWUT B 3aIIMChH
anomammu w = by ... z"b;, pasua mymo: 25:1 k; = 0 . Torpa mupuna BcsKoi COOCTBEHHON Bep-
6asbHOl moarpynnsl V(G) rpyunst G, onpeie/ieHHON KOHEYHBIM MHOYKECTBOM CJIOB V, GeCKOHEUHA
OTHOCHUTEJHHO V.
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Teopema 2. Ilycrs rpynna G = AwB sBisieTcss aHOMAJIBHBIM TPOU3BeJIeHIeM rpynn A u B, npu
9TOM rpymma A =< & > - 6eCKOHeYHAS ITUKINIeCKast, TPYIIa B - He sB/IsieTcsT KOHETHO TOPOZKTeH-
uoit. [lycrs Takake cymMma BcexX CTereHeil MOPOXKIAKIIEro < & >, ¢ KOTOPBIMU OH BXOJIUT B 3aIlNCh
aroMasmn w = ¥1by ... 2¥by, pana myImO: Zé:1 k; = 0 . Torma mmpuHa BCAKOt cOOCTBEHHON Bep-
6asbHOil moarpynnsl V(G) rpynmer G, onpejieseHHOi KOHETHBIM MHOXKECTBOM CJIOB V), GecKoHeuHa,
OTHOCUTEJIBHO V.

JIureparypa. [1] FO. 1. Mepsusikos. Pannonanbubie rpynnet. M.: Hayka, 1987. [2] V. A. Faiziev,
A problem of expressibility in some amalgamated products of groups. J. Austral. Math. Soc. 71
(2001), 105-115. [3] U. B. Hobpbinuna, Perrenne npobiieMbl IMUPUHBI B CBOOOHBIX IIPOU3BEJIE-
HusX ¢ obbeiuHenneM. DyHjaMeHTaJbHAsT U OPUKJajHast MareMaruka, 15 (2009), No 1, 23-30.
[4] . B. Hobpeinuna, B. H. Bessepxuuii, O mupruHe B HEKOTOPOM KJIAcCe TPYIII C JIByMsi 06pa-
3YIOIIUMHI U OJHUM OIIPEIEJISIIONUM COOTHOIIEHUEM. T PyJ/Ibl HHCTUTYTa MATEMATUKUA U MEXAHUKHU
YpO PAH, 7 (2001), No 2, 95-102. [5] B. I". Bapaakos, O mupute BepOasibHBIX IOIIPYIII HEKOTO-
PBIX CBOOOJHBIX KOHCTpYKIuii. Asrebpa u Joruka, 36 (1997), No 5, 494-517. [6] P. 1. I'puropuyk,
OrpaHuyeHHbIE KOTOMOJIOTUY I'PYTIIOBbIX KOHCTpYKIuit. Maremarndeckue 3amerku, 59 (1996), No 4,
546-550. |7] . 3. Karan, IIceBnoxapakTepbl Ha aHOMATBHBIX TIPOU3BE/ICHUSIX JIOKAJIBHO HHMKAOE b
ubIxX rpyii. PyHaMeHTaIbHAsS U HPUKJIaHast MaremMarnka, 12 (2006), No 3, 55-64. [8] 1. 3. Karasx,
Herpusnasbublie 1ceBioxapakTepbl HA I'PYIINIAX C OJHUM OHPEIEJISIONMM COOTHOIIEHNEM U HETPU-
BHAJIbHBIM TieHTpoM. Maremarndecknii c6opuuk, 208 (2017), No 1, 80-96. [9] 1. B. Jo6psiauna,
J. 3. Karan, O mupuse BepOaJIbHBIX MOAPYII B HEKOTOPBIX KJjlaccaxX pymi. debbimeBckuit cbop-
nuk, 16 (2015), No 4, 150-163. [10] C. 1. Bpoackuii, YpaBHenust HaJi rpyIIIaMU U IPYIIIBL ¢ OJHUM
oupeesomuM coornorreanem. Cubupcknit Mmaremarndeckuii Kypuai, 25 (1984), No 2, 84-103.

OI'BY “Hayumblii mieHTp 110 KOMILJIEKCHBIM TPAHCHOPTHBIM Ipobsiemam”’, Poccuiickuilt yHuBepcurer
JIpY2KOBI HAPOJIOB

e-mail: dmikagan@gmail.com

O. B. Kamosuna (Bpsuck)
O MakcIMaJIbHBIX CIIyTHHKaX ()-kanonuueckux kjaccos Ourrunra

PaccmarpuBatorcst ToJIbKO KoHEUHBIE TPyIIIbL. [lycrs J —kitace Bcex nmpocTbix rpyii, {2 — Herry-
croit nonknace kinacca J; ' = J\Q; K(G) — k1acc Bcex MPOCTHIX TPYIIL, B30MOP(MHBIX KOMIIOZHIH-
ouubIM dakropam rpymnbl G; (G) — Kirace Beex rpyiin, udoMopdubix rpymmne G; &g — Kiaace Beex
KOHEUHBbIX (-rpymi, T. e. Takux rpynn G, mist koropbix K(G) C Q, npuuem 1 € Bq; g A € J
nogaraior G4 = By), A" = T\ (A). Oynxmua f : QU {Q'} — {kraccer PurTHAETa TPy} TPH-
HEMaeT OJMHAKOBbIC 3HAYCHHsS Ha M30MOPMHBIX TPyIIax u3 obsactu onpenenenus. Uepes OF(G)
oboznagaercst B g-Kopaaukas rpyuibs G, OA’A/(G) — 646 g-kopagukan rpymmsl G. Kirace urtun-
ra § = QKR(f) = (G:0%G) € f(V) u O (G) € f(A) nns moboit A € QN K(G)) nassisaercs
()-kaHOHMYECKUM U, KOpOTKO, 2K -kiaccom @urrunra ¢ Q-cnyraukom f. ([1,2])

§* obosrauwaer HamMmeHbIHi Kiacc urTrHTra, cofmeprKamuii HemycToit Kiaace QuTTHHTa §, TAKOI,
1o (G x H)g+» = G« X Hy« s Beex rpynn G u H. Kitace @urrunra naseisaior kiaccoM JIokerra,
ecn § = §*. ([3])

B. A. BeaepuukosbiM B pabote [4| 6bL10 MOIyUeHO ONMUCAHUE MAKCHMAJIBHOIO BHYTpEHHEro {)-
cuytauka QK-kmacca Qurrunara § B ciydae, Korja § sBisiercst kiaccoMm Jlokerta u 2 C A re
2 — kJacc Bcex abesieBbIX rpyitil. JlaHHble orpaHnveHns MOXKHO CHSTH, ecjii BBecTH rnoustue {2L-
CITy THUKA.

Q-cyTHUK, y KOTOPOTO 3HAYEHUs Ha Ipymmnax u3 ) aBasiorcs Kiaaccamu Jlokerra, HazoBem (2L-
CITy THUKOM.

Jlemma. Ilycte fi u fo — BayTpennue 2L-cuyrauku QK-knacca @urrunra §. Torga s aoboit
AeQ

1) f1i(A)BA CF, f2(A)B4CF;

2) f1(A)B 4, f2(A)B4 — kiaccsr Jlokerra;

3) [1(A)B4 = f2(A)8 4.
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Teopema. llycrs f — BayTpennuii (2 L-cunyrauk QK-knacca Qurrunra §. Torma § umeer e MHCTBEH-
HBIIl MakCUMaJIbHBIH BHyTpeHHnit 1 L-cuyrauk h, npuaem h(Y) = F u h(A) = h(A)G4 = f(A)B 4
11 Joboit A € €.

Caenctsue. llycrs f — BayTpennuii L-ciytauk K-kinacca @urrunra §. Torna § uMeer e MHCTBEH-
HBIIl MakcHMAaJIbHBI BHyTpeHHnii L-ciyrnuk h, npudem h(A) = h(A)®4 = f(A)B 4 s moboit
Aed

JIureparypa. [1] V. A. Vedernikov, Maximal satellites of 2-foliated formations and Fitting classes.
Proceedings of the Steklov Institute of Mathematics, 2 (2001), 217-233. [2] B. A. Benepuukos,
M. M. Copokuna, {2-pacciioerrbie popMann 1 Kjaacchl OUTTHHIa KOHEUHBIX I'pyiil. uckperHast
maremaTuka, 13(3) (2001), 125-144. [3] K. Doerk, T. Hawkes. Finite soluble groups. Berlin - New
Jork: Walter de Gruyter, 1992. [4] B. A. BeuepaukoB, MakcuMmaibHble CIlyTHUKH {2-PacCIIOCHHBIX

kj1accoB @urrunra. Ajsrebpa 1 ee MPUIOKEHUsI, Te3UChHI JOKIAI0B MEXK Ly HAPOIHON KOH(MEPEHIUH,
Kpacnosipck (2002), 27-28.

Bpstackuii rocy1apCTBeHHBIN HHXKEHEPHO-TEXHOJIOIUIECKUN YHUBEPCUTET
Bryansk state University of engineering and technology

e-mail: ovkamozina@Qyandez.ru

A. JI. KanynnukoB (Mocksa)
O aByX rumotresax, CBSI3aHHBIX ¢ cHMMeTpudecKuMu (byHKnusmu Jxkeka

Cummerpuyeckne bynxiun Ixxexa J§(x) nomydatorcs oproronanmsarmeii I'pama—IlImuara n3
MOHOMHAJILHOTO 6azuca m ) () B KOJIbIle CUMMeTpudIecKux QyHKImi ot £ = (21, T2, . . .) OTHOCUTEJIb-
HO CKAJISIDHOT'O IIPOU3BEIEHUST (D), Ppy)a = ae(’\)zxéw, rie py(z) — cremennoit 6asuc, A, pu - n € N.
Ilpu o = 1,2 dbynxnun J{(x) nponopimonaabhsl mosunHoMaM Ilypa u 30HAIBHBIM IIOJHHOMAM
coorBercrBerHo. B 1996 rogy I'yuen u Ixkexcon [1| ompenesmim MHOrOWIEHbI aﬁy(a) u hﬁy(a)
paBeHCTBaMUI

tlv\
O, (z,y,2,1) Z 7 Ja Ja (@)pu(y)pu(2)
v 7 n=0 )\,uz/Fn
0
\Ila(x,y,z,t):ozt&logq)(x,y,z,t,a Ztnz h (y)pl/( )

n=0 A p,vkn
OHH noKa3aJIM, 9TO YHCIIA aﬁy(l) u al’),/(Q) PaBHBI KOJIMIECTBAM HEKOTOPBIX I1APOCOYETAHHN Ha CIie-
[UATBHBIX JIBYJOJIbHBIX Ipadax, a qucia hfly(l) u h/);,/(Q) paBHbI KOJINYECTBAM HEKOTODBIX THIIED-
kapT. B [1| aBTOpBI BBIIBHHY/IM I'HIIOTE3BI O CYIIECTBOBAHNM BeCOBLIX (yHKIw wt(d) n J(M) Ha
MHOKECTBaX PaccMaTpUBaeMbIX Hapocoderanuii {J} u runepkapr { M} cooTBETCTBEHHO, TAKUX YTO

= ZBWWD, h,)jy(ﬁ) = Zﬁﬁ(M), rie f=a— 1.
5 M

Teopema 1 ([2]). Muorowienst aﬁy(a) yaoBiersopsiior rutnorese ['yiena-/Izkekcona o mapocode-
TAHUAX TIPA [, V = (n).

B pabore [3| mokazanbl BapuaHThl 06eMX TUIIOTE3 JJIs HAPOCOYETAHUIl U IMIIEPKAPT C HEKOTO-
PBIMH 3aHYMepOBaHHBIME KoMIIOHeHTaMu. [Ipu yciaoBun, 9ro K03hdUImenTs MHOIOWICHOB aﬁy(ﬁ)
u hf;l,(ﬁ) IEJIOYHICIICHHBI, U3 9TOrO OCJIA0JIEHHOIO BAPHAHTA BBITEKAIOT CAME I'HIIOTE3BI C IHOMOIIHIO

TeopeMbl XOJLTa O MAPOCOYETAHUSIX.

JIureparypa. [1| I. P. Goulden and D. M. Jackson. Connection coefficients, matchings, maps and
combinatorial conjectures for Jack symmetric functions. Transactions of the American Mathematical
Society, 348(3):873-892, 1996. [2] A. L. Kanunnikov and E. A. Vassilieva. On the Matchings-Jack

conjecture for Jack connection coefficients indexed by two single part partitions. Electronic Journal
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of Combinatorics, 2016. [3] A. L. Kanunnikov, V. V.Promyslov, E. A. Vassilieva. A labelled variant
of the Matchings-Jack and Hypermap-Jack conjectures. FPSAC, 2018.

MockoBckuit rocymapcTennbiit yausepcurer nmenn M.B.Jlomonocosa

e-mail: andrew.kanunnikov@gmail.com

E. A. Kupunnosa (KpacHosipek)

O0600mIEHHAsT peAyKIIMOHHAs 3a/1a9a MaJiblieBa 0 KOMMYTaTUBHBIX H01aIredpax
asireOp IlleBasie Tuna Fg Hal 1ojem

B 1945 roxy A. U. Masbues [1] uccienosan 3ajady onucanusi KOMMYTATHBHBIX [OATPYIIT HAM-
BBICIIIEN PaSMEPHOCTU BO BCEX KOHECIYHOMEPHBIX KOMIIJIEKCHBIX IIPOCTBIX I'DYIIIIax ﬂI/I, IpuUMeEHddsd I1e-
PexoJ1 K KOMILJIEKCHBIM ajrebpam Jlu.

[Tycrb Le(K) — anrebpa [lleBasure Ha | 1pou3BOIbHBIM 110J1eM K, accoruupoBaHHasi ¢ CHCTEMOi
kopueit @ [2, 4.4]. Eé uunbrpeyroabuas noganrebpa N®(K) xapakrepusyercs 6asucom {e, | r €
®*}. Cromo 3amaay A. 1. Masblies pernu pelyKimeil K anajaoruanoii 3agade s anreop Jlu N®(C).

B [3], mapsy ¢ 06obimiennoit 3ajadeit Masbiesa, 3anucana

O06ob6iénHast peAyKImoHHas 3aga4da: Onucams KOMMYMamusHse nodaszedpo, Hauevcued
pasmeprocmu 6 nodanzebpe N®(K) anzebpv, lesanre Ly (K) nad npoussosvrvim nosem K.

B pamkax perienust 91oii 3a7a4u B [4] O6bL1a M0ATBEPXK/IEHA TUIIOTE3a O TOM, YTO BCIKHNA KOMMY-
TATUBHBIN WJieas HauBbicIed pasmepHocTu ajurebpsl N®(K) sBisgercs eé KOMMYTATUBHON 110/1aJI-
reOpoil HamBbICIIIEH pa3MepHOCTH. TaM e ObLIa MOCTABJICHA, CJIEYIONAs 3a/a4a:

Onucamsv makcumasvrvie Kommymamushsie udeanve 6 nodaszebpe NP (K) anzebpor [llesanne
Lo (K) nad npoussoavhvim noaem K.

Yepes {r}+ obosmataem MHOKeCTBO KopHeil s € ®T Takmx, 4To B pa3jOKeHUH KODHS § — T
no Gasucy Bce KoabbuimenTer HeorpuraTeabusl. B anaredpe N®(K) Boraeanm momanredbpy 1'(r) =
(Ke, |s e {r}h).

Teopema. Boubiiasi kommyTarusHast nojasrebpa anrebper N®(K) tuna Eg nag nosem K cosra-
naer ¢ T'(aq) ¢ TouHOCTBIO 10 rpadoBoro aBromMopdusma.

Taxkum ob6pasom, jist anrebper N®(K) tuna Eg 0600mgénHas peJlyKIIMOHHAsT 3a/a9a pelleHa
MOJTHOCTBIO. Takske Jyist Tura Fg MOyYIeH CIICOK MaKCUMAJIBHBIX KOMMYTATUBHBIX HJIEAJIOB.

JIureparypa. [1] A. 1. Masnbues. Kommyrarusubie nogaaredpbl moaynpocteix aiaredbp Jlu. M3s.
AH CCCP. Cep. marem., 9:4 (1945), c. 291-300. [2| R. Carter. Simple groups of Lie type. Wiley and
Sons, New York, 1972. [3] V. M. Levchuk, G. S. Suleimanova. The generalized Mal’cev problem on
abelian subalgebras of the Chevalley algebras. Lobachevskii Journal of Mathematics. 2015. Vol. 86.
Ne 4. P. 384-388. |4] E. A. Kupuuiosa, I'. C. Cyneiimanosa. KomMyrarusable ujieanbl HanbGosibIeit
Pa3MEPHOCTH HUJILTPEYTOILHON Tofanrebpsr anrebpet [Tlesane wax monem. Tp. UMM YpO PAH,
T. 24 (2018), Ne 3, c. 98-108.

Cubupckuit deilepaJbHbIil YHUBEPCUTET
e-mail: kea92Qbk.ru

. . Kucenes (Mocksa)
O 3aja1e BIOYKEHHUST B HOTTHHIEMCKYIO TPYIIITY

PacemorpuMm crenytoniyio 3aatdy, KOTOPYIO B JaJbHElIeM OyaeM HA3LIBATH 3adauet] 6.A021icCe-
nus. menmo, mycth ¢: X — Y — 3aJaHHBI MOHOMOPGU3M KOHEYHLIX p-rpymm, a t: X — Aut K
— 3ajlanHoe BjoxkeHue X B rpymiy aBToMopdusMoB Hekoroporo mojs K. [lpu kakux ycioBustx
cytecTByeT roMoMopduaM w: Y — Aut K, memafonmuil cieayomnyo JuarpaMmMy

1 —- X £ v



kommyTarusroit? Ilycrs B (1) K = F,((t)), a X, Y — koneunsie p-rpymmnsr. B Takom cirydae HeTPYyaHO
nokasarb (cM. [1; preliminaries|), uro Mmonomopdusm ¢ BkiajapiBaer X B rpyuiy J, OUPeIesIsieMylo
CJICIYIONIUM 0Gpa30oM

T =1{g € AutF,((t) | 19 =t + iant"}.
n=2

Ipynmna J ecrecrBeHHBIM 06pa3oM u3oMopdHa HOTTHHIeMCKOH rpyiine (rpymme J[»KeHHUHICA)

T (Fp):
T(Fp) = {f(z) €Fpllal] | f(z) =2+ ana"},
n=2

IPYIIIOBas Ollepalusl B KOTOPO — mojicTaHoBKa psija B psf. I'pynma J(F,) obragaer psagom unre-
DECHBIX CBOWCTB, CAMBIM BayKHBIM U3 KOTODBIX, HO-BHINMOMY, SIBJISIETCSI YHUBEPCATBHOCTD: JIFO0AST
IIPO-p-I'PyIIIa CYETHOrO panra msomopduo BiiaaasBaercsa B J(F,). Dror pesysnbrar ObL1 BIepBbIe
ycranosien Kamunoii B [1; corollary 2|. 13 sToro pesysbrara ciejyer, 4To IPOU3BOIbHAST KOHETHAS
p-TpyIia JolycKaeT u3omopduoe Biroxkenune B rpymmy J(F,). fBHbIe Biio)keHNs] KOHEUHBIX abee-
BoIX p-rpyun B J(F,) 6blan mocrpoenst B [2| (it MUKIIMYeCKOil IpyHIbl mopsiaka 4 cM. Takxke |[3;
6. Elements of finite order]). Taxum obpasom, B ciayuae K = F,((t)) sanaua Broxenns (1) B k1acce
P-TPYIII BRILVISLAUT OodeHb ocMbicaennoil: J(IF,) — ecrecrBenubiit “yHuBepcaibHbLii 00beKT” .

Msr pemmm 3agady Bioxkenust (1) B cayuae K = Fp((t)), X — nukiamdeckas rpymia mopsika
p, Y — nukiamdeckas rpymia nopska p™ Tl uis HekoToporo Hamepes 3aJAHHOTO HATYPAIBHOIO
m. OrMernM, 9TO Takas 3aJa9a OYeHb €CTECTBEHHO MOYKET ObITb CHOPMYTUPOBAHA CJIEJLYOITIM
obpa3oM:

Bagaga 1. Ilycrs yo € J(Fp) — 3amannsiii smement nopska p. Puxcupyem m € N. Ilpn kaknx
HeOOXOMMBIX U JOCTATOYHBIX yciaosusix B rpymme J(F,) paspemmmo ypasHemnne zP" = yo?

s KaxkJioro ajieMenTa g € J Hopsaaka p’™ MOXKHO OIPEICTHTD N0CAeI06AMEALHOCTL 2AY0UN
j
{dj}?:_ol C N crexyroumm obpasom: d; = ve(t9" —t) — 1.

Paccmorpum [ytst ocsteioBaTebaocTn riyou {d; };”;01 byHKIUO @ BUIA

Lu—di1)+ > L(dj—dj—1) + do, di—1 <u < dy;

p =1 D
o(u) = u, 0 < u < do;
m—1
(U= dm1) + 3 ﬁ(dj —dj—1) +do, dp-1 <,
j=1

rje, KOHe4Ho, t < m — 1.

Jlemma 1. IlocienoBarenbHOCTE {dj};":_ol C N Torja u TOJIBKO TOrMa SIBJISETCS HOCIeN0BaTEIbHO-
CTBIO INIyOUH HEKOTOPOI'o 3JeMeHTa ¢ € J nopsiaka p™, Korga

di1=djo+p ' (p—1De(dj2) + P 'uj Vi€ 2, mNN,

upuueM (do, p) = 1; st kaxkgoro j € [2, m| NN gncio uj_o € Zzo a Takwke ecan uj_g > 0 11s
Kakoro-to j € [2, m] NN, o (uj_a, p) = 1.

Teopema 1. Ilycrs yo € J(F,) — duxcuposanneiii siement mnopsiika p. Puxcupyem m € N,
torya B rpynme J(F,) ypasuenne zP” = yy paspemmmo TOrJia H TOJLKO TOTJA KOTJA CYNIECTBYeT
II0CJIE/I0BATEIBHOCTD TIyOuH {d; };-":0, Yy KOTOpPOro d,, — riiybunHa 3jeMenTa Y.

Teopema 1, ycranosiennast B [4], naer pemrenne 3amaan 1 u 3aga«n sioxenus (1) ¢ K = Fy((2)),
X =2y, Y = Zymt1. llpu 3T0M yCil0BUS pa3pemuMocTu ¢chOpMyTMPOBAaHbI B MPOCTHIX apu(pMeTH-
9eCKHUX TepMHUHaX (CM. JeMMy 1).
JIureparypa. [1| R. Camina, Subgroups of the Nottingham group. J. Algebra, 196:1 (1997), 101—
113. [2] A. A. Kucenes, fBuble BIo)kenus: KoHeYHbIX abesteBbix p-rpymn B rpyumy J (F,), Marewm.
samerku, 97:1 (2015), 74-79. [3] S. I. Bogataya, S. A. Bogatyi, D. D. Kiselev, Powers of elements of
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the series substitution group J(Zs), Topology and its applications, 201 (2016), 29-56. [4] H. 1. Ku-
cesieB, YJIbTpapaspellnMble HAKPBHITUS HEKOTOPBIX HUJIBIIOTEHTHBIX I'DYIII ITUKJIMYECKON I'PYIIIOit
HAJI YUCJIOBBIMU MOJIIMEU U cMexKHble Borpockl, 138. PAH. Cep. marem., 82:3 (2018), 69-89.

BCepOCCHﬁCKaﬂ aKaJeMM A BHEIIHEN TOpProsJia, I. Mocksa

e-mail: denmexmath@yandex.Tu

B. H. Kusaruna (I'omens, Benapycs), Y. K. Hupuk (Munck, Benapycs)

Koneunble hbakTOpU3yeMble TPYIIILI ¢ 0000IEHHO CYOHOPMATbHBIMI COMHOMKI-
TeJISIMI

PaccmarpuBatoTcst ToJBKO KOHeuHble Ipyibl. OG03HaYeH s 1 TEPMUHOJIOTHs COOTBETCTBYeT [1].
IIycts P u N — MHOXKeCTBO BCeX MPOCTBHIX U BCeX HATYypaJIbHBIX uncesl. MHOXKecTBO

P3={2"]ie{0,1,2}}U{y [peP\ {2}, jeN}

cocTouT U3 umcena 1, 2, 4 u BceX HATYPAJbHBIX CTeNeHell HeueTHLIX TpocThiX duces. [loarpynma H
Ha3bIBAETCSI KIP’%—cy6HopMaan0171 MOrPy IO Ipyibl (G, €CIU CYIECTBYET IENOYKa HOAIPYIII

H=Hy<H, <...<H,=G

TakKasi, I4To JJIs Kaxka0ro i jmbo |H; : H;_1| € ]P’%, smbo moarpymmna H;_1 Hopmaiabua B H;.

Eciu B onpejiesieHnn UCKJIIOYATH BO3MOXKHOCTH HOPMAJIBLHOCTH TToarpynnsl H; 1 B H;, To mosy-
qaeM norgaTHe P3-cy6HOpMambHocTH. PaKTOpU3yeMble TPYTIHI ¢ P3-cy6HOPMATLHBIMU COMHOKHTE-
JISIMEL FICCJIEJIOBAJIACH B paborax [2|-[4].

PagsutueMm pe3ynbTaToB 9THX pabOT ABIAETCS CIAEAYIONIA TEOPEMA.

Teopema. Ilycts G — xomeunas rpynma u r € 7(G). Ecim A u B — KP3-cybropmanbubie 7-
pasperumble noarpyisl G u G = AB, to G sgBasieTcs r-paspeinMoil rpynnoii.

JIureparypa. [1| B. C. MonaxoB, Beejienne B Te€opuio KOHEYHBIX IPYII M MX KJaccoB. MuHck:
Bermsitnas mkosa, 2006. [2] B. H. Toranos, B. H. Kuaruna, ®@akropusanyuu KOHEUHBIX TPYIII 7
pa3penMMbIMK TOAIPYIIIAMU ¢ 3aJaHHBIMU BJIOKEHUsAME. YKD. MaT. )KypHas, 55, Ne 10 (2014), 1431—
1435. 3] V. Monakhov, V. Kniahina, Finite factorised groups with partially solvable P-subnormal
subgroups. Lobachevskii Journal of Mathematics, 36, Ne 4 (2015), 441-445. [4] . K. Yupuk, Ko-
HeuHble (haKTOpH3yeMble TPYIIbI ¢ paspemmMbiMu KP2-cy6HopManbHbIME HOArpyImamu. MaTen.
samerkn. 99, Ne 1 (2016), C. 97-101.

lomesnbekuit rocymapersernbiit yausepcurer umenn O. CKOPUHBI,
YHupepcurer rpaxaanckoii 3ammurel MYC Bemapycn
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N. B. KoxyxoB (Mocksa), K. A. KosecuukoBa (Mocksa)
O xond0oBOCTH MOJIUIOHOB Ha/l I'PYIIIIAMU

YuusepcanbHas anrebpa A Ha3bIBAETCS XOMMOBOH, €CIN BCAKNN CIOPHEKTHUBHBIN SHI0MOPMU3M
p: A — A asisiercss aBTOMOPGU3MOM. XOT(DOBOCTE SIBJISIETCS] YCJIOBUEM KOHETHOCTH, TaK KaK BCE
KOHeuHble aiarebpbl, oueBniHO, xomdosbl. B padore [1] B.K.Kapramos nokaszas, 4ro Bce KO-HEUHO
MOPOXK IEHHBIE KOMMYTATUBHBIE ITOJIUTOHBI HAJT MTOJIYTPYIIIOH siBJISTFOTCS XotidoBbiMu. 1les mannoit
paboThl — HAWTH yCITOBUS XOT(DOBOCTH YHUTAPHOTO TIOJUTOHA HAaJ| TPYTIIOH.

Hamomaum, ato nosuzorom 1ad noayepynnoti Ha3bIBAETCSI MHOXKECTBO X, HA KOTOPOM JefCTByeT
nosiyrpyuima S, T.e. onpejeneHo orobpazkerne X X S — X, (z,s) — s, yI0BIeTBOPSIONIEe YCIOBHIO
x(st) = (xs)t upn Bcex v € X, s € S (em. [2]). Cregyer orMeTuTh, YTO IOJUIOH HAJ| HOJIYTPYII-
[IOH sIBJIsIeTCS aJIrebpan<eckoil MOIe/IbIo abCTPAKTHOrO asmomama. Kpome Toro, monsiTue mojuroHa
daKkTUIECKN TOXKJIECTBEHHO OHATHIO YHAPHOT a.A2e0pbl, T.€. aJredPhl, Y KOTOPOIl BCE OIEPAIIUN CUT-
HATYDBI YHAPHBI (ONEpanusMu MOUroHa X sIBJISIOTCS OTOOPayKeHUs T — xS st (PUKCUPOBAHHOIO
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s € S). Ilyers S — mosyrpynia ¢ exuHuIel e, Torjga noaurod X Ha3bIBACTCS YHUMAPHbLM, €CJI
re = x nasa Becex x € X. Ecim nomuron X mpencraBuM B BUAe 0ObeIWHEHHUs IMOIAPHO HE Iepece-
karoruxcs moanosuronos X; (i € I), To mbl 6ysem HaszbiBaTh X Konpouseedernuem NOTUTOHOB X; U

mucate X = [[ X;.
el

[Iycrs G — rpynmna u H — eé noarpymnmna (He obsizaresibHo HOpMaJibhast). Obosnaunm vepes G/ H
MHOKECTBO BCEX IIPABBIX CMEXKHBIX KiiaccoB H g. Muoxkectso G/ H siBjisieTcsi yHUTAPHBIM [OJIUTOHOM
naj, rpynnoit G ornocurensuo aeiicteua Hg - ¢ = Hgg'. HerpyaHo nposepuThb, 9TO NUKINIECKHAE
YHUTApHBIE [OJIMTOHBI HAJ| TPYIoi G — 3T0 B TOYHOCTHU IIOJUTOHBI, H30MOPQHBIE TOJIUTOHAM BHJIA
G/H, rne H — nonrpynmna rpynnsl (G, a TPOM3BOJILHBI YHUTAPHBIN IIOJUTOH HaJ rpymmnoii G u3o-
mopden nosurony Buja [ [(G/H;), vae { H;| i € I} — cemeiicTBo noprpyun rpynnsl G. Heyaurapabie

el
HOJINTOHBI HAJ| TPYIIIOi ObLIN OIICaHbI B [3].
ITpengioxkenue 1. Ilycrs X = [[ X; — nosuronst nas nosyrpymmnoit S. Eciu nomuron X — xondos,
el

TO KaXKJbIH X; Takxke XOmdoB.

OrmernM, 9TO 0OpaTHOE K IPEJIOKEHUI0 1 HEBEPHO B OOINEM Cilydae, HO OYJeT UCTUHHBIM JIJIsT
KOHETHO TTOPOXKJIEHHOTO TIOJUTOHA Ha | rpynmoit. O6 9TOM TOBOPHUT CJIEIYIONIEast JIEMMA.

JIemma 1. IMomwron X = G/Hy U ... U G/H, xoudoB B TOM U TOJIHKO B TOM CJIydae, KOTJa JJIst
mo6oro ¢ = 1...n u moboro a € G Brmoverne H; C a~ ' H;a Biaeder pasencrso H; = o~ 'H;a .

Ormerum, 9Tto B HeckoHeuHoii rpymme (G BO3MOXKHO Hajwuue ToArpynn H Taxkux, 94To mMeeT
Mecto crporoe Brmodenne H C a ' Ha (cm. §11 monorpadmumu [4]).

[Tepeiinem K pacCMOTPEHUIO TPOU3BOJILHOTO YHUTAPHOTO mosiurona X HaJ rpymmnoit. Panee 66110
ormeueno, uro X = [[(G/H;). Ha cemecrse moarpynn . = { H;|i € I} BBegeM orHoOmIeHHE <,

i€l

nonarasa H; < Hj, ecim cymecrsyer a € G Takoe, uro H; C a_lHja. fcHo, 9T0 <X — OTHOIIEHNE
KBa3UIoOpsiJiKa Ha F .

Crnemytommast TeopeMa JaeT HEOOXOINMOE M JIOCTATOYHOE YCIOBHUE XOM(POBOCTH MPOU3BOTHHOTO
YHUTAPHOTO TOJUTOHA HaJl IPYIIITOH.
Teopema 1. Ilycrs X — yuurapubiii nosmron nan rpynnoit G, X = [[ X, e X; = G/H;.

i€l

Kpazunopsiyiok < na . = {H;|i € I} umeer ToTr ke CMBbICI, 9TO U Bblmte. Torma mosuron X
XOM(]OB, €CJIM U TOJBKO €CJIH BBITIOJTHSAIOTCS CJIEYIONTNE YCTOBHS:

1. Cpeau 6ecKOHEYHBIX B 00€ CTOPOHBI ENOYeK . .. < H; | < H;, < H;, < ... 171 JTI0OBIX IEeJIbIX
J, k (j # k) Hj n Hj, He coBIaJaIOT KaK 3JIeMEHTHI ceMeficTBa, S .

2. st Bcex 6ECKOHEUHBIX TEOYEK, YIOBJIETBOPSIONNX YCI0BUIO 1 Jist jitoboro k € 7 uVa € G
BBITIOJIHAETCA yCJIOBUE!
Hik - CL_IHZ‘ a = sz = a_lHi

k+1 k+1a

3. Jlnsa Bcex KOHEYHBIX menodex Buja H; < Hy, < ... < H;
Ya € GG BBITIONHSIETCS YCIOBUE:

< H;,, nnsa moboro k € Z, n

n=0

. —1lr7 . — o Lgr,
H;, Ca "H; a= Hy =a H;_a

JIureparypa. [1| Kapramos B.K. HezaBucumble cucremsl mopoxjaronmx u csoiicrso Xordba st
yHapHbIX anrebp. Junckpernas marem., 2008, T. 20, Boi. 4, ¢. 79-84. [2] Kilp M., Knauer U., Mikhalev
A.V. Monoids, acts and categories. Berlin — New York: W. de Gruyter, 2000. [3] MakcumoBckuii
M.IO. O 6unosmronax u MyJabTHIOJMUTOHAX Ha moayrpymnnamu. Mat. 3amerkn, 2010, . 87, Ne 6, c.
855-866. [4] Kypom A.T. Teopust rpyun. M., “Hayka”, 1967.
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H. A. Kosneros (Mocksa)

[TosryKOMMYTHPYIOITHE CUCTEMBI 00Pa3yIONIIX MATPUUHBIX aaredp WHIUICHTHO-
CTU

TlostykoMMyTaTHBHOCTD BIIEPBBIE ObLIA PACCMOTPEHA B KOHTEKCTE DAHAXOBBIX PEIIETOK B padoTe
[2]. BrociencrBun aHajorndHasi KOHCTPYKIHs Oblaa MPHMEHEHa K BENIECTBEHHBIM MaTpuiiam [4].
e marpuiel A nu B 10JyKOMMYTPHUDYIOT, ecn ux Kommyrarop [A,B] = AB — BA > 0, te.
OH HEOTPUIIATE/IEH OTHOCUTEIHHO IT03JIEMEHTHOIO MOpsiiKa. MI3BeCTHO HECKOIBLKO TOYHBIX OIEHOK Ha
Pa3ZMepHOCTD aIrebphbl, IIOPOXKICHHON CeMEeHCTBOM HEOTPUIATEIBLHBIX MOy KOMMY TUPYIOIINX MATPUIL
[4], [3]. B wacTHOCTH, pasMepHOCTb Aarebpbl, MOPOXKIEHHOM Mapoi TAaKUX MATPUIL HE [TPEBOCXOJUT
n(n+1)/2 [4]. B cBs3u ¢ stum B padore [4] 6pu1a copmyuposana cieyromniast mpobdiema.

Bonpoc 1. [4] dano warypansaoe n > 2 un < k < n(n + 1)/2. Bepro ju, 4To0 CyImecrByioT HeOT-
pUIaTeIbHbIE TIOJIyKOMMYTHPYIOIHE 1 X 1 Marpuibl A u B Takue, 9T0 pa3sMepHOCTH HMOPOZKICHHO
UMH aJredphl ¢ eJMHATEH paBHa B TOYHOCTH k7

B nmokname coobmaercs 0 MOM0KATEILHOM PEIICHUH 3TOH MpobseMbl. B KauecTBe HCKOMBIX Hap
MaTPHI, MOXKHO B34Th 00Pa3yIOIe HEKOTOPBIX BEIIECTBEeHHBIX MATPHYHBIX a/Ire0p UHIMICHTHOCTH.

Autrebpbl MHIMIEHTHOCTH ObLIX BBeJAeHBI B 1960-X romax M BIOCAEICTBUHM aKTHUBHO HCCJIEI0BA-
quck (cM. MoHorpadmio [6] u ee 6ubimorpaduro). Onu npencraBisior coboil anredbpbl yHKIHIL,
[OCTPOEHHBIE HaJl HEKOTOPBIM YaCTHIHO YIIOPSAI0YeHHBIM MHOXKeCTBOM (S, =). Ecsm 910 MHO)KECTBO
KOHEYHO, TO MOYKHO cuuTaTh, uro S = {1,...,n}, u Torga anrebpa uzomopdna aarebpe n X n MaTpuil
¢ 6aznucoM u3 MaTpuIHBIX exunut {Ej; | ¢ < j}. CHcTeMbl HOPOXKIAIOIINX TAKIX aIredp 3y Ianch
B [1], [5]. B mokmaze Gyaer npejcrasien ciaepyomuii HOBbI pe3y/IbTar.

Teopema 1. Beskas marpudnas ajirebpa WHIMJICHTHOCTH HaJl R MOXKeT ObITh ITOPOXKICHA JIBYMSI
HEOTPUIIATEJIBHBIMU TTOJTyKOMMY TUPYIOMUMA MATPUTIAMU.

C ucroib30BaHUEM 3TOW TEOPEMbI U KOHCTPYKTHBHOTO IMOCTPOEHUST MATPUUIHBIX ajredp WHIH-
JEHTHOCTH HEOOXOAMMBIX Pa3MEPHOCTEN YAAeTCsI IOy IUTh [IOJIOXKUTEILHOE PeIlleHre TOCTaBJIeHHOM
IPOOJIEMBI.

Teopema 2. [lynst Harypasbhbix n > 2 un < k < n(n + 1)/2 cymecrByor HeoTpuraTe/bHbIe
MOJTYKOMMYTHUDYIONHe n X n Marpunibl A u B Takne, 9TO OHH TOPOKIAIOT MATPUIHYIO aarebpy
pasmepHocTH k.

JokJiaauK BhIpakaeT 0JIarofapHOCTh CcBoeMy HaydHOMy pykosojutTeaio O. B. Mapkosoii 3a
[TOCTAHOBKY 33JIa9U U MOJIE3HBIE 00CYXKICHUSI.

JIureparypa. [1|] H. A. Koseros, O. B. Mapkosa, Cucrembl OPOXKJIAIONMX MATPUIHBIX aJl-
reb6p MHIMJIEHTHOCTH HAJl KOHEYHBIME HOJIsAME. 3ar. HaydH. cem. [IOMU, 472 (2018), 120-144.
[2] Y. A. Abramovich, C. D. Aliprantis, An Invitation to Operator Theory. Graduate Studies
in Mathematics, 2002. [3] R. Drnovsek, On algebras generated by positive operators. Positivity,
22:3 (2018), 815-828. [4] M. Kandi¢, K. Sivic, On the dimension of the algebra generated by two
positive semi-commuting matrices. Linear Algebra Appl., 512 (2017), 131-161. [5] W. E. Longstaff,
Peter Rosenthal, Generators of matrix incidence algebras. Australas. J. Comb., 22 (2000), 117-121.
[6] E. Spiegel, C. J. O’Donnel, Incidence algebras. Pure and Applied Mathematics, Marcel Dekker,
1997.
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IT. C. KousecaukoB (Hosocubupck)
Kpaparumanbie KoHGOPMHBIE ajareOpbl u ajiredpsl [lyaccona

B pa6ore . M. Tl'enibdanga u U. 5. Jopdman [1] 6611 BBEIGHBI HECKOIBKO KJIACCOB HEACCOITH-
ATUBHBIX aJirebp, CBSIBAHHBIX C (popMaju3allieil BAPUAIMOHHOIO UCIUCTIEHUST. DT ajredpandecKue
CHCTEeMbI M3BECTHBI Kak anzebpv. Hosukosa (on HezaBucuMo Bo3HUK/IM B pabore A. A. Bammnckoro
u C. II. HoBukosa [2| kaK MHCTPYMEHT Jiisi KyaccuduKaum JHHEHHBIX cKoOOK [lyaccona rupoiu-
HAMIYIECKOTO THIA), aszebpu, Hosurosa — Ilyaccona n 6uanszebpu, Ieavganda — oppman.
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Corsnacao oupenesennio, aarebpa Hosukopa — 3To JjmHeiiHOe HPOCTPAHCTBO A ¢ OumiIMHERHOH
omeparmeii o : A X A — A, yI0BJIETBOPSIONIEN CJIEIYIONUM TOXKIECTBAM:

(aob)oc—ao(boc)=(boa)oc—bo(aoc), (1)

(aob)oc=(aoc)ob. (2)

Buanrebpoii lenbdanga — dopdman (repmun npemioxken B [3|) HasbiBaercs cucrema (A, o, [ ¢]) ¢
JBYMs OMJIMHEHHBIME onepalusivu, Takast 9o (A, o) — anrebpa Hosukosa, (A4, [+, ]) — axrebpa JIu

U BBIIOJIHSIETCS CIIELYIOIEe TOXKIECTBO:
[a,boc] —[e,boa]+ [byaloc—[b,c]loa—bo]a,c]=0. (3)

Yrobbr m30eKaTh IepecevdeHnii ¢ MOHITHEeM OHaJreOphl KaK ajaredpbl ¢ KOyMHOXKEHHEM, MBI OyIem
Ha3biBaTh Ouaarebper lenpdanga — Hopdbman GD-anzebpamu.

Crpykrypa GD-airebpb! 0Ka3aiach 5KBUBAJEHTHON CTPYKTYpe KBaIPATHIHON KOH(MOPMHON aJi-
re6pet Jlu [3]. TlepBoHada/sbHO BOBHUKINKE B TEOPUH BEPTEKCHBIX ormepaTopos ([4]), kordopmHbe
asreOpel 1 X 0600IIeHNs (TIceBI0aIredphl) HAIILIA IPUJIOYKEHNe B onucannn ckobok [Tyaccona ru-
POJIHAMEIECKOTO THIa [5).

Wnmenno, eciim V' — GD-anrebpa naj mosiem C, To mpaBuio

[unyv] = [u,v] +0(vou) + ANuov+vou), wuvel, (4)

onpeJiesisieT TabuIyy yMHOKeHusT KoHbopMHOit anrebpst Jlu na L = C[0] @ V.

Mb1 nokazkeM, 9To npaBuiio (4) Ha caMOM JieJie ONPEJIENISAeT CTPYKTYPY KoHPopmnot anzebpo
Ilyaccona. Tlocnennee moHsTHE CBSI3BIBAET TaKHe KJIACCHL CTPYKTYP, Kak ajreopsl HoBukopa, KOH-
dopmubIe anrebsr JIu, anredpsr Ilyaccona, u 1Mo3BoIsSIET ¢ €UHON TOUYKU 3PEHUS B3TJIAHYTH Ha PsIT
M3BECTHBIX KOHCTPYKIIUI B 3TUX 00JIACTSX.

JIureparypa. [1] U. M. Tensdann, 1. . Jopdman. I'aMuibTOHOBBI OlepaToOphbl U CBsSI3aHHBIE C
HUMHI ajrebpandeckue crpyKTypbl. OyHkil. anamus u ero npwmi., 13 (4) 1979, 13-30. [2] A. A. Ba-
smuackuii, C. I1. HoBukos. Ckobku [lyaccona ruapouHaMIIecKoro tuia, ppobeHnyCOBBI aaredphbl u
asnreopsr JIu. JIAH CCCP, 283 (5) (1985), 1036-1039. [3] X. Xu. Quadratic conformal superalgebras.
J. Algebra, 231 (1) (2000), 1-38. [4] B. I'. Kan. Beprekcubie anrebpst st sHaunHaromumx. M.: MII-
HMO, 2005. [5] B. Bakalov, A. D’Andrea, V. G. Kac. Theory of finite pseudoalgebras. Adv. Math.
162 (1) (2001), 1-140.

WNucturyr maremaruku nm. C. JI. CoboneBa CO PAH

e-mail: pavelsk@math.nsc.ru

E. 1. Komnannesa, T. K. 4. Hryen (Mocksa)
Kosbia na cenapabeibHBIX abe/IeBbIX IpyIax 0e3 KpyJdeHus

AccornmaTuBHOE KOJIBIO HA3BIBAETCST (DUIUATBLHBIM, €CJIM B HEM OTHOIIEHWE <«OBITH MICATIOM»
rTpaH3uTuBHO. PuiMaibHbe KOJIbIA U3yYaJiCh MHOIMME ajrebpancramu (cM., Hatpumep, [1-3]), B
cBsas3u ¢ 9TUM B [4] cdopmynmposana mpobiema msydenusi abeneBbix rpynn (G, TaKux 4TO J1060€
acCOMUATUBHOE KOJIbII0 Ha G puuajibHO. DTU rpynnbl HasbiBatoT 1 [-rpynnamu. OdeBuiHO, JTI0O0E
aCCOIMATUBHOE KOJIBIIO C HYJIEBBIM YMHOXKEHUEM (PUIIMAJIBHO, [I09TOMY Kazk/iast adejieBa HUJIbIPYIIIA,
T.e. TPyNIa, JOIyCKAIOIasi TOJHKO HYJIEeBOEe YMHOXKeHUe, siBjisgeTcst T [-rpymmoii.

B macrosimieit pabore onmcannbt T 1-rpynimmbl B Kjiacce cenapadebHbIX abesIeBbIX IPYII 0e3 Kpy-
gyenusi. Corstacho [5], abesieBa rpynima 6e3 kpydenusi G HasblBaeTCsi cenapabesibHOM, ecim KaxK10e
KOHETHOE TTOJMHOYKECTBO 9JIeMEHTOB U3 (G COMEPKUTCS B HEKOTOPOM BITOJTHE PA3IOKIMOM TPSIMOM
cnaraeMbiM rpytibl G. O4eBuIHO, Ki1acce cenapabesibHbIX abeIeBbIX I'PYII COJIEPYKUT BCE BIIOJIHE
Pa3/I0KUMBbIE TPYIIIIBL.

[Iycts G — abenesa rpymna 6e3 kpyuenusi. i mpon3BobLHOINO THIIA ¢ OIPEJIEJIEHBI JIBE BIIOJIHE
XapaKTEePUCTUIECKUX MTOJTPYIIbI Tpyiibl G

G(t)={g9eGltg) =t} n G({t)={geCG|tlg)>1),
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suech t(g) — tun smementa g. Ilycrs A — cepBanTHas noarpyuna rpynnst G. Duemenr g € G\ A
Ha30BeM COOCTBEHHBIM OoTHOcuTeabHO A, ecn xa(9) > xa(g + a) s Beex a € A, tne xa(9) —
XapaKTePUCTHKA d/IeMeHTa g B rpymnie G. 9To ycIoBie PaBHOCKILHO TOMY, 9T0 XG(9) = Xa/a(g+A).
Snement g € G HasbIBeTCs NpUMUTHBHBIM Tuna t [6], ecin g € G(t) \ G*(t) u g — coberBeHHbII
sieMenT orHocurenbHo G*(t). ToBopsit, uro MuOXKeCTBO {g1, - - , Gn } IPAMUTHBHO, €CJIU €IO UJIECHBI
IPUMUTHBHBL U UMEIOT DA3/INIHbIE THIIBL.

Teopema. Cenapabenbhas abeseBa rpymnna G sapisiercs T [-rpyIioii Torga 1 TOJIBKO TOTIa, KOTIA
BBIIOJIHSIETCSI OAHO U3 CJIEIYIONINX yCJIOBHIA
1) G — rpynna parmra 1;

2) 151 J1I06Oro0 TIPUMUTUBHOTO MHOXKECTBA {1, -+ , §n } BBIIOJHIETCS
t(9:) - 1(95) £ t(9k)
upu Beex 4, j,k € {1,--- ,n} (cpeau KOTOPBIX MOIYT OBITH COBIIAJIAIOIITE).

W3 mamnoit TeopeMbl ciieyeT, 9To i cenapadebHbIX abeIeBbIX TPYIII, PAHT KOTOPBIX OOJIbIIIE
1, knacc TI-rpymi coBmaaeT ¢ KJIacCOM HUJIL-IPYIII, IIPH 3TOM BCE TaKHe IPYIIILI PEILYIMPOBAHDI.

JIureparypa. [1] G. Ehrlich Filial rings. Portugal. Math, 42 (1983-1984), 185-194. [2] A. D.
Sands On ideals in over-rings. Publ. Math. Debrecen, 35(1988), 273-279. [3] M. Filipowicz,
E. R. Puczylowski On filial and left filial rings. Publ. Math. Debrecen, 66(2005), 257-267.
[4] R. R. Andruszkiewicz, M. Woronowicz On TI-groups. Recent Results in Pure and Applied
Mathematics, Podlasie, 2014, 33-41. [5] L. Fuchs Abelian groups. Switz.: Springer International
Publishing, 2015. [6] R. Baer Abelian groups without elements of finite order. Duke Math. J.,
3 (1937), 68 122.
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A. B. KongparseBa (Hwmxnuit Hosropon)

HeanbrepHupyroriye raMuIbTOHOBRI ajiredpbl JIn xapakTepucTuku 2 oT 3-X Te-
PEMEHHBIX

Knacc ramunbToHOBBIX anredp JIn xapakTepucTwKu 2 ¢ MIPOCTEHIneill CHMMETPUIHONR CKOOKOIM
[Tyaccona 6611 mocrpoed B 1993 rojy Lei Lin [1]. TTo3nuee 6b11n BBeIeHBI CHMMETPUYHBIE TAMUJIBTO-
HOBBI (DOPMBI B pa3/Ie/I€eHHBIX CTeleHsIX. B paboTe pacCMOTPEeHbI HeaIbTePHUPYIOITIE TaMUIETOHOBDI
dopmbl 0T Tpex mepeMeHHBIX ¢ Kodhdunuentamu 3 ajaredbpbl paszeieHubix creneneii Oz (F)(cm.
[2]). TTokazano, uTo npeobpasoBanusiMu, He MeHsFomUME duar F, hopMy MOXKHO IIPHBECTH OJJHOMY

U3 CJIe/IYIONUX BUJIOB: (3/1€Ch T; = x?mi*l))

(1) wy = d.%'ldl'g—i-dl'gz) +az@3dr1drs +00bTax3dradrs, ipu sTOM, ectu mg (BbIcoTa T3) GobIe
1, To a=b=0;

(2) we = dang) + dxg) + dxgz) + aTiTadx1dxo + bT1T3dxr1d2s, IpM 3TOM, €C/IU BBICOTA XOTS OBI
OHO# U3 mepeMeHHbIX Oosbie 1, To a = b = 0;

(3) wg = dzrrdxs + d:ng) + d:zt:(f) + aT1Tadr1drs + bT1T3dr1dT3, IPU 3TOM, €CIM BBICOTA T UK
x3 6osbire 1, To a = b = 0.

Takzke aBTOp PacCMOTpes HeaJbTEPHUPYIOINE ITaMUJIBTOHOBEL airedpnl JIu, COOTBETCTBYIOIMIHE
MaHHBIM (hopMaMm:

Teopema 1. Eciim mg > 1 wim (a,b) # (0,0), ro P(3,m,w;) — npocras anrebpa pasmMepHOCTH
2" — 1. Ecm m3 = 1, a = b = 0 u (m1,ma) # (1,1), o kommyranr [P(3,m,w1), P(3,m,w1)] -
mpocTas aarebpa pasmepHocTn 27" — 2.

Teopema 2. P(3,Mm,ws) — npocTast anrebpa pazmeproctu 2™ — 1 npu m # 1w upu (a, b) # (0,0).
Teopema 3. Ecin (my,m3) # (1,1) nmu (a,b) # (0,0), To P(3,m,ws) — npocrast aiarebpa pasmep-
wocru 2™ — 1. Ecim (mq,m3) = (1,1), a = b= 0 u mg # 1, o kommyrant [P(3,7,ws), P(3,,ws)]
— mpocTast aaredbpa pasmepaoctu 2" — 2.
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Pa6ora Bbinosinena npu dpunancosoit nojyep:kke PODU, rpant 18-01-00900/a.

JInreparypa. [1] L. Lin, Non-alternating Hamiltonian algebra P(n, m) of characteristic 2. Comm.
Alg., (21) (1993), 399-411. [2] A. 1. Kocrpukun, I1. P. [Tadapesnu. I'pagyuposanubie anrebpser JIu
koHeunoit xapakrepuctuku. 3. AH CCCP. Cep. marem. — 1969. — 1.33. — Ne2. — ¢.251-322.

Hwuxeroposckuit rocynapcrBennbiit yausepcurer umenun H.U.Jlobauesckoro

e-mail: alisakondr@mail. ru

C. C. Kopobkos (Exarepuntypr)
O peméroynbix n3oMopdu3Max 6a3UCHBIX KOJIeI]

PaccmarpuBarorcst acconumarusabie Koubia. Cienys |1, crp. 190] nazoBem KoHedHOE KOJIBIO R
C eJMHUIEH 6a3ucHbiM KOJIBIOM, eciu (dhakTopkosbio R/Rad R pasioKuMo B HPsIMyIO CyMMY KO-
HEYHBIX 10JIell. BasucHble KoJIblla UTPAIOT BAyKHYIO POJIb B T€OpUH KOHedHbIX KoJell. CoracHo [2,
Teopema 4.4| KoHEUHOE KOJIBIO R € eUHUIEH TOr/Ia U TOJIBKO TOTJa SIBJISIETCS OA3MCHBIM KOJIBIIOM,
koryia R npencrasumo B Buje: R = S+ N (rpynnosast npsivas cymma), tiae S = Ri @ -+ B Ry, R —
JIOKaJIbHOE TIOKOJBI0 Kosblia R (i = 1,n), N — (S,S)-monynb uz Rad R. Yuc/io n nHaszbiBaeTcs 6bi-
comoti 6bazucuoro kosbia R. [Ipu n = 1 kobiio R aBiisercs JIOKAJIbHBIM KOJIbIoM. KoMMmyTaTuBHbIE
KOHEYHBIE KOJIbIA C €IUHUIIEH TaKKe SBJIAIOTCS OA3MCHBIMU KOJIBIIAMHU.

O6ozHaunM perméTKy Beex nogkosen kouabina R vepes L(R). IBa kombna R u R’ HazoBem pe-
wémouno uzomopprvimu, ecan uzomopdubl ux pemérku noakosen L(R) u L(R'). Pemérounstii
usomopdusm L(R) = L(R') obosnaunm GykBoii ¢ u GyjeM Has3blBaTh HPOEKTUPOBAHMEM KOJblia R
Ha xosblo R/, koo R’ mepeobosnaunm Kak R?.

IIycts R — 6a3ucHoOe KOJIBIO U ¢ — PEMIETOYHBIN n3oMopdu3M Kojblia R Ha Kojbio RY. Beisc-
HAETCA CJIe LYol

Bomnpoc: Ilpu kakux ycjioBusix Koblo R¥ Oyner 6a3MCHBIM KOJIBIIOM?

Ecyin 6a3ucHoe KOJIbII0 Pas3IoKUMO B IIPSMYIO CyMMY KOJIEIl, TO KazK/I0€ IIPSIMOe CJIAraeMoe siBJISIETCSI
6a3UCHBIM KOJILIOM. IIpuBeiemM npumMep HepasokKuMOro 6a3MCHOIO KOJIbIa, PEmETOYHO U30MOP(d-
HOT'O KOJIbILY, HE fABJIAIOIIEMYCA 6&3HCHBIM KOJIBIIOM.

IIpumep 1. Onpenemum gsa xombna: B = ((e1) @ (e2)) + (r), e e? = ¢; (i = 1,2), 72 = 0,
eir =res =7, 7e1 = ear =0, 2R = {0}, u R’ = (e1) ® ((e2) + (1)), vme €? = ¢; (i = 1,2), r? =0,
rea =1, ear = 0, 2R’ = {0}. Jlerko nposepsiercsi, 9T0 1oAKObIA Kojer, R u R cocrosT u3 oaHux
U TeX K€ 3JIEMEHTOB U MoToMy Kojblia R m R pemérouno nzomopdunl. Bazucnoe xonbno R aBiis-
eTCsl Hepa3JIOXKUMBIM KOJIBIIOM, TaK KAK HE COJEPIKUT COOCTBEHHDBIX HMEHTPAJLHBIX UJIEMIIOTEHTOB, &
Kosbio R’ He siBsieTcst 6a3UCHBIM, TaK KaK He COJAEPYKUT €IMHUTHOIO 3JIEMEHTA.

[TpoekTupoBaHUsI HEKOTOPBIX BUJIOB GA3MCHBIX KOJIEI paccMaTpuBajuch B paborax [3] — [7]. [Tpu-
BeJEM HOBBIE PE3YJIbTATLL.
Ipeanoxkenne 1. [lycrs R = Fy @ (Fy 4+ N), rae F; = GF(p*), k; > 1 (i = 1,2), N — nemnyue-
BOE KOHEYHOe HUJILIIOTEHTHOEe KOJIBIO, e/IMHuIA 1oJs Fy saBisercs equnuieii B nojakosble Foy + N.
Ilycts 0 — mpoexkTmpoBanme Koiblla R Ha Kombrmo RY. Torma RY = Ff ® (Ff + N¥) — xosbio
xapakrepuctuku p, FY u Fyf — xoneunsle noJist, e ununa noss Fy siistercs ejunuiieil B MOIKOIbIE
Fy 4 N?, N¥ — HUJIbIOTEHTHOE KOJIBIIO.

Ipennoxkenne 2. Iycrs R = (Fy @ Fy) + N, e F; = GF(p*), k; > 1 (i = 1,2), N — nenyJesoe
KOHEYHOe HUJILIIOTeHTHOE KOJbIo. IlycTh eqununa e nosa Fy sBjgeTcs J1eBoil eIuHUIeH B KOJIbIe
R, a enununa es nosisa Fy aBisderca npapoit eaunuieil B kosble R. IIycTh (o — IpoeKTUpOBaHue
kosbla R Ha xonbno R?. Torna R? = (FY @ Fy) + N¥ — p-konbno rae F — konedanoe nose, N¥
— HWIBIOTEHTHOE KOJIBIO U Jbo exuHuna ) monst FY ssnsercs nepoil exuanneii B koabue RY, a
euHUNA €5 nos1st Fy sBjsieTcst npaBoil eauHuneil B Koablie RY, imbo Haobopor €] — mpasasi, a €
— JieBasl eIMHUIBI B KOJblle R?.

Teopema 1. IIycTb 6asucHoe KOJbIO R MpoCcToit XapaKTEPUCTUKHI P OIPEIESIEHO CIIELYIOIIUM 00pa-
som: R=(F1@---®F,)+N,rnen>1, F;2GF(p~), k; >1 (i =1,n), N = RadR. Ilycts ¢ —
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perérounbiii nzomMopdusM Kojbia R Ha Kok RY. Tormga RY — 6a3uCHOE KOJIbIO XapaKTEePUCTUKI
p, upnuém R? = (FY @ -+ ® FY) + N?, tne, F = GF(p™i), m; > 1, (i =1,n), N¥ = Rad R®.

Teopema 2. [Tycrb 6azucHoe p-koubiio R onpeeneno cieyomum obpasom: R = (K1@---®K,)+N,
e n > 1, K; 2 GR(pF,m;), ki > 1,m; > 1 (i = 1,n), K, + N — jnokaibHoe OIKOIBIO Kobla R,
N — ayiuruBnas nogarpynna u3 Rad R. [lycts ¢ — pemérounsiii nuzomopdusm kosbiia R Ha KOIbo
R?. Torna R? — Gasucroe p-koubuo, upnaém R? = (K{ @---® Ky)+ N’ tne, K =2 K;, (i = 1,n),
K] + N’ — nokasbhoe 1oxosb10 Kosiblia R, N’ — apnurusaas noarpynna u3 Rad R¥.

JIureparypa. [1] B. R. McDonald, Finite rings with identity, New York, Marcel Dekker, 1974.
[2] B. II. Enusapos, Koneunsie kosbia. Ocuosbl Teopun. — Mocksa: Iesmoc. [3] C. C. Kopo6kos,
Pemérounsie m3oMopdu3Mbl KOHEIHBIX KOJIel, 6€3 HUJIBIIOTEHTHBIX dj1eMenToB // W3B. Ypais. roc.
yu-Ta, 2002, Ne 22, Marem. u mexan., Bomr. 4. C. 81—93. [4] C. C. Kopo6kos, IIpoekruposanusi
koJter] ['anya // Anrebpa u jornka, 54, Ne 1 (2015). C. 16—33. |5] C. C. Kopob6kos, IIpoekruposarus
KOHEUHBIX OJIHOIIOPOXK/IEHHBIX KoJIel| ¢ eaununeii // Asrebpa u soruka, 55, Ne 2 (2016). C. 192—218.
[6] C. C. Kopobkos, IIpoekTupoBatusi KOHEUHBIX KOMMYTATUBHBIX KOJIEIL ¢ eaunuteii // Asnrebpa u
goruka, 57, Ne 3 (2018). C. 285—305. [7] C. C. Kopobkos, IIpoekTnpoBanusi KOHEUHBIX JIOKAIbHBIX
koutery, // Mexmynaponnasi koudepennus "Masbresckue drenus-18": tesucsr gokaanos (Muacruryr
maremaruku um. C.JI. Cobonesa CO PAH, 19-22 nosiopst 2018 r.) — Hosocubupek, 2018. C. 155.

VYpasibckuii TocyJapCTBEHHBIN eJarorniecKnii yHUBEPCUTET

e-mail: ser1948Q@gmail.com

IO. B. KoueroBa (Mocksa)
O 0GeCcKOHETHO MAaJIbIX 9JIEMEHTax IIPU JUHEeHHbIX K-1opsiikax Ha ajredbpax

Iycrb Ha anrebpe A = (A;+;-) Haj 4aCTUMHO yHOpPsIOYeHHBIM HojeM F 3ajaH HOpsiok <,
OTHOCHUTEIHHO KOTOPOro A SIBISIETCSI YHOPSJIOYEHHBIM BEKTOPHBIM ITPOCTPAHCTBOM HaJl mojeM F'
(em. [1]). anmas TepMUHOJIOTHUS SIBJISIETCsT OBIIENPUHATON JJIsl 9ACTUYIHO YIIOPSAIOUEHHBIX ajirebpa-
mdaeckux cucreM (em. [3]).

ByseM roBopuTb, WTO NpHW JaHHOM NOPsiIKe 3JeMeHT b € A 6eckoneuno Mman OTHOCUTENIHHO
sstementa a € A (0 < a) u nucars b < a, ecim yb < a js Beex v € F. Ecim paccmarpuBaeMblit
mopsiioK < Ha A TakoB, UTO

u3 a > 0 ciaenyer ab < a u ba < a mis Bcex b € A,

TO TOBOPST (CM., Hapumep, [2|), uro Ha anrebpe A onpenenén K-nopadox <, a anrebpy A Haji ojiem
F nasweiBator K-ynopadouennoti anrzebpod.

ITycts A — K-ymopsimouentast anrebpa HaJt mojieM F | KC-TIopsilok KOTOPO# sIBJISIETCST JIMHEHHBIM,
To ectb A — mmHelHO KC-ymopsimoueHHast ajqrebpa. Paccmorpum npa Twuita mopsiika Ha mose B —
YaCTUYHbIA U JIMHEHHBIA.

Teopema. [ljist 00OBIX 97€MEHTOB X, Y, 2,5,t € A, t > 0 mw o« € F crnpaBeiuBbl CIEIYIONIIE
COOTHOIIIEHUd:
1) ecam mopsiok Ha moJsie F' qacTuaHbIi, TO

r&Lrux" <<z g x>0 wumoboron € Nyn > 2;
mrLyny<Kzceaeayer ar L ynx <Kz aiad y,z > 0;
lzy| < z u |yz| < x s x> 0;
eemy<LzrzunzLerunr>0, Toytz<K<rnysKz.
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2) ecsin HOPsiZIOK 110Jisi F' siBJisteTcsi JIMHEHHBIM, TO

ccmmyKLtnz<KLt, oyVezKLitnyNhz <Lt
y < t TorJa U TOJBKO TOrja, Korja |y| < t;
ecmy Ltnz<K<t, Tons y < s < zcaenyer s K ¢
u3 z < t cnenyer z <K y JIs aaeMenTa iy > 0 Takoro, uto y K t;
ecmy < twu|z| < |y|, 10 |2] K twmz <t
Ji={a€ A|a<t}— cobcreenmsrii [-ngean amredbpor A.

JIureparypa. [1| I. Bupkrod. Teopusi pemerok. M.: Hayxka, 1984. [2] }O. B. Kouerosa, E. E. HTup-
moBa, [lepBudHbIit paguKasl permeéToaHo K-ymopssaodeHHbx aaredp. OymnmaMenTaabHas U TPUKIAI-
Hasi MaTeMarnka, 18:1 (2013), 85-158. [3] JI. ®dykc. HacruuHo ynopsiiovdeHHbIe ajaredpandecKue
cucrembl. M.: Mup, 1965.

MockoBCKHil 11€/1aroru4ecKmii rocyIapCTBEHHbI YHIBEPCUTET

e-mail: jkochetova@mail.Tu

E. M. Kpeiiznec (Mocksa)
O uncie Touek npocrpancrsa Mo, (Fy)

Jlokutag ocHoBaH Ha coBMecTHOI pabore ¢ H.4. AmOypr u I'.B. ITlabarom.

Wccnenopano 1unciio Touek komnakTudukamun lemmas-Mambopma nmpocTpancTBa MOLyIe aJi-
Fe6paI/I‘{eCKI/IX KPUBBIX DOIA 0 C 11 OTMEYCHHbBIMU TOYKaMM Ha/J KOHCYHbLIM ITOJICM. Z[OKa:SaHO, q9To
OHO YIOBJIETBOPSIET PEKYPPEHTHOR popMyJie IJjisd MHOro4YaeHoB IlyaHkape cOOTBETCTBYIOIIEr0 KOM-
ILJIEKCHOT'O TIPOCTPAHCTBA.

MockoBckuii rocynapcrBennniit yuusepcuter umenu M.B. Jlomonocosa

e-mail: elena_ msu@mail.ru

. K. KyapsiBues (Mocksa)
Jmuna HopaaHoBbIX aJredp

W3zydenune mymabl aaredpbl Kak ee pyHIaAMEHTAJBHOTO WHBAPUAHTA HAYAJIOCh B KOHIE 20 Beka
¢ pabor [1,2], rae usyvarorcsi CBOWCTBA JJIMHBL JIJIsT ACCOIUATUBHBIX, a UMEHHO MATPUIHBIX, ajredp.
OcHOBHBIE pe3y/IbTATHI CBSI3aHHBIE C HEACCOIMATUBHBIME ajredpaMu U UX JIMHAMU, & TAKXKe METO-
JlaMK UX U3ydeHusi, OyayT oybIuKoBaHbl B pabore [3].

Paccmorprum KoHeuHOMepHYIO He 00s13aTEIbHO aCCOIUATUBHYIO aJiredpy ¢ eauHumeil A ma mogem
F. Ilycts a1, aq, ..., a, — KOHEUHBII HAOOD €€ JIEMEHTOB.

Caosom Oaunwe k 11j1s 9TON CHCTEMbl Ha3bIBACTCSA IPOU3BEICHHE j, - ... - (j, C IPOU3BOJILHBIM
IIOPSI/TKOM BBIIIOJIHEHHsI YMHOXKEHHI, 1J1e i, € {1,...,n}. Obosnaunm yepes L (S) suneiinyio o6o-
Jiouky Hagl F Becex cjioB gjmHbl He GoJtee k.

ToBopsit, uto cucrema snemenToB S = {ay,ag, ..., a,} noposcdaem arzebpy A, ecian CylecTByer
k, Takoe uro Li(S) coBnamaer ¢ A. Camoe MajieHbKOe Takoe k HA3BIBAETCS dAUHOT TAHHOM CHCTEMBI.

Haunoti aneebpor A HazbIBaeTCS MaKCHUMAaJIbHAST JJINHA CUCTEMbI CPEIU BCEX KOHEUHBIX CHUCTEM,
HOPOXK AAIoImuX A.

ﬁop@cmoem anzebpui, BBegennbie B 1933 roxy B pabore IMackamns Vopmama s paccMOTpeHust
BOITPOCOB CBSI3aHHBIX C KBAHTOBON MEXAHWKON, - 9TO He 00s3aTeJIbHO acCOIMATHBHBIE aJIreOphl, B
KOTOPBIX JIJIsI JIIOOBIX JBYX 9JIEMEHTOB X, i BBIITOJHEHSIIOTCS CJIEIYIOIIE TOXKIECTBA!

1. 2y = yz.

2. (2%y)r = 2%(yx).

CaoiicTBa JAHHOTO KJlacca aJiredp, a TaK»Ke CBSI3aHHBIX C HUM CTPYKTYD, M3yUaroTcs B pabore
[4]. B wacrHOCTH, HAayYHBIH WHTEPEC MPEACTABIISAET HOAKIACC Popmanrvho deticmeumenrvhux (eng.
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formally real) opnanosbix anre6p. VssecTHa KiaccuduKalysi KOHEYHOMEPHBIX aJrebp 3TOro Moji-
KJIACCA: OHU MPEJICTABISIOT OO0 MPAMYIO CYMMY ajredp HECKOJbKHUX TUIOB - SPMUTOBBIX MATPHIL
H,(F), tne F moxkeT ObITH JEHCTBUTEILHBIMEI YUCAAME, KOMILJIEKCHBIMU YUCJIAMU, OKTOHUOHAME U
KBaTepHUOHAMU (B HOC/IeIHeM ciydae n < 3), a TakyKe Tak Ha3blBaeMbIMu "spin factor" - asrebpamun
Spin(n).

VYrBepxkaenne 1. [(Spin(n)) = 1.

VrBepxkaenue 2. [(H3(R)) = 3.
JIureparypa. [1] Papacena, C.J. An Upper Bound for the Length of a Finite-Dimensional Algebra,
Journal of Algebra, 1997, Vol. 197, pp. 535-545. [2] A. Paz, An application of the Cayley—Hamilton
theorem to matrix polynomials in severalvariables, Linear Multilinear Algebra 15 (1984) 161-170.
[3] A.E. Guterman, D.K. Kudryavtsev, Upper bounds for the length of non-associative algebras,
arXiv:1902.08389 [math.CO]|, February 2019. [4] McCrimmon K., A Taste of Jodran Algebras, 2004

MockoBckuit rocymapcrBennbiit yausepcurer nmenn M.B.Jlomonocosa
e-mail: kdk97@Qrambler.ru

B. . Ma3zypos (Hosocubupck)
Oo6obmiénnbie rpytibsl Ppobernyca

Joxuta mocBsmén 06obménubiM rpymnnaM Opobennyca, To ecTh KOHEUHbIM rpymmnaMm G, comep-
JKAIAM TaKyio COOCTBEHHYIO HETPUBUAJIBHYIO HOPUAJILHYIO HOArPyIIty F', aTo /s r000T0 3j1eMeHTa
Fz upocroro nopsijika u3 daxrop-rpynusl G/ F 1OpsiJIKu BCeX 9JIEMEHTOB U3 CMeXKHOro Kjiacca Fx
rpynnsl G o F' omunakobel. [Ipumepamu takux rpymn ciayxxkart rpynmnsl @pobennyca, rie B Ka-
gectBe F' BoicTymaer siapo Ppobennyca, a Tak»Ke TakK Ha3bIBaeMble IPYIIbl KaMuHbI, BBEJIEHHDIE
Ananom Kamwunoit B xonre 70-X roloB MPOIIJIOTO BeKa W TMOAPOOHO OMUCAHHBIE PSIIOM M3BECTHDBIX
criermuaaucToB K 2010-my rogy.

B nokirasie onmcoiBaeTcst HopMaIbHOE CTpoeHne 0600mEnHbIX rpyn Ppobennyca, B 9aCTHOCTH UX
HeabesIeBbl KOMIIO3UIUOHHBIE (paKTOPhl. OHU MCUEPIBIBAIOTCS JIBYMEPHBIME [IPOCTBIMU JTUHEHHBIMEI
rpynmnamu u rpymmnamu Cy3ykn.

Peynbrarsr mosmydenst copmecto ¢ A.X. 2Kyproseim u [.B. JIsiTkunoit u moaaep:kanb Poccuii-
ckuM HOHIOM (QyHIaAMEHTAIbHBIX UCCJIEIOBAHUN B paMKax HaydHOro mpoekTa 19-01-00507.

UNucturyt maremarnkn CO PAH

e-mail: mazurov@math.nsc.ru

A. M. MakcaeB (Mocksa)
CoxpaHeHne MHOXKECTBa, A-CKpaMOJITHT MaTPHUIL

B 2009 roxy Axkennbek u Kupkiang B crarbe [1| BBeM HOHsITHE CKPAMOJIMHI-UHJIEKCA HEOTPU-
MATeLHON MpUMUTUBHON MaTpuIel A mopsiaka n. CoTyIacHO X ONMPEEIEHUIO, CKPAMOTIMHT-ITHJIEKC
paBeH HAMMEHbBIIEMY HATypaJIbHOMY k TakoMmy, uro A¥ —- ckpambamHr-MaTpmI, rjie CKpaMOJImHT-
MaTpUIlEll Ha3bIBAETCH TaKas MATPHUILA, JJIs JIOOBIX 2 CTPOK KOTOPOi Haiijercs cToJiber, Ha Iepe-
CEYEHUH ¢ KOTOPBIM B 9TUX CTPOKAX HAXOMATCS JIUIIh MOJIOKUTEIbHBbIE Tuca. CKpaMOIUHT-UHJIEKC
cBsi3aH ¢ u3BeCTHBIM Kodddunmentom Jobpymmna (mmm A-ko3bdumenTom), KOTOPBI IPUMEHs-
eTcsl, HallpUMep, JJisl UCCIeI0BaHus psijia cBoiicTs neneii Mapkosa (cm. [2]).

B 2010 rogy Xyanur u Jluy B pabore [3] 06061umin noHsTHE CKPAMOJINHI-UHJIEKCA U CKPAMOJIMHT-
MaTPHUIIBI, 3aMEHUB UUCJO 2 B TPEIBIYIEM OIMpEJeJCHIN Ha IIPOU3BOJIBHOE HATYpajabHOE A < 7.
Jlarroe 0bobITIeHNEe OBIIO MOTHBAPOBAHO MPUIOKEHUSIMI B TEOPUM KOMMYHUKAIUN TIPU PACCMOTPE-
HUU CUCTEMBI CBsi3eil 6e3 maMsiT.

IIpu uccnemoBanuu 06OOIEHHOTO CKPAMOJIMHT-MHIACKCA KJIIOYEBYIO POJIb UTPAIOT A-CKPaMOJIMHT
MaTpunibl. Takum 00pa3oM, HOJIE3HO MOHUMATH, KAK YCTPOEHO MHOXKECTBO A-CKPAMOJIMHI MaTPWHIL
npu KaxjaoM A < n. B 37oM MOXKeT moMoYb M3yUueHne OTOOPaXKEeHU MATPUIL, Y/IOBJIETBOPSIOITIX
aJIrebpanvecKuM CBOWCTBAM U COXPAHSIONUX 9TO MHOXKECTBO.

B nmoksajne Oymer mpecTaBieHbl pe3yJibTaThl, OMUCHIBAIOIINE aUTUBHBIE OTOOPAYKEHUS MaT-
puI, HaJ TOJIYKOJBIIOM B B cebs, COXpaHSIONme MHOKECTBO A-CKpaMOuHr MaTpuil. Takxke OymayT
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[PEJICTaBIIEHbl 0000IIEHNs STUX PEe3yJIbTaTOB Ha IIPOM3BOJIbHbIE AHTHHEIaTHBHBIE IOJIYKOJBIA S ¢
enuHUIEH 6e3 pesnresteii Hyss. [IpumepoM Takoro pesysbrara MOKET CIy2KUTH CJIC/LYIONast TeopeMa,
(cm. [4, Theorem 2.20]).

Teopema 1. Ilycte n > 3,1 < A < n. Ilycte T: M, (B) — M,(B) — amggurusHoe GueKTHBHOE
oTobparkeHne, COXPaHsIIOIINe MHOXKECTBO A\-CKpaMOJIMHT MaTpuIlL (TO eCTh TaKoe, 9To 06pa3oM JIFOoi
A-CKpaMOJIMHT MATPHIIbI sBJIsieTcst A-cKpambauar marpuna). Torma T umeer Bug T'(A) = PAQ nist
HEKOTOPBIX (PUKCUPOBAHHBIX IEePECTAHOBOUHBIX MaTpull P u Q).

Jloka1 ocHOBaH Ha coBMeCcTHOI pabore ¢ A. . I'yrepmanom. PaboTa BBIIIOIHEHA IPH OIIEPIKKE

PH®, rpant Ne17-01-01124.

JIureparypa. [1] M. Akelbek, S. Kirkland. Coefficients of ergodicity and scrambling index, Linear
Algebra Appl. 430 (2009) 1111-1130. [2] E. Seneta. Nonnegative Matrices and Markov Chains,
Springer-Verlag, New York, 1981. [3] Y. Huang, B. Liu. Generalized scrambling indices of a
primitive digraph, Linear Algebra Appl. 433 (2010) 1798-1808. [4] A. E. Guterman, A. M. Maksaev.
Preserving A-scrambling matrices. Fundamenta Informaticae 162 (2018) 119-141.

MockoBckuii rocynapcTBennniit yuusepcuter umenu M.B.JIomonocosa

e-mail: artmak95@mail. ru

B. T. MapkoB (Mocksa), A. A. Tyran6aes (Mocksa)
KOHCTPYKLH/H/I KoJIen ¢ CymeCTBEHHBIM ITEHTPOM

Bce paccmaTpuBaeMble KoJiblla — acCoOMaTUBHbBIE KOJIbIA ¢ HeHyJeBoil eaununeil. Bee pacemar-
puBaeMble aarebpbl — ajarebpbl HaJl MPOU3BOJbHBIM (bukcnpoBanubiM nosieM F. Ilycrs C(R) o6o-
sHavaeT 1enTp kosbna R, J(R) — pamukan /Ixxekobcona u N(R) — nepBudHbIil pajukas Koabla R,
COOTBETCTBEHHO.

Konbno R ¢ nenrpom C' Ha3bIBACTCA UEHMPAALHO CYULLCTNGEHHDIM, ecin Ro — cyliecTBeHHoe
pacumpenne Moyt Co, T.e. Jijis JI000r0 HEHYJIEBOTO 9JIEMEHTa ¢ € R CyIecTBYIOT Takue HeHyJIe-
BbIe 371eMeHThl 7,y € C, uro ar = y. lleHTpaybHO CyINECTBEHHbIE KOJIbIA U3y YaIlCh, HAIPUMED, B
[1] u [2]. B arux paborax, B 4ucie IPyTUX yTBEPXKIEHH, IOKA3aHO, YTO MOJIyIePBUYHbIE IIEHTPATIBHO
CYIIECTBEHHBIE KOJIbIIa KOMMYTATUBHBI ¥ BCE MIEMIIOTEHTHI MPOU3BOJILHOTO MEHTPAILHO CyIIECTBEH-
HOI'O KOJIbIIa IIpUHaIAJIe2KaT €ro ]_LeHpr7 HO IMPOU3BOJIbBHBIE IIEHTPaJIbHO CymeCTBeHHbIe KOJIbIla HE
00SI3aTETBHO KOMMY TATHBHBI.

B pabore [2] mokazaHo ciiejyioriee yTBepXKICHHE.

IIpennoxkenue 1. [lycts R — 1eHTPAILHO CYIIECTBEHHOE KOJIBIIO. Torma st JII060ro KOMMYTaTUB-
moro mMomoua G MOHOMIHOE KO0 RG MEHTPATbHO CYIECTBEHHO. B 9acTHOCTH, KOJBIIO MHOTO-
4ieHOB R[x] NeHTpabHO CyIECTBEHHO.

EcrecrBenno 3agaTh Bompoc: OyzeT Ji MEHTPaJbHO CYIIECTBEHHBIM KOJBIO (pOpMasbHBIX CTe-
IEeHHBIX PsizioB (min hopMasbHBIX psijioB JlopaHa) HaJi IPOM3BOJIBHBIM IEHTPAJILHO CYIIECTBEHHBIM
KoJIbIIOM? YaCcTUYHBIN OTBET Ha STOT BOIIPOC AAET

Teopema 1. Eciin R — KoHeuHOMEpHasI IEHTPAIBLHO CyNIIeCTBEHHAs! anrebpa, TO PABHOCHILHBL YCJIO-
BUsL:
(1) R — meHTpaJibHO CYIIECTBEHHOE KOJIBIIO;
(2) Koubrio hopMasbHBIX CTEHEHHBIX PsifioB R[[x]] mMeHTpaabHO CyIecTBeHHO;
(3) Kouprio dopmasbubix psos Jlopana R((z)) meHTpaIbHO CYIIECTBEHHO.
)

JIerko BHJIETB, YTO SKBUBAJIECHTHOCTE ycsoBHil (2) u (3) TeopeMsl 1 JIEPKO BBIBOAUTCS U3 CIIELY-
IOIIEr0 IIPOCTOrO 3aMEYaHMS.

IIpennoxkenue 2. [Iycte R — K0JIbI0 1 () — KOJIBIO YACTHBIX KOJIbIAa R 110 HEKOTOPOI MEHTPATBHOIT
MYJIBTHILINKATABHON cucTeMe HemesnuTeseit uyasd. Torna R gBjIgeTcd MEHTPAIbHO CYIECTBEHHBIM
KOJIBIIOM B TOYHOCTH TOTJa, KOrjia () — IMEHTPAJIBHO CYIIECTBEHHOE KOJIBIIO.

Ummnkanus (2) = (1) oueBuana, a obpaTHasi MMILIMKAIMS BBITEKACT U3 CJICAYIONINX IBYX
OoJiee OOIUX YTBEPK ICHUIL:
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IIpennoxxkenue 3. Ilycrs S — moukosbno Kojblla R, npuwdyéMm cymecrByer 6as3uc mouayist Rg, je-
xkarmuit 8 C'(R). Ecam S — 1eHTpaibHO CyIeCTBEHHOE KOJIbIIO, TO U R — NEHTPAJILHO CyIeCTBEHHOE
KOJIBIIO.

Ilpennoxkenue 4. Eciim R — nieHTpa/ibHO CyIecTBeHHasi ajredpa u A — KoMMyTaTuBHas ajarebpa,
10 A ® R — HeHTpaJIbHO CyIlecTBeHHas ajredpa.

Hasnee Mbl JaiuM OTPUIATEIBHBIA OTBET Ha BOIIPOC, OCTABJIEHHDI B [1]: BEpHO J1, 9TO KOJIBIO
R/N(R) (wmu R/J(R)) KOMMyTaTUBHO Jjisi JIEOOOTO TEHTPAJBbHO CYIIECTBEHHOTO Kouiblia R? Bo-
Jiee TOrO, MBI IMOCTPOMM HPUMEpP IEHTPAIBHO CYIIECTBEHHOTO Kosblia R, mist kotoporo R/J(R) ue
siByisiercst PI-kosb1ioM (T.€. B HEM He BBIIOJHAETCS HUKAKOE MOJUJIMHENHOE TOXKIECTBO C IEJIbIMU
ko3ddurmenTaMu, oJMH U3 KOTOPBIX PaBeH ejuHuIe, cM [3]).

[Tpu nocrpoennu npumepa OblIa UCIIOIL30Bana u3BectHas Teopema I ITacemana:

Teopema 2 [4], Theorem 5.3.9(ii). Cymecrsyer dbyukius g : N — N takast, aro eciu rpynmosast
anrebpa F'G rpynnel G Hag nosiem F' xapakrepuctuku p > 0 yJ0BJI€TBOPSET MOJUHOMUATHLHOMY
TOXKJIECTBY CTenenu d, TO J1Jist HEKOTOPO# p-abesieBoit moarpynmsl H rpynnbl G BBIIOJIHEHO HEPABEH-
creo [G : H] - |H'| < g(d) (rpynua H nasbiBaercs p-abesesoii, eciu eé kommyranT H' — koHeuHast

P-TPYIIIA).

IIpennoxenune 5. [Iycrs p — npocroe uncio. s moboro n € N obosnauum depes G(n) rpyuiy ¢
06pasyoImMI a, b, ¢ 1 omnpeessomuMe cootHomennsmu aP” = a?”" = " =1, be = ¢b, ac = ca n
aba~! = be. Torma mst smoboro n € N

(1) G(d) — p-rpynna Kjacca HUJIBIIOTEHTHOCTH 2;

(2) mist 060it oarpynnbl H rpymnmsl G BBIOJHEHO HEPABEHCTBO

G H]-|H| > p".

Teopema 3. [Iycrs char F' = p, S =[], .y F'G(n) — npsiMoe npousse/ienue rPyInoBbiX aaredp IpyIin
u3 npejioxkenns 5 u R = S[x| — kosbio muorounenos Haj S. Torma R — IeHTPAIbHO CYIIECTBEHHOE
kosb0 u R/ J(R) ne siBisiercst PI-kosbriom.

CdhopmymupyeM HECKOTBKO €CTECTBEHHO BO3HUKAIOIINX BOIIPOCOB.

1. Bepuo jin, 94T0 KOJIBIO (DOPMATBHBIX CTENEHHBIX PsiJIOB HAJI ITPOU3BOJIBHBIM IEHTPAJILHO CY-
IIECTBEHHBIM KOJIBIIOM TIEHTPAJIBHO CYIIeCTBeHHO? B dacTHOCTH, Tak JiM 9TO, €C/in KOJIbIo K03 du-
[IUEHTOB — KOHEYHOE IEHTPAIBHO CYIIECTBEHHOE KOJIBIO?

2. Bepno s, uto ectn R u S — 1neHTpaJIbHO CYNEeCTBEHHbIE aredpnl, To R ® S — eHTpaabHO Cy-
mecTBennas anrebpa. OTBET HEM3BECTEH TaXKe B CIydae, Koraa R n S — KoHeTHOMEpHBIE TIeHTPATBLHO
CYIIECTBEHHBIE AJITeOPHI.

3. Bepwno i, ato eciim R — nearpasibho cyniectsentoe Pl-kosbo mim néreposo (coeBa niu ¢ 0be-
UX CTOPOH) IEHTPAJILHO CYIIECTBEHHOE KOJIbIO, TO Kouibilo R/N(R) (wmu R/J(R)) koMMyTaTHBHO?
st apTuHOBa CJIeBa MEHTPAJIBLHO CYIIECTBEHHOTO KOJIBIA 9TO BEPHO.

B.T.Mapkos nojiepkan Poccniickum dbon1oM (hyHIaMEHTAIbHBIX UCC/Ie0BaHuil, mpoekT 17-01-
00895-A. Uccnemosanue A.A.TyranbaeBa BBITIOJHEHO 3a cueT rpanTa Poccuiickoro HayIHOTO (DOHIA,
mpoekT 16-11-10013.

JIureparypa. [1| Mapkos B. T., Tyrau6aes A. A. IlenrpasbHo cymecrBenHble Koibia // duc-
kperHas mMaremaruka. — 2018. — T. 30, Ne 2. — C. 55-61. [2] Markov V. T., Tuganbaev A. A.
Centrally essential group algebras // Journal of Algebra. — 2018. — Vol. 512, no. 15. — P. 109-118.
[3] Rowen, L. H. Polynomial identities in ring theory. [4] Passman D. S. The algebraic structure of
group rings. — John Wiley and Sons, N.=Y. et al., 1977. Academic Press, Inc. New York, 1980.
MockoBckuit rocymapcrennbiii yausepcurer nmenn M.B.JIomonocosa

Harmnuonanbuelit ucciienoBarenbekuit yausepcurer MOU

e-mail: vtmarkov@yandex.ru
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O. B. MapkoBa (Mocksa)
['py1moBbie Kojibl pa3zmepHocTn 4

[Ipencrapiienuble B JAHHOM COOOINEHUN PE3Y/IbTATHI IOJIyUeHbl KoJuieKTuBoM apropos: K. Tap-
cua IMnnbsano, C. Toucanec, K. Maprunec (OBreno), B. T. Mapkos, O. B. Mapkosa
(Mocksa).

Bcee paccmarpuBaemble B JJAHHOM COOOIIEHUN II0JIsI M IPYIIILI — KOHEYHBIE.

B [1] mano coemyoree ornpe/iesieHne IpyIoBOro Koja, He 3aBUCSINee OT HyMepaIuu 3JIeMEeHTOB
CPYIIILL.

Onpenenenne 1. Ilycrs G - rpynna nopsaaka n. Kon C mjaumasl n #Han nojgem F uaspiBaerca G-
Kodom, ecsn cyiecTBytor ujgeas I rpymmnosoro kosbiia FG u 6ueknus o : {1,...,n} — G, Taxue,
49T0

C={(a1,...,an) € F" :a10(1) + ...+ ano(n) € I}. (1)

Mpbr Takxke 6y,ZLeM T'OBOPHUTDH, 9TO KO/ Cn naeaJi I, CBsA3aHHBIE COOTHOIIECHUEM (].), IepecTaHoOBOYHO
JKBHUBaJICHTHDI.

DTO0 ompejeeHne MO3BOJISIET PACCMATPUBATEL OMH U TOT K€ KOJI KaK I'PYIIIOBOIl KOJI JIjIsI pas3-
JIMYHBIX DY OJHOBPeMeHHO. B yactHocTu B [1], 6bL10 11peioxkeno

Onpenenenne 2. Kox C mimHBl n HaJ 1ojeM F HA3BIBAETCS GOCAESHIM 2PYNNOSHIM KOOOM, €CIIH
oH sBigercsa A-komom Han F nis Hekoropoil abeneBoil rpynnnl A mopsiaka n.

st HEKOTOPBIX HEKOMMYTATUBHBIX Ipytinl G Bce G-KOJIbI OKa3biBatoTcs abenebivu (cM. [1]). B
YaCTHOCTH, CIIPABEITUBA

Teopema 1. Eciu G — koneuHas rpyia, u G SIBJIsIeTCsT IPOU3BEIEHUEM JIBYX abeJIeBbIX HOAIPYIIIT
B cMbICIE [2], Te.

G=AB={ab:ac€ Abe B}

JIJIsST HEKOTOPBIX abejeBbix moarpynn A, B rpymmnsl G, To 110601 (G-KOJ, sIBJIsSIeTCsT abDeJIEBBIM.

ITepBble IpuMepBI HEAOEIEBBIX S4-KOJOB ObLIN OCTPOEHDI B [3] ¢ CYIIECTBEHHBIM HCIOIb30BAHN-
eM KoMmImbiorepa. 11o3zke OBLIN MOJIydeHBI HOBBIE IPUMEPH! HeabesIeBbIX IPYIIIOBBIX KOJOB, U OBLIO
BBICKA3aHO [IPE/IIIOJIOKEHNE, YTO HaJl JIIOOBIM KOHEUHBIM II0JIEM XapaKTePUCTUKU P > 2 CYIIECTBYeT
neabeseB SLa(GF(3))-ko pasmeproctu 4. Dra rumnoresa ObL1a oKa3aHa B [4].

C JIpyToit CTOPOHBI, HHTEPECHO OIIPE/IEIUTh, KAKOBA MUHUMAJIbHASI PA3MEPHOCTH HeabeJsieBa IpyIl-
110BOro KoJa. IIepBelil mar B 95ToM HalpasaeHuu cjesat B [1], rie 6b110 MOKa3aHO, YTO OJHOMEPHbIE
IPYIIIOBBIE KOJBI ABJIAOTCs abesieBbIMu. B [5] mosryden cieyronmii pe3yibraT B 9TOM HAIPABIECHUN.

Teopema 2. Eciiu G — koHeuHasi Tpyiina u F — KoHedHOe 110J1e, TO JiI000it G-KoJ1 pazmepHocTH d < 4
nas ' asiasiercs abenmeBbIM, T.e. 4 — HaMMEHBIasi BO3SMOXKHAST PA3MEPHOCTE HeabeaeBa TPYIIOBOTO
KOJIA.

Bo Bcex u3BecTHBIX puMepax HeabeJeBbIX TPYIIIOBLIX KOJIOB pa3MepHocTn 4 rpyima G He sSBJis-
ercst p-rpyioii. OKasbIBaeTCsl, 9TO IIPU HEKOTOPOM OTPAHUIEHUH Ha 1T0JIe KOIPMOUIMEHTOB, 1efiCTBI-
TeJIbHO, JIJIsi IIPOU3BOJIbHOM KOHEUHOH p-rpynnbl G Bce deTbipéxmepHbie G-Ko/ibl abesieBbl. VIMeHHO,
OCHOBHOM PE3YIbTAT JAHHOTO COOOIEHMST — CJICLYIOIIasT

Teopema 3. Ilycts p — mpocroe ucyio u myctb G — KOHedHasl p-rpyiina. Kemm mose F yaoBaeTBo-
pser yciosmio |F| < p3, To mo6oit G-xon C maj F pasmeproctn dimp C = 4 gBisgerca abeeBbM
IPYIIOBBIM KOJIOM.

TexHUKA J0KA3ATEIbCTBA TEOPEMBI 3 PA3BUBAET METOJIbl, Ha KOTOPBIX OCHOBAHO JI0KA3aTEIbCTBO
Teopembl 2 (cMm. [5]).

OrpanuveHne Ha [0JIe B TeOpeMe 3 sIBJIsIeTCsI CYIIeCTBEHHbBIM JIJIsl BCEX PACCy KJIEHUH, Ha KOTOPBIX
OCHOBAHO €€ JI0Ka3aTesbCTBO. 1109TOMy Ha JaHHBII MOMEHT yC/IOBHE Ha 110Je Ko3(DhUIEeHTOB He
[peJICTaBIsieTCst BOBMOXKHBIM ocsiabuthb. Bompoc cymecrsoBanue neabesneBa G-Koja pasMepHOCTH 4
JIJIST KOHEIHOM p-rpynibl G u 6OJIBIIOTO 1MOJist F' 0CTa8éTCsl OTKPBITHIM.

JIureparypa. [1] J. J. Bernal, A. del Rio, J. J. Simén. An intrinsical description of group codes. Des.
Codes Cryptography, 51:3 (2009), 289-300. [2] N. Itd, Uber das Produkt von zwei abelschen Gruppen.
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Math. Z., 62 (1955), 400-401. [3] K. l'apcua Iunssmo, C. Foncanec, B. T. Mapkos, K. Maprunec,
A. A. Heuaes. Koryma Bce TpynmoBbie Kobl HEKOMMYTATUBHO TPYNIIBI abesIeBbl (BBIMUCIUTEIbHBII
nojxon)? Pyngam. u npukir. matr., 17:2 (2011-2012), 75-85. [4] K. Tapcua ITunbsio, C. Tonca-
snec, B. T. Mapkos, K. Maprunec. HeabeseBbl rpyImmoBbie KOAbI HAJI TPOU3BOJIBHBIM KOHEUHBIM
nostem. Pympam. n npukir. mar., 20:1 (2015), 17-22. [5] C. Garcia-Pillado, S. Gonzalez, V. Markov,
O. Markova, C. Martinez. Group codes of dimension 2 and 3 are abelian. Finite Fields Appl., 55
(2019), 167-176.

Mockogckuit rocymapcrennbiit yausepcurer nmenu M.B.Jlomonocosa
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. A. MarseeB (Mocksa)

KomMyTupytomme ogHOPOIHbIE JIOKAJbHO HUJIbIIOTEHTHbIE IuddepeHImpoBa-
HUS

IIycts X — addunnoe anrebpanteckoe mMHOroodpasue ¢ aeiictBueM ajrebpamdeckoro Topa T.
Ecmm cnoxuocTs neiicTBus paBHA HYJIIO, TO TOP JeficTByeT Ha X C OTKPBITOI opOUTOit 1 MHOTOOpa3me
HA3BIBAETCS TOPUIECKUM. B ciryuae jieiicTBuil IpOU3BOJIBHON CJIOXKHOCTHU onrcaHue T-MHOroobpa3uit
610 mostyuero K. Anbrmanom u FO. Xaysenom. OHu mpemjioKuan 3ajaparh T-MHOrooOpasusl B
TepPMUHAX TaK HA3BIBAEMBIX COOCTBEHHBIX TIOJIN3IPAJIbHBIX 1uBIH30poB (proper polyhedral divisors).

WseectHO, uT0 G(-meiicTBUS Ha adPUHHOM MHOTOOOpa3uu X COOTBETCTBYIOT JIOKAJIBHO HUJIBIIO-
reHTHBIM Juddepennuposanusim aaredopol K[ X, a G4-aeiicTBusi, HOpMaan3yeMble TOPOM, COOTBET-
CTBYIOT JIOKAJIbHO HUJIBIIOTEHTHBIM TU(PDEPEHITUPOBAHUAM, OJTHOPOIHBIM OTHOCUTEIHLHO TPy UPOB-
KU, BO3HUKAIOIIEH B pe3yJsbrare jeiicTBust Topa T. Onucanue MOC/IEIHUX B TEPMUHAX HEKOTOPOTO
o0bobIeHns KopHeit /lemaztopa mosrydaeno JIbeH 0 17151 1efCTBI BEPTUKAJIBHOTO TUIIA ITPOU3BOJIBHOMN
CJIOYKHOCTH W JIJIsi JefCTBUN TOPU3OHTAJIBHOIO TUIIA CJIOXKHOCTU OJUH.

JIjist cllefiyiolnero Imara — ONHMCAHUs B Tex e TepmuHax G2-meiictsuii ma addummom T-
MHOTrooOpasun X, Hy?KHO OIHUCATH apbl KOMMYTHUPYIOIIUX OJJHOPO/IHBIX JIOKAJIbHO HUIBIIOTEHTHBIX
nuddepeHImpoBaHuii.

B nokmnane Oy/iyT m3s0KeHbI KPUTEPUM KOMMYTHUPOBAHUS JIJI [1ap JIOKAJbHO HUJIBIIOTEHTHBIX
nuddepeHIupoBannii B TEPMUHAX [TOJTUIPATIbHBIX JIMBU30POB.

MockoBckuit rocynapcTBennblit yaupepcuteT nuMenu M.B. Jlomonocosa

e-mail: dmitry.a.matveev@yandez.ru

B. I. Muxkaensin (Epesan)
O mapax CIIeTeHuil IPYII, MOPOXKIAIOIINX PaBHbIE MHON00OPa3Hs

Lenb jioKIaa — MPEJCTABUTh HAILy HEJABHIOID 3aMeTKy |5|, KoTopast mpemaraer MeTos pac-
[MO3HABAHUSI CILUIETEHU, TIOPOXKIAIOIINX PABHBIE MHOIOOOpa3usl TPYIIT. A UMEHHO: 3aJIaHbl IPYIIIIbI
Ay, As, B, Bs Takue, uro Ay a As IOpOXKIAIOT OJHO U TO »Ke MHOroobpasue U, a By u By mopoxKa-
IOT OJIHO U TO ke MHoroobpasue U. Ilopoxkmator ju Torga ciuierenust Ay WrBy u Ao WrBy paBHble
MHOroobpasusi? VIHbIMU cJI0BaMU, BBIIIOJIHSIETCS JIU PABEHCTBO

var(A;WrB;) = var(AasWrBy) (%)

IUtst 3aaHHbIX A1, Ag, By, By (eM. mHbOpManuio o MHOOIpa3usx rpymil B [7])7 Dra TeMa mpojioizkaer
Halm uccegoBanus B [3, 4, 6], rae Mbl paccmaTpuBasu Jpyrue CBOHCTBA MHOIMOOOPa3Wii, OPOXK-
JIEHHBIX CIUIETEHUSIMHU, B YACTHOCTH, BOIPOC PABEHCTBA MHOTO00ODPa3us, MOPOXKJIEHHOTO CILIETCHUEM
A1 WrB; npoussenenuio UQ0.

Yro0b!I chopMyInpPOBATH OTBET HA, YIOMSIHYTBIH BBIIIE BOIPOC JIJIs HEKOTOPBIX KJIACCOB HUJIb-
MIOTEHTHBIX U abesIeBLIX I'PYIII, HAM [TOHABOOSTCH BCIOMOTraTeIbHbIE ODO3HAUEHUS i abeIeBbIX
rpynn (Mbl 3aumcrByeM ux u3 [2|). Ilycrs By u Bg — abesieBbl IPyIIIbl KOHEUHOH IKCIIOHEHTBI, U
IyCTh JIJIS IPOCTOrO YUCJIA P UX P-IIPUMAapHbIe KOMIOHEHTHI B1(p) u Ba(p) UMeOT mpsiMble pasjio-
kenust By (p) = C’;:ﬂulx ceeX C;:ﬁw u By (p) = C;Lﬁle ceeX C;:,ﬁvs, rie C’;:Zui — IPAMOE MPOU3BEICHHE
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myu1 Konmit nukia Cpu; 1opsiika p'i, a C’;};vi ompejiesien anasiorundno. Jomyctum u; > -+ > Uy
a vy > -+ > v.. Onpenerum Bi(p) = Ba(p) Torma u toabko Torja, korja jubo Bi(p), Ba(p) oba
Konuens, 1 n3oMopdubl; Jmbo ke Bi(p), Ba(p) 0ba Geckonuens, n cyimecTByeT Takoi k jijist KOTO-
poro (1) C’;:f:k — nepBblit 6eckoneunslii dhaxkrop B Bi(p), C;L’,’:k — nepBbIi 6eCKOHEUHbIH dakTOp
B Ba(p); (it) wp =wvg; (40) u; = v, Mpyuy = Myv; st soboro ¢ = 1,...,k — 1.

Teopema. (Teopema 2.3 u3 [5]) Ilycts Aj, A2 — HeTpUBHAIbHbBIE HUIBIIOTEHTHBIE TPYIIIBI SKCIIO-
HEHTBI 1M, TTOPOKIAIOIIIE OJIHO U TO ¥Ke MHOroobpasue, a B1, By — HeTpuBHAJIbHBIE aDeIEBbI TPYIIIIHI
3KCIIOHEHTHI N, TTOPOXK IAIOIINE OIHO U TO »Ke MHOroobpa3zmue. Ecim a1000it TpocToil 1emTents p Inciaa
N TaK¥Ke JEeJIUT M, TO PABEHCTBO (%) BbInOJHsIeTCs st Aq, Ag, B1, Ba TOra 1 TOJBKO TOr/IA, KOT/Ia
Bi(p) = Ba(p) mitst m1060ro Takoro mpocroro p.

OcobeHHO Hec/IOKHA CUTyaIus B CJIydasix, KOrja rpyiisl By, Bo 06a KOHEYHBI, WK KOT/Ia OJHA
U3 HUX KOHEYHA, a Jpyras OeCKOHEeTHA:

CiuencrBue. B 0603HaveHUSIX, IPUHSATHIX BBIIIE:

1. paBeHCTBO () BBIIOJHSETCS JJIl KOHEUHBIX Ipyil By, By Torja u ToJabKo Torja, Korja By u
Bs uzomopdHsbr;

2. paBeHCTBO (*) HHUKOIJIE He BBIIOJHAETCS, €CJIH OjiHa U3 rpyun By, By KoHedHa, a jpyras 6ec-
KOHEYHA.

IIpencrasiennnie dakThl 00001aI0T HEKOTOPBIe pe3yabTarbl KoBada nu Hbiomana o cTpykType
poM3BeIeHnit MHOroobpasuii rpym [1].

Texaumka JI0Ka3aTE/IBCTB UCIOJIb3yeT KAK TPAIUIIUOHHBIE METOJbI MHOTOODpa3uit TPYIII, YIIO-
MSAHYTBIB B [7], Tak u GoJiee HOBbIe MeTBOJIbI, Takue Kak Teopuio lwiara, paspaboTanuyio Jjist
BBIYHCJICHUST KJIACCA HUJIBIIOTEHTHOCTH CIIleTeHuii [8, 9.

JInreparypa. [1] L.G. Kovdcs, M.F. Newman, Torsionfree varieties of metabelian groups, de
Giovanni, Francesco (ed.) et al., Infinite groups 1994. Proceedings of the international conference,
Ravello, Italy, May 23-27, 1994. Berlin: Walter de Gruyter. 125-128 (1996). [2] L. Fuchs, Infinite
Abelian Groups. Volume II, Academic Press, New York, 1973. [3] V.H. Mikaelian, Metabelian
varieties of groups and wreath products of abelian groups, J. Algebra, 2007 (313), 2, 455-485.
[4] B.T. Muxkaessin, Kpurepuit IIImesbkuna 1 MHOrooOpasusi, OPOXKIEHHBIE CILIETEHUSIMU KOHETHbBIX
rpynn (Russian), Anrebpa u soruka, 56, 2, (2017), 164-175. [5] V.H. Mikaelian, Subvariety structures
in certain product varieties of groups, Journal of Group Theory, 21 (2018), 5, 865-884. [6] B.I". Muka-
esisi, O ilaccudukamu MHOr0OOpas3uil, ITOPOXK/IeHHbIX citerenusmu rpyun (Russian), M3sectus
PAH, cep. mar., 82 (2018), 5, 153-166. |7] H. Neumann, Varieties of Groups, Varieties of groups
(Ergebn. Math. Grenzg., 37), Berlin-Heidelberg-New York, Springer-Verlag 1967. [8] D. Shield, Power
and commutator structure of groups, Bull. Austral. Math. Soc. 17, (1977) 1-52. [9] D. Shield, The
class of a nilpotent wreath product, Bull. Austral. Math. Soc. 17 (1977) 53-89.
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O cBepxpa3pennMocT KOHEUHOH (haKTOPU3yeMOil IPYIIIbI ¢ OJYHOPMAJIbHbI-
MU COMHOXKUTEJIAMA

PaccmarpuBatorcst TOJIBKO KOHEUHbIE TPYIIBL. VIcosb3yemasi TepMUHOJIOIUsT cOOTBeTCTBYET [1].
Banuck Y < X o3Hadaer, 410 Y — HOArpyIa Ipyibl X .

Cornacho |2| moprpymiel A 1 B rpynmnsl G HA3BIBAIOTCsI B3aMMHO (TOTAJIBHO) [EPECTAHOBOY-
ubivi, eciit UB = BU u AV = V A (coorBercrBenno UV = VU) gnma scex U < Au 'V < B.
Acaaz n Hlaanan ycraHOBIIIN CBepXpa3permmMocTb Ipyiibl G = AB ¢ B3auMHO [epeCTaHOBOTHBIMI
cBepxpaspenmMbiMu noarpynnamu A n B npu yciosum, uto B HusibnorentHa, |3, Teopema 3.2,
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u B ciaydae, Korja KommyTanT G’ muibnorenten, [3, reopema 3.8|. DTu pesyibraTbhl pa3BUBAIKUCH
MHOI'MMH aBTOpaMu, ¢M. MoHorpaduio [1].

[Moarpynmna A wmasbiBaercs [4] noaynopmasvrots B rpynne G, ecim cyiecrByer noarpynmna B
rakast, uTo G = AB u AX — moarpynna st Kaxkpoil moarpynnsl X w3 B. ['pynmnsl ¢ moayHOp-
MaJIbHBIMI TIOJAIPYIIIaMI UCCIEI0BAINCH B paboTaXx MHOIMX aBTOPOB, CM., HAIIPUMED, JIATEPATYPY
B [5].

Ecnu B rpynme G = AB noarpynmnsl A u B B3auMHO mepecTaHOBOYHBI, TO A u B 6yayT mosty-
nopMasbabiMu. O6paTHoe HeBepHO. Hanpumep, rpymima

G=27xAutZ; = Z7 % (ZQ XZg)

SIBJISIETCST IIPOU3BEIEHNEM IIOJIYHOPMAJBbHBIX moarpyn A ~ Zo X Zs u B ~ Z7 X Zs. Opnako A
1 B He B3aMMHO II€PECTAHOBOYHBI. 3/1€Ch Z, — IUKJINYECKas I'PYIIa HOpsIKa 7N, a 3anuch A x B
O3HAYAET IOJIYIPSIMOE IIPOU3BEIEHE ¢ HOPMAJIbHON HOArpymmoit A.

IIpusnaku cepxpaspemumoct rpynnsl G = AB ¢ HOJIyHOPMAaJbHBIMUA CBEPXPA3PEIINMbIMU
moarpynnamMu A u B ycTaHOBJIEHBI B CJIEJYIOIIEH TeopeMe.

Teopema. I[lycts A u B — nonynopMmanbubie noarpynnsl rpynnsl G u G = AB. Torma rpynmna G
cBepxpa3pelrMa B KayKJOM U3 CJIEIYIONINX CJIYYaeB:

(1) A mwibnorenTHa, a B cBepxpaspeninmMa;

(2) xommyTanT G’ HAJILIOTEHTEH.

U3 Teopembl, B 9aCTHOCTH, BBITEKAIOT OTMEYEHHbIE BBIIIE Pe3y/IbTaThl paboTsl [3], a rakxke [5, Teo-
pema A, ciencrsue 3.6].

Hanomunm, aro rpymnmna G HasbiBaercs catidune-2pynnot (siding group), ecim KazxKas TOATPYTINa
u3 komMmyranra G HopmasibHa B G, cM. [6, onpeenenne 2.1]. Meranukianieckue rpymibl, pasperi-
MBbI€ t-IPYIIIBI ABJIAIOTCA CailfuHr-rpynnaMu. KpoMe Toro, Beakas caiiImHI-IpyIIia CBepXpa3pelnn-
Ma.

CaencrBue. Ilycte A 1 B — noarpynnsl rpynnsl G u G = AB. Eciim A — ceepxpaspenumast
OJIYHOPMAJIbHAS HOArpyIia, B — HopMaibHas caiauar-rpymmna, To G cBepxpaspellnMa.

YciioBrue HOPMAJILHOCTU CafIMHI-COMHOXKHUTEIST 0CJIabUTh JI0 CyOHOPMAJIbHOCTU U JIO TOJIyHOD-
MaJILHOCTHU HeJb3d. [IpuMepoM ciryKUT HecBepxpaspemnMas IPyIa

G = Z3 X ((53 X 83) X ZQ), ([7],IdGTOup = [216, 157]),

KOTOpast (paKTOPU3yeTCsi HOPMAJIBHOI CBepXpa3permmMoit moarpymmnoit A ~ S3 X S3 u cybHOpMaJIbHOI
caiinuur-noarpynmnoit B ~ Z3 x Z3 x S3, B ~ Z3.

JIureparypa. [1] A. Ballester-Bolinches, R. Esteban-Romero, M. Asaad. Products of finite groups.
Berlin; New York: Walter de Gruyter, 2010. [2] A. Carocca. p-supersolvability of factorized finite
groups. Hokkaido Math. J., 21 (1992), 395-403. [3] M. Asaad, A. Shaalan. On the supersolubility of
finite groups. Arch. Math., 53 (1989), 318-326. [4] X. Su. On semi-normal subgroups of finite group.
J. Math. (Wuhan), 8:1 (1988), 7-9. [5] V. S. Monakhov, A. A. Trofimuk. Finite groups with two
supersoluble subgroups. J. Group Theory, 22 (2019), 297-312. [6] E. R. Perez. On products of normal
supersoluble subgroups. Algebra Colloq., 6:3 (1999), 341-347. [7] GAP (2018) Groups, Algorithms,
and Programming, Version 4.9.2. www.gap-system.org.
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B. U1. Mypaiko (I'omesns, Berapycs)
O0600111eHHO paHroBbie (hopMaIii KOHEYHBIX TPYIII

PaccMaTpuBaloTCsa TOJBLKO KOHEYHBIC IPyHIbl. HamoMmmmM, uTo ruasHbli dhaxTop H rpymmsr G
nasbpiBaercst X-uyenmpanvroim B G, ecim H X G/Cq(H) € X (em. [1, c. 127-128]), unade on Ha3bl-
Baetcs X-oxcuyenmpanvuvim. depes Zx(G) obosuagaercs X-zunepyermp rpynnsl G — HanbosbIIAs
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HOpMaJIbHAas OATrpyIIa Ipynnbl G Takasi, 9T0 BCIKUI €€ (G-KOMITO3UIIMOHHBIN pakTop X-1ieHTpasen
B G. Ecomm X = 91 — kymacc Bcex HUIBHOTEHTHBIX TPy, TO Zgi(G) = Zoo(G) — rumepuentp rpyIist
G.

IIycts N — raasubiii dakrop rpymnsl G. Torma N = Ny X -+ X N,,, rie N; — usoMopdHbie
npocteie Tpynmsl. Yucio n = (N, G) naswesaercs parzom N B G. Panzosoti dynwuyueti R [2, VII,
oupesesienne 2.3] HazbIBaeTCs 0TOOPAYKEHUE CTABSIIEe B COOTBETCTBUE KaXKJ[OMY HPOCTOMY YHUCIY P
MHOKecTBO R(p) Harypaabubix uncen. Co BesKoil paHroBoii dbyHKImel cBsazan Kiace rpynn E(R) =
(G € 6| st oboro p € P panr Besikoro riasHoro p-dakropa G exur B R(p)), sBistomuiicst
dbopmanueii. dru dopmanuu u3ydaauch B 1egaoM psje pabor (cM., [3-6]). B manmoii pabore mbl
paccMaTpuBaeM 0000IIeHNe 3TUX (hopMariumii:

Ounpenesienne 1. (1) O6o6mennast panrosast GyHKIWs R — 0T0OpaykeHue, ONpPeIeIeHHOe Ha
MPSIMBIX POU3BEIEHUAX U30MOPMHBIX TPOCTHIX TPYIII:

(a) R craBUT B COOTBETCTBHE KaXKJOI MPOCTOii rpymie S mapy BO3MOXKHO IIYCTBIX HEIEpPECeKa-
onuxcest MHOKecTB R(S) = (AR (S), Br(S)) HATYpaJbHBIX YHCEL.

(b) Ecitu N — upsimoe npousBejieHre IpocThix n3oMopdubix S rpyi, 1o R(N) = R(S).

(2) Iycrs N — rasnbii daxtop G. Byaem ropoputhb, uto 0606wentviti parne N B G JIeKAT B
R(N) (gr(N,G) € R(N)), ectu (N,G) € Ar(N) wm r(N,G) € Br(N) u, ecu € G dbuxcn-
pyer kommosuruonnsiii dakrop H/K 8 N (H' = Hu K' = K), T0 & UHIyIEPYeT BHYTPEHHUI
aBTOMOPQU3M Ha HEM.

(3) C raxapiMu 0600IIEHHO paHroBoil dyHkImeil R 1 KiaaccoM rpyin X Mbl CBSI3bIBAEM KJIacc
rpymi X(R) = (G |H ¢ X u gr(H,G) € R(H) ansa moboro X-3KCIEHTPAIBHOTO TJIABHOTO (haKTopa
H rpymnnt G).

Oupepnesienne 2. Ilycre Z(G,R,§,n) — Haubosblias HOpMaJbHAsl HOArpyIma rpyiinsl G
takas, uto H € §, r(H,G) > n u gr(H,G) € R(H) nna moboro eé G-KOMIOZUIUOHHOTO -
sKcrenTpaibaoro 8 G pakropa H.

[Iycts C' — mMHOMKecTBO 1 R — 0600menHas panrosast GyHKnus. Byiem rosoputs, uto R(H) C
C, eciu Ar(H) U Br(H) C C. Tlon R(H) N C 6ynem noppasymesars (Agr(H) N C, Br(H) N C).
Yepes EF Oymem ob03HAYATH KJIACC T'PYII BCe KOMIIO3UITMOHHBIE (DAKTOPHI KOTOPLIX TPUHAIEIKAT
3.

Teopema 1. ITycmv § — KOMNO3ULUOHHAA POPMAUUA, COOEPHCAULAA BCE HUADTOMEHTMHBLE 2DYN-
nol, KOMOPas Hapady co 6CAK0U c8oeli 2pyYnnoti COOEPHCUM, U 6CE €€ KOMNOZUUUOHHBIE dakmopot. Ecau
R — obobuwennan panzosas Gyrkyui, mo caedyrousue YmeeprHcoenus IKGUSANEHIIHYL:

(1) G — §(R)-epynna.

(2) Ecou Z = Z(G,R,§,4), mo gr(N/Z,G) € R(N/Z) N [1,4] das amo060l murumaivrots 1op-
manvnoti nodepynno, N/Z epynnoe G/Z u (G/Z)/Soc(G/Z) — paspewumasn §-epynna.

(3) Beproi caedyrougue ymeeporcoenus:

(a) GS = GFS.

(b) Ecau N 4G u N < G¥, mo (GS/N)gz = Z(GS/N).

(¢) ITyemb n — HAUMENBWEE YUCAO TAKOE, 4MO HATOEMCA NPOCTNAA He-§-CEKUUA 6 Spi1 U
T =GSNZ(G,R,T,n). Toeda GS/T < Soc(G/T) u N/T € F, r(N/T,G) < n u gr(N/T,G) €
R(N/T) daa a1060% munumarvrot nopmasvnot nodepynnve N/T epynnw G/T uz GS/T.

HarmoMuuM, 910 IpyIina Ha3bIBAETCs NOAYNPOCMOl, €CJIU OHA WU €JIMHIIHA, WU SBJIAETCS MPsi-
MBIM [IPOM3BEIEHUEM MTPOCTHIX HeabeIeBbIX TPYIIIL.

Caencrsue 1.1 (|7, X, reopema 13.6]). I'pynna G ksasunusvnomenmma mozda u moavko mozada,
ko02da G/ Zoo(G) noaynpocma.

B [8] I'yo u Ckuba BBesn Ki1acc §* Bcex KBa3u-§-IrpyIil /s HachlmeHHoi hopmarmn §: §* = (G |
JUIsT TIOOBIX §-3KcIeHTpaabioro daxropa H n x € G, x uHAyIUpPyeT BHYTPEHHHIT aBTOMOPMU3M Ha
).

CaexncrBue 1.2 ([8, teopema 2.8]). ITycmo N C §F — HOPMAALHO HACAEOCMEEHHAA NOKAADHAA
dopmavua. I'pynna G asasaemea K6a3u-§-zpynnot mozda u moavko mozda, kozda G/Zz(G) noay-
npocma.
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Hanomuum [9], uro rpynna HassiBaercs c-ceeprpazpewumots (SC-rpynmoi B repmunosoruun Po-
6uncona [10]), ecau Beskuii ee TIaBHBINA GHAKTOP — IPOCTasi IPYIIIA.

Caencrsue 1.3 (|10, npemioxkenne 2.4|). I'pynna G asasemcs c-ceéeprpazpewsumots mozda u
moavko moezda, Kozda Halidémes cosepuernnas nopmasvran nodepynna D maxas, wmo G /D ceepx-
paspewuma, D/Z(D) — npamoe npoussedenue G-donycmumvix npocmux neabeaesoir epynn u Z(D)
ceeprpazpewumo eroncena 6 G.

B pa6ore [11]| 6b11 BBEIeH Kitace wil BCeX PACIIMPEHHO CBEPXPa3peNInMbIX Tpyil. JJanHbIi Kiace
SIBJISIETCsI HACJIE/[CTBEHHOM HACBIIIEHHOM hopmarueil paspermmmbix rpymin. Hanomuanw [12], aro rpyn-
& HA3bIBAETCS PACWUPEHHO C-CEEPTPpa3pewumol, ecian eé abeseBble (pakTOpbl W-IEHTPAIbHBI, a
OCTABIIKECHA — MPOCTbIE TPYIIIIHI.

Cuencrsue 1.4 ([12, reopema B|). I'pynna G asasemces pacwupenho c-c6eprpaspewumots mozoa
u moavko mozda, xozda GV = G, Z(G™™) < Zywy(G) u G /Z(GY™) — npamoe npouseederue G-
AONYCMUMBLT NPOCTNOIT HEADEAEBDIT 2PYNN.

JIureparypa. [1| JI. A. [llemerxos u A. H. Ckuba. @opmaruu anrebpandeckux cucrem. M.: Hayka,
1989. [2] K. Doerk and T. Hawkes. Finite soluble groups. Berlin — New York: Walter de Gruyter,
1992. [3] B. Huppert, Zur Gaschiitzschen Theorie der Formationen. Math. Ann., 164 (1966), 133~
141. [4] J. Kohler, Finite groups with all maximal subgroups of prime or prime square index. Canad.
J. Math., 16 (1964), 435-442. |[5] H. Heineken, Group classes defined by chief factor ranks. Boll.
Un. Mat. Ital. B., 16 (1979), 754-764. [6] K. L. Haberl and H. Heineken, Fitting classes defined by
chief factor ranks. J. London Math. Soc., 29 (1984), 34-40. [7] B. Huppert and N. Blacburn. Finite
groups III. Berlin—Heidelberg—New York: Springer, 1982. [8] W. Guo and A.N. Skiba, On finite
quasi-§g-groups. Comm. Algebra, 37 (2009), 470-481. [9] B. A. Beaepuukos, O HEKOTOPBIX Kjaccax
koneunbix rpymm. JTAH BCCP, 32 (1988), 872-875. [10] D. J.S. Robinson, The structure of finite
groups in whitch permutability is a transitive relation. J. Austral. Math. Soc., 70 (2001), 143-159.
[11] A. ®. Bacuibes, T. 1. Bacuibesa u B. H. TiorsinoB, O KOHEYHBIX TPYIIIAX CBEPXPA3PEITUMOrO
tuna. Cub. mar. xypHu., 51 (2010), 1270-1281. [12] A. ®. Bacuises, T. II. Bacmwisesa u E. H.
Mpiciosern, Konednnbie pacimpeHHo c-CBepXpa3peliMbie IPYIILI U UX B3aUMHO MEPECTAHOBOYHBIE
npoussesiernst. Cub. Marem. xKypH., 57 (2016), 603-616.
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. B. OcumnoB (Mocksa)
Cumsoster Konty-Kappepa

B cBoem jokitasie st jamM 0030p Pe3ysIbTaToB Mpo MHOroMepHble cuMBoJibl Korty-Kappepa. 9tu
pe3yJIbTaThl TOJIydYeHbl B coBMecTHBIX ¢ paborax ¢ Kc. 2Ky u C.O. ['opumHckuM, cM., Hampumep,
[1-[3].

n-mepublii cumBost Konrty-Kappepa — 910 (n + 1)-MyJbTHINIMKATHBHOE KOCOCHMMETPHIECKOE
oTobparkeHne

CCp : R((t1)) ... (t))* X .. x R((t1)). .. ((ta))* —> R*,

rae R — xkommyrarnBaOe Kotbo, R((t1)) ... ((t,)) — KoJblo uTepupoBaHHBIX psioB Jlopana nazg R.
Tpebyercst Takke, 9TOOBI 3TO OTOOParkeHne ObLIO (DYHKTOPUAJIBHO 10 KOJbILy R U yI0BJIETBOPSIO
cBoiictBy Creiinbepra

CCp(-eoyfyo 1 —=f..)=1,
rae f,1—f € R((t1))...((tn))*

OTrobpaykeHns ¢ TAKMME CBOWCTBAMU CYIECTBYIOT W CPEJM HUX €CTh BBIJEJEHHOE, TaK HUTO
BC€ OCTaJIbHbIEC ABJIAIOTCA €I'0 IIEeJIOYNC/JICHHBIMU CTEIICHIMN (STO ABJIFAETCA CUJIBHO HETPUBHUAJIbHBIM
YTBEP2KJIeHHEM ). DTO BbIIEJIEHHOE 0TOOPasKeHIe Mbl 1 Oy/IeM JIaJIbIlle pacCMaTpUBaTh U 0003HAYATH
ero Kak mHoromepuslii cumsos Konry-Kappepa CC,,.

Muoromepusiit cumBoa Koury-Kappepa CC,, obnagaeT meabM psioM 3aMeUaTeIbHBIX CBOMCTB.
Ecmu R = k, vie k — sto nioste, to C'C), — 3T0 MHOTOMEPHBIIT Py THON CUMBOJI, 0000IIAIONTHIT OOBITHBII
pyunoit cumpost. Ecim R = kle] /€2, o pu momormu oro6pazkenus C'Cy, IETKO TOTYIHTh N-MePHbIif
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BerueT. B ciaydae, korma k = F, — KoHedHoe 10JIe, TO 9TH U Apyrue 0TOOPazKeHUsl, IOy YeHHbIE U3
CC,,, uTpaioT BaXKHYIO POJIb B N-MepHO# Teopuu moJeit Kiaaccos [lapmura-Karo, To ects B onmcanmm
MaKCHMAJIbHOTO abesieBoro pacumupennst mosst Fo((t1)) ... ((¢n)).

Eciu kombiio R comepxxkut moste Q, To myist orobpazkeruss C'C,, CyIIeCTBYeT KpacuBasl siBHAsI
dopmyita, cBojsInasicss K opMyiie:

CCh(fi,--- fnt1) = expres <log(f1)‘j{22 ALA Cj{n:f) 7

TJle 'eS — N-MEPHBIA BBIYET.

Hakomnerr, n-mepubie cumposibl KoaTy-Kappepa BO3HUKAIOT, KaK JOKAJIbHBIE OTOOPAXKEHUSI, CBsI-
3aHHbIE ¢ (DIIAroM U3 N+ 1 BIOKEHHBIX JAPYT B JIpyTra HEIIPUBOINMBIX TIOJMHOT000pa3uil Ha Nn-MEPHOM
ajirebpanvieckoM MHOroobpasun. B 9ToM ciiydae Jiisi HUX BBIIIOJIHEHBI MHOTOMEDHBIE 3aKOHBI B3aHM-
HOCTH, 00OOIIAOIINE KJIACCUIECKUI 3aKOH B3aWMMHOCTH Beilyiss Ha MPOEKTUBHONW KPHUBO: “TIpon3Be-
JICHUE PYYHBIX CUMBOJIOB I10 BCEM TOYKAM KPHUBOW pPaBHO 1”7 U 3aKOH B3AUMHOCTU JJIst JuddepeHtiu-
AJIbHBIX (POPM ‘‘CyMMa BBIUETOB AudepeHInaIbHON (POPMbI Ha ITPOEKTUBHON KPUBOIl €CTh HOJIb .

MHoromepHble 3aKOHBI B3aUMHOCTH HEOOXOJUMBI JIJIsi MHOI'OMEPHO# 1yI06aIbHOM Teopuu moJieit
KJIACCOB.

JIureparypa. [1| C. O. Topunnckwuii, /I. B. Ocunos, Muoromepusiii cumsosn Konry-Kappepa:
JoKaiabHast Teopus, Marem. ¢6., 206:9 (2015), 21-98. [2] Denis Osipov, Xinwen Zhu, The two-
dimensional Contou-Carrére symbol and reciprocity laws, J. Algebraic Geom., 25 (2016), 703-774.
[3] C. O. Topuunckwuii, 1. B. Ocunos, Muoromepusiii cumosn Koury-Kappepa u HenpepbiBHbIE aB-
romopdusmbl, Pyuki. anaaus u ero npui., 50:4 (2016), 26-42.
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PaccranoBkn Jaieii u Teopusi cynepxapakrepon st KonTpakimn GLY ma xo-
HEYHBIM I10JIEM

Teopueii cynepxapakrepos KoHeuHoi rpymnbl G HassBaioT napy (S,K), rae S = {x1,..., Xm}
— cucreMa xapakTepoB (mpeicrasienunit) rpynnsl G, K = {Kj,..., K, } — pasbuenne rpynnst G,
Y/JIOBJIETBOPSIIOILY IO yCIOBUAM: 1) Xapakrepbl u3 S MONAPHO OPTOrOHAJIbHBI,  2) XapakTepbl u3 S
nocrosuubl Ha Kiaaccax usz K, 3) {1} € K (cm [1]). Xapakreps! n3 S Ha3bIBAIOT CylepXapaKTePaMH,
a Kjacchl 13 K — CynepKJIacCaMu.

Ipynma GL(n) comepkut BepxHerpeyroabHyto noarpyuiny B = HN u ¢cTporo HUzKHETPETroJIbHY IO
noarpyniy N_ = 1+n_. Konrpaxiueit rpynnst GL(n) 6yiem Ha3biBaTh MOJIyIPSIMOE IPOU3BEJICHIE
GL® = B x N%, B koropoMm rpymma N% = 1 4+ n® — abenesa rpynna u B jeiicrByer Ha n* = n*
KOIPHUCOEMHEHHBIM JIeiCTBIEM.

ITycte Fy - KoHEUHOE II0J1€ XapaKTEPUCTUKU, OTJIMYHON oT 1BYX. B nokmaze Oy/er mocrpoena
Teopust cynepxapakrepos rpymnsl GLY(n,Fy). I'pymna GLY(n,[F,) asisercs rpynmoit o6paruMbIx
3JIEMEHTOB IIpuBe/leHHoll anredpol Haj . [losTomy jijis Hee MOKeT ObITH IIOCTPOEHA TEOPUsl CyIep-
XapaKTepoB, cieys padore [2].

PaccranoBkoii saneit Ha n X n MaxMaTHON J1ocKe OyJieM Ha3bIBaTh CUCTEMY D), COCTOSAIILYIO U3
nap (i,7), tae 1 < 4,5 < m, B KOTOPOil HET IBYX 3JIEMEHTOB M3 OJHON CTPOKHU M OJHOTO CTOJIONA.
Paccranoska nayieit D pacnajiaercst Ha BEpXHE TPEYTOJbHYIO, JIMArOHAIBLHYO0, HUYKHE TPEYTOTHHYIO
gactu D = D, UDgU D_.

B nokmaze 6ymer nposejieHa Kiaccudukaius cynepkiaccos rpoiikamu 3 = {(D, h, )}, tue D
paccranoBka jageii, h = diag(hi,...,h,) € H, yaoierBopsiomuii yeaosuio h; # 1 TOJIbKO B cirydae
(4,4) € Do, m ¢: D1 UD_ — Fy.
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Byzer nposejiena kiaccudukaims cynepxapakrepos tpoiikavu « = {(D, 6, ¢)}, rue D paccra-
HOBKa jajeit, ¢ = (01,...,0,) - Habop HENPUBOMMbIX XapaKTepoB rpymibl Fy, ymosaeTsopsiomnumit
yeqouio 0; # 1 Tonbko B cayuae (4,4) € Do, u ¢ : Dy U D_ — Fy.

Teopema. Cucrema xapakTepoB {Xxq} # moamuoxkecTs {Kg} 3a1ai0T T€OPHIO CyIEPXapaKTepoB
rpynnst GLY(n,Fy).

JIureparypa. [1| P.Diaconis, [.M.Isaacs, Supercharacters and superclasses for algebra groups,
Trans.Amer.Math.Soc., 2008, vol. 360, 2359-2392. [2| A.H.ITanos, Teopusi cymepxapaxrepos st
Py 0OpaTUMBIX JIEMEHTOB IPUBEIEHHBIX airedop, Asredbpa u anaaus, 2015, 1.27, no. 6, 242-259.

Camapckuil HaIlMOHAJIBHBIN HCC/IeI0BaTeIbCKUil yHUBepcuTeT nMeHn akageMuka C.I1.Koposera

e-mail: apanov@list.Tu

A. B. IleryxoB (Mocksa)
[Ipencrapienuss W-asrebp n ajredpbl 3ur-3ara

B cBoéM foKJIa/1e X0Uy MIPEICTABUTh Pe3yJIbTaT 00 3KBUBAJEHTHOCTH OJIOKOB KATErOpUii KOHETHO-
MEPHLIX [IPEICTaBICHUI aarebpbl MUHIMAILHLIX HAJILIOTEHTHLIX W-aJrebp BHE THIIA A KATEropusiM
npejicrapiaeHuil agareop 3ur-3ara, BBeIEHHBIX XOBAHBIM.

IIycts G — 310 HeKOTOpas upocras rpymmna Jlu wag C, a g — 310 eé anrebpa Jlu. Obozna-
9UM 4Yepe3 e € g BeKTop crapiiero Beca B g. Opbura Ge siBjsieTcss MUHUMAJIBHON 110 PA3MEPHOCTH
HIJTBITIOTEHTHOH opbuToit m Mbl 0603HAUNM €€ Oy, DIIEMEHTY € € ¢ COMOCTABJIAETCS aCCOIUATHR-
nas anarebpa U(g, e), HazpiBaemast W-anzebpoti (B Hamem ciaydae, upu € € Opin, — MUHUMAJIBHOR
HubIoTenTHON W-arebpoit).

W3BecTHO, YTO HEMPUBOIUMbIE KOHETHOMEPHBIE TIPEJICTaBIeHus W-aarebp COOTBETCTBYIOT MPH-
MHUTHBHBIM HjieasaM B U(g) (T.e. aHHYIsITOPAM MPOCTBIX MOJLYJICH); HEIPUBOJAUMBIE ITPE/ICTABIICHIS
U(g, €) nHaxogarcs B GueKIyuu ¢ NpuMUTUBHBIMEU ujeasiamu B anrebpe U(g), ubé acconumpoBaHHBbIE
MHOroobpasue copnaaaer ¢ 3aMbikanneM Ge = Opin. EcTecTBEHHO 03KHIATH, ITO OIUCAHNE BCEX KO-
HEYHOMEPHBIX IIpeacTaBieHuil W -ajarebp TeCHO CBA3aHO C ONUCAHUEM BCEX ABYXCTOPOHHUX HIEAJIOB
B U(g), ubé acconumpoBarHoe MHOroobpasue paBHO Opin.

B noknae 6ymer gaHo IIOJIHOE ONUCAHNE KATErOPUU KOHETHOMEPHDIX IIPeICTaBICHNA MIHIMAIb-
Hoii HubnorenTHO W-anre6psr U(g, e) BHe Tuna A (a st Tuna A si IOSICHIO TI04eMy OTBET JIOJIZKEH
ObITH KATETOPHYECKH OTIMIHBIM OT OTBETOB B OCTAJIbHBIX THUIAX).

OCHOBHBIM METOJIOM pEIeHUsT 3aJ[aUn sIBJISIETCsl aHAJIN3 JIEHCTBUsST Habopa TOYHBIX (PYHKTOPOB
Ha KaTeropun KOHeYHOMepHBIX mpejcrasienuii U(g, €), peaykius koropeix Ha K-rpymmy coBmnagaer
¢ JleficTBUM Tpynnbl Beiisist g Ha CBOEM eCTECTBEHHOM IpejcTaBIeHr Ha momanaredpe Kaprana.

UIIn PAH

H. 1. ITonydanos (Mocksa), O. B. Kpasuosa (Kpacuosipck)
O rpylIirax KOJIJH/IHG&]_H/Iﬁ KOHEYHBIX ITOJIYIIOJIEBBIX IIPOCKTUBHBLIX [LJIOCKOCTE

[Mosynonem HasbiBaeTcst ajgrebpandeckasi cucreMa (S, +, ), yJI0BIETBOPSIONIAs BCEM aKCHOMAaM
Tesla, 3a MCKJIIOUEHNEeM, BO3MOYKHO, ACCOIMATUBHOCTH YMHOMKEHUsI (KBA3UTEJO, B TEPMUHOJIOIHU
A. T. Kypoma). IIpoekTuBHast IJI0CKOCTb, KOOPJAMHATU3UPYEMasl TIOJIyIIOJIEM, HA3BIBAETCS TOJLYIIO-
JIEBOIT IIJIOCKOCTBIO, OHA SIBJISIETCSI ILIOCKOCTBIO TPAHCIANMN U JyasbHa IJIOCKOCTH TpaHC/asnmil. B
YaCTHOCTH, KOHEYHasl IIPOEKTUBHASI IJIOCKOCTH KOOPMHATU3UPYETCsI TI0JIEM TOIJIa U TOJBKO TOIJIA,
KOTJIa OHA, JIe3apProBa.

MsBecrHa rumoresa |1 o pazpermmMocTy OIHON MPYIIIbI KOJUIHHEeAI i (aBTOMOPMU3MOB) BCSAKOI
IOJIYTI0JIEBOI HeJ[e3aproBoil IIIOCKOCTH KOHEYHOro mopsizika (cM. Takzke [2], Borpoc 11.76, 1990 r.).
K macrosmemMmy MOMEHTY 3Ta TUIIOTE3a MOATBEPXKIEHA JIUIID 1T HEKOTOPBIX KJIACCOB MOJTYOJIEBBIX
wiockocreit (|3,4] u ap.).

B npeanosioKennn Hepa3penmMOCTy MOTHON IPYIIBI KOJUTMHEAIi TPOCThIe KOMITO3UIMOHHbIE
daxTOpbI OJIZKHBI ObITH U30MOP(MHBI U3BECTHBIM MIPOCTLIM TpyIaM. IIpemiaraercs paccMOTPETD
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cJlydad, KOrja IPYyIIa aBroTonu3MOoB (KOJUITMHeauil, PUKCUPYIONIUX TPEYTOJbHUK) COAEPKUT MOJI-
rpymmny Jaubo (hakTOp-rpymIy, n30MOPMHYIO 3HAKOTIEPEMEHHON TpyIine As, MOArPYIIe 3HATUTEb-
HOT'O KOJIMYECTBA MMPOCTHIX HEeabeIeBbIX IPYIII.

[Tosyuen psi TeXHUYECKUX PE3YJILTATOB. BBISBIIEHBI cepUM KOHETHBIX MTOJTYIIOIEBBIX IIJIOCKOCTEH,
He JIONYCKAIOMINX TIOrPYIIILI aBTOTOMN3MOB, n30MopdHoi As 160 SLa(5).

Bropoit aBrop nomaepxkan rpanrom POOU (mpoekt 19-01-00566).

JIureparypa. [1] D. R. Hughes, F. C. Piper. Projective planes. Springer—Verlag New—York Inc.,
1973. 2] B. . Masypos, E. 1. Xyxpo. Hepemienubie Bonpocsl Teopun rpyii. Koyposckasi rer-
paab. Vzmanme 16-e, jormosiHeHHoe, BKJIIOYAIOIIEe apXUB pemreHHbIX 3aiad. Hosocubupcek, 2006.
[3] H. Huang, N. L. Johnson. 8 semifield planes of order 82. Discrete Math. 80 (1) (1990), 69-79.
[4] H. 1. ITonydauos, B. K. dypakos, O. B. Kpasnosa, E. B. [lypakos. O 110JyI10JI€BBIX [IIOCKOCTSIX
nopsyika 162, Cu6. Mar. 2Kypn. 37 (3) (1996), 616-623.

Poccuiickast akajgeMust HayK
Cubupckuit (eiepaJibHbI YHUBEPCUTET

e-mail: ol71@bk.ru

A. . Co3zyros (Kpachosipck)
O I'pyliax C¢ 9HI'€JIEBBIMU 3JICMCHTAaMN

DjIeMeHT a TPOM3BOJIBHON rpynnbl G HasbBaeTcs anzeaeswuim [[1], crp. 541|, ecom mis soboro
sstemerTa b € G cyliecTByeT Takoe 3aBHCHINEE OT HEro HaTypaJsbHOe 9ucsio n = n(b), 9To BBIIOJ-
HACTCS paBeHCTBO [...[[b, al, al...,a] = [b, na] = 1. CBoiicTBa U PACIOTIOKEHNE FHIEIIEBBIX JIEMEHTOB
B Ipyniax usydajnch MHoruMu asropamu [[1], crp. 540-544]. CocTaBisior Jin SHeIeBbl 3JIEMEHTH
noarpymy (pagukas [[1], crp. 515-520]) — oJuH U3 OCHOBHBIX HCCJIELYEMBIX BOIPOCOB. 3/€Ch OH
peIaeTcst IIPH HEKOTOPBIX €CTECTBEHHBIX OrPAHMYCHHSIX.

DHresieBblil 3j1eMeHT a Tpymnbl G HA3bIBAEM KOHEUHbIM IH2EAC6bLM |2|, ecim Bce MOArpyIIIbL
(a,a%) KOHEYHBI M, 3HAYUT, HUJILIIOTEHTHBI. J0Ka3aTe/beTBa Pe3yJIbTaToB, paHee aHOHCUPOBAHHBIX
B [2], orupasiiensl B evars [3]; npusegem dopmynupoku teopem 3-5 u3 [3]:

Teopema 1. Eciinu a — koneunblii suresieBblit m-smement rpynnsl G u Cg(a) — apruHoBa rpymnna,
10 (a®) — uepHukoBcKas m-rpynna u G — apTHHOBA IPYIIIA.

Teopema 2. Eciiz B rpymnie G ecTb KOHEUHBII 9HIEJIEB SJIEMEHT G C APTUHOBBIM [EHTPAIU3ATOPOM
Cg(a), To G apTHHOBa TPYIIA U BCE €6 KOHEYHbIE SHIeJIeBbl 9JIEMEHTHI COCTABIISIOT YePHUKOBCKUIL
JIOKAJIbHO HUJIbIIOTeHTHBIH pajukan PH(G).

Teopema 3. ComnpsizkeHHO OGUIIPUMHUTUBHO KOHeuHas p-rpymna (p-rpymna [IlyHkosa) ¢ KOHEUHOM
MaKCHUMaJIbHON 9JIEMEHTAPHON abeIeBoil MOATrPYIIIOi SIBISETCS YePHUKOBCKON I'PYIIIOH.

Kaxk mzBecTHO, MHOXKECTBO CUETHBIX aPTHUHOBBLIX I'PYII KOHTHHYAJbHO, & MHOYKECTBO Y€PHUKOB-
CKUX Ipymil cueTHo. [o9ToMy ymecTHO oTMeTHTh, 9To eciu B yciaoBusax teopem 1-2 Cg(a) — dep-
HUKOBCKasl rpyiia, 7o u G OyIeT YepHUKOBCKOI TPYIIIOi.

B macrosiee BpemMst Besiercss paboTa HaJl TOKa3aTeIHCTBAMHI TAKUX TEOPEM:

Teopema 4. Eciin a — koHeuHblii sHresieBbiit B G p-3j1eMeHT U cuiioBckue p-noirpynisl B Ca(a)
apTUHOBBI, TO (aG) — YEepHUKOBCKasl p-TpyMIa.

Teopema 5. ¢ @ — KOHEUHbBII SHTe/IeBbIl B G 3JIEMEHT IIPOCTOTO TOPSIIKA P U BCE dJIEMEHTapHbIE
abesesnl p-ioarpymst B Cg(a) komedmnst, To (a®) — wepruKOBCKas p-rpyra.

Wccnenopanme BBITOJHEHO TPHU pUHAHCOBON momgepxkke PODPU B paMKax HAyIHOTO IIPOEKTA

Ne19-01-00566 A.

JInureparypa. [1] A. I'. Kypom, Teopus rpynn.— M., Hayka, 1967, 648 c. [2] A. 1. Cosyros,
O rpymmax ¢ KOHEYHBIM SHIEJIEBBIM 3jieMeHTOM. Te3. joki. MexyHap. anared. KoHb., MOCBIIEH-
Hoit 110-yteTuto co gust poxkaenus: npodeccopa A.I. Kyporma.— M.: Uza-Bo MI'V (2018), 179-180.
[3] A. 1. Cozyros, O rpynnax ¢ KOHEUHBIM SHI€JIEBLIM 3JIeMeHTOM. Ajirebpa u Jioruka (B medarn).
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Cubupckuit dejiepajibHbIil YHUBEPCUTET
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E. B. Cokouios, E. A. Tymanosa (I1sanoso)

06 AIIIIPOKCUMUPYEMOCTHU KOPHEBLIMM KJlaCCaMM HEKOTOPbLIX CBO60,ZLHBIX KOH-
CTPYKIUIT TPYIIII

Hacrosiiiiast pabora mocBsilieHa UCCJIEI0BAHNIO aIlllIPOKCUMUPYEMOCTH KOPHEBBIMHI KJIACCAMU JIpe-
BecHbix npousseennii 1 HNN-pacmupenuit rpynn. Hanomunwm, aro corsacuo [1] knace rpynm siB-
JISTeTCsI KOPHEBBIM TOTJIa U TOJIBKO TOIJIa, KOTJA OH 3aMKHYT OTHOCHTEILHO B3SITHS HOJAIPYIIT U Pac-
IIUPEHNIA, a TaK»Ke BMeCTe C JIOOBIMEU ABYMs IpynnaMu X U Y CONEP:KUT JIEKAPTOBO IIPOU3BEICHUE
BUJIA Her Xy, rae X, — usomopdnaa Konus rpymnnbsl X s Kazkjgoro y € Y. M3 npusejienHoro
OIIpeieJIeHUsl JIETKO CJIEAYET, UTO IepecedeHne JII000ro Incja KOPHEBBIX KJIACCOB — CHOBa KOpHE-
Boii Kjacc. B wacrHocTH, eciim C — KOPHEBOIi KJjacc, TO Kjace Beex C-rpymi 6e3 KpydeHusl TaKyKe
SIBJISIETCST KOPHEBBIM.

IIpu m3ydeHun ammpoOKCUMHPYEMOCTH KOpPHEBBIM KJjaccoM C Jito60il cBOOOIHONH KOHCTPYKIIAK
IPYII OCHOBHBIM SIBJISIETCSI BOIIPOC O HACJIEIOBAHUM JAHHON KOHCTPyKIMeil cBoiicTBa C-ampok-
CUMUPYEMOCTH OT TPYII, U3 KOTOPBIX OHA IOCTPOEHA. B IMOIHOM 00beMe OTBET Ha 3TOT BOIIPOC
M3BECTEH TOJIBKO B CJIyUae CBODOIHOIO IIPOU3BEIEHNS IIPOU3BOJIBHOIO CEMENCTBA I'PYIII. AIIIPOKCH-
MUPYEMOCTL H0Jjiee CJIOXKHO YCTPOEHHLIX KOHCTPYKIM, TaKUX KakK CBOOOIHOE IIPOU3BEICHUE C 00b-
equneHHol noarpynmnoit 1 HNN-pacmmpenue, n3yvaiT Ipu PasjndHbIX JOMOJTHUTE/TbHBIX OI'PaHU-
YEHUSX, HAKJIAAbIBAEMbBIX Ha IPYIIIbI, U3 KOTOPBIX OHU IIOCTPOEHLI, 00bEINHEHHBIE U CBI3aHHbIE
HOJ'PYIIIBI, & TaKyKe Ha allllpoKcuMupyomuii kiace (cMm, Haupumep, [1-6]). B Hacrosimeit pabore
TAKUM OIPAHUYEHHUEM CJIYXKHUT LEHTPAJbHOCTh OObeIMHEHHBIX U CBSI3aHHbIX [IOAPYIIIL.

[Tycrs T' — KOHE4YHOe JIepeBO ¢ MHOYKeCTBOM BepiinH V' u MHOXKecTBOM pebep F, P = (G, (v €
V); Hyw = Hyy ({v,w} € E)) — coorBeTcTByIOIIee eMy apeBecHOe mpomnsBejenue rpymui G, ¢ 06b-
eJIMHEHHBIMY TIo/rpynnamMu H.,,,, npudeM s Jsioboro pebpa {v,w} € E noarpynmna H,, jiexar
B IleHTpe rpynnbl G, noarpynna H,, — B neaTpe rpyumsl G,. Berony majee OyaeM cInTaTh TaK:Ke,
qro C — KOPHEBOH KJIAacC Py, 3aMKHYTBI OTHOCUTEILHO B3ATHS (PAKTOP-TPYIIL U COMEPKAIIIA
X0Ts1 ObI OJHY HeeauHUUHYIO rpyiny. CripaBeinBa

Teopema 1. Ilycrs kaxkmast BepimuHHas rpymmna G, C-annpokcuMupyeMa 1 00J1a1aeT roMoMopgu3-
MOM 0, Ha rpyIiry u3 Kjacca C, ”HbEKTUBHBIM Ha BCEX PEOEPHBIX MOIPyIIax, jJexaimx B G,,. Torma
cyImecTByeT romoMopdusM ¢ rpynnsl P Ha rpyny u3 kiacca C, MPOo/KAONNi TOMOMOP(MUIMBI 0,
(v € V), u, B yactaoctn, rpynna P C-anmpokcumMupyema.

[Tycts B jlonoiHeHNe K 3TOMy Bee rpymibl Gyo, (v € V) He uMeroT KpydeHusi u Jjisi JIEOOOro
pebpa {v,w} € E noarpynna H,,,0, nsonmuposana B rpyiie G,o,, noarpymmna H,,o,, n3oiuposana
B rpytne Gy,0,. Torma obpas roMmoMopduaMa ¢ MOXKHO CIMTAThH TPYHIOH 6e3 KpydeHUs U HOTO-
My, ecau Bee rpynnsl G, (v € V) anmpokcumupyiorest C-rpynmaMu 6e3 KpydeHusi, To u rpyima P
armrpokcumupyercsi C-rpymnnamu 6e3 KpyJdeHus.

Konkpernbsim mpuMepoM mpuMeHeHUsT TeOpeMBI 1 CITyzKUT

CaenctBue 1. ['pynna P sBisercs C-allipoOKCUMUPYEMOii, ecjid it Jito0oi BepiuHbl v € V' BbI-
[TOJTHSIETCST XOTsI ObI OJIHO U3 CJICIYIONIUX TPEX YCJIOBUIA:

1) rpynna G, npunamiexur kiaccy C;

2) rpynma G, C-anmpokcuMupyeMa U Bee JieXKalue B Heil peGepHble MOrPy bl KOHEUHbI;

3) rpynna G, anmnpokcumupyercst C-rpynnamu 6e3 KpydeHus U Bee JieyKalllie B Heil pebepHbIe
MO/INPY B UMEIOT KOHETHBIN PAHT.

[ycrs Teneps B(t) = (B,t; t7'Ht = K) — HNN-pacmmpenue rpymnsl B co CBS3aHHBIMH
moarpymnavu H n K, nexarmumu B rieatpe B. Vmeer mecto

Teopema 2. [Iycts rpymmna B C-anpoKCUMUPYEMa U BBITIOJIHSIETCS OJTHO U3 CJIELYIOIIUX JIBYX YCJIO-
BUil:
1) xiacc C coJiepKuT X0Tst Obl OJIHY HENEePHOMUYECKYIO IPYIILY U CYIIeCTBYeT TOMOMOPMU3M p

rpynnbl B Ha rpymny u3 kiacca C, UHbEeKTUBHBIN Ha nonrpynnax H, K;
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2) kyacc C COCTOUT U3 NEPUOANIECKUX IPYIII U CYIIECTBYeT roMOMOpMU3M p rpyiiibl B Ha rpyn-
my u3 kiaacca C, MHbeKTUBHBIHN Ha noarpynmnax H, K u takoit, auto HpN Kp = 1.

Torma cymecryer romomopdusm o rpynnsl B(t) Ha rpymiy u3 kiacca C, TPOJOJIZKAIONIMIA p,
u, B gactHocTH, rpymna B(t) C-annpokcuMupyema.

Ecisin B nonostaenue K sromy rpyiia Bp He uMeeT Kpydenust u noarpytibl H p u K p n301mpoBaHb
B Heii, To 06pa3 roMmomMopdu3Ma ¢ MOXKHO CYUTATh IPYIIOI 0e3 KPydeHus U [I0TOMY, ecyiu rpynna B
anmnpokcumupyercst C-rpynnamu 6e3 Kpydenust, To u rpynna B(t) ammpokcumupyercsi C-rpymimnaMu
0e3 KpydeHus.

[TpuBonnmoe Jrasee yTBepzK/IeHIe 06001aeT OCHOBHBIE Pe3yJIbTarhl U3 (3.

CaencrBue 2. I'pynna B(t) siisiercst C-annpoKCUMUDPYEMOii, €C/IM BBIIOJIHSIETCsl XOTs Obl OJIHO
U3 CJIEJIYIONUX TPeX YCJIOBUIL:

1) rpynna B npunajgexur kiaccy C u H N K = 1;

2) rpynna B C-annpokcumupyema, noarpynnsl H, K koneunsl u H N K = 1;

3) rpynmna B anmpokcumupyercst C-rpymnmaMu 6e3 Kpydenusi, noarpynmnsl H u K umeoT KoHed-
HDBII PaHT.

Herpynuo mokaszars, uro eciu I' — koneunbrii rpad rpymnmn u Bce pebepHble MOAIPYIIIBI I'pa-
da I' koneunsl, To C-annpokcumupyeMocTs dyHmamenTaabuoii rpymmst 71 (I') Biaeder 3a coboii cy-
IECTBOBaHUE TOMOMOP(U3MA ITOH IPYIIbI Ha IPYyHILy n3 Kjaacca C, HHbEKTUBHOTO Ha KaXKJIO# pe-
Gepmoit moarpymme. B obmem cirydae, oHaKko, HAJXYINE TAKOTO TOMOMOP(U3MA, JTOCTABIISIEMOE TEO-
pemamu 1 u 2, gBisiercss 0oJiee CUJIBHBIM yTBEPKJIEHUEM, U UMEHHO OHO 3a9aCTYIO HCIOJIB3YeTCS
[IpU JIAJTBHENIITNX UCCIIEI0BAHUIX AlIPOKCUMUDPYEMOCTH (DYHIaMEHTAJILHBIX IPyII I'padoB, pedbep-
HbIE MOJPYIIIBI KOTOPBIX yKe He 00s13aTeIbHO KOHEUHBI (CM., Hanpumep, |2, 4, 6]).

Paboma evimoarerna npu gunancosoti noddeporcke Poccutickozo gonda dyrndamenmanvrur uccaedo-
saruti, npoexm N 18-31-00187.

JIureparypa. [1] E. V. Sokolov, A characterization of root classes of groups. Comm. Algebra,
43:2 (2015), 856-860. [2] E. A. Tymanosa, O6 anmnpokcumupyemocT KopHeBbiMu Kiaccamu HNN-
pacimpennii rpymn. Mogern. n ananus uadopm. cucreMm, 21:4 (2014), 148-180. [3] . B. Tosbros,
Anmnpokcumupyemocts HNN-pacimmpenust ¢ NeHTpaJbHBIME CBA3AHHBIMU MTOJIPYIIIIAME KOPHEBBIM
kjaccom rpymi. Marem. 3amerku, 97:5 (2015), 665-669. [4] E. A. Tymanosa, O6 anmpokcumupyemo-
CTH KOPHEBBIMH KJIACCAMHU I'PYIIT 0O0OIIEHHBIX CBOOOTHBIX IIPOU3BEIEHNH ¢ HOPMaIbHBIM 00beInHe-
nueM. 13B. ByzoB. Maremaruka, 2015, Ne 10, 27-44. |5] E. B. Cokonos, E. A. Tymanosa, Tocrarod-
HbIE YCJIOBUSI AIIIPOKCUMUAPYEMOCTH HEKOTOPBIX O0OOMIEHHBIX CBOOOJIHBIX IIPOU3BEIEHUN KOPHEBBIMU
kiaaccamu rpymm, Cub. mareMm. )KypH., 57:1 (2016), 171-185. [6] E. B. Cokonos, E. A. Tymanosa,
AnnpokcnMupyemocTh KopHeBbIMu Kitaccamu HNN-pacmumpennii ¢ neHTPaJbHBIMU UKJIAYECKUME
cBsI3aHHBIMU morpyimamu, Marem. 3amerku, 102:4 (2017), 597-612.

WBaHOBCKMIT rOCyTapCTBEHHBIN YHUBEPCUTET

e-mail: ev-sokolov@yandex.ru, helenfog@bk.ru

B. A. Crykomnuu (Pocros-una-/lony)
006 n3oMopdU3Me THIMMAHOB U KBAHTOBBIX IIETJIEBBIX Cylepajreop

Mg cTponM n30MOPGU3M MEXKY STHIHAHOM CIIeIUaIbHON JIMHeHOM cyneparedpsr Jlu n kBan-
ToBOIT apbuHHON crenmuanbHO JuHeiHOI cynepanredpoit. Mbl TaK2Ke pacipocTpaHsieM IOCTPOEHHOEe
oToOparkeHne Ha KBAHTOBBIN JyOJ/Ib STHIHAHA M OIMUCHIBAEM 00pa3 MOCTPOEHHOro oTOpaxkenwms. Mc-
CJIeJlyeM CBSI3b MEXK/Iy KaTerOPHUsIMU IIPEICTaBICHU STHIMaHa 1 KBAHTOBOI IIETJIEBOI Cylepareophl.

JloHckolt rocynapcrBeHHbiil yauBepcuTeT, FOXKHBI MaTeMaTudecKuii UHCTUTYT

e-mail: stukopin@math.rsu.ru
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A. X. Tabapos, A. A. Hasunar6ekoB (Kyus6, Tajzkukucran), O. O. Komunos (/ymanGe,
TapKuKuCcTaH)

[Topsijiok v/1eMenTa 1 0000IIEeHNE WJIEMIIOTEHTHOIO 9JIeMEHTa B KBA3UTPYIIIAX

[ToHsTHE TOPSAIOK 3JIEMEHTa JJIs TPOM3BOJIBHBIX HEACCOIMATHBHBIX aareOpandecKuX CTPYKTYP
Pa3HBIMU ABTOPAMU OIIPeJIeIeHbl Pa3IMIHbIMU BapruanTamu. Ho obimas ujest, OOImil o/ 1xo;1 € IuHbI.
Hanpumep, B.A.Illep6akosbim B pabotre 1] BBemeno nousitue (m,n) - sieMeHTa KBA3UIPYIIIIb, IJ1e
M, N - TPOU3BOJIbHBIE KOHEYHbIE HATYPAJIbHBIE YHCIa. Boiiee TOro, BBEJEHbI KJIACCH (1M, n) - JIHHETi-
HbIX u (m, n) - T-kBasurpynn. Beuiy oTcyTCTBUSsI € IMHUIHOTO 3JIEMEHTA U 3aKOHA ACCOIUATUBHOCTI
B KBa3UT'PYIIIaX UMEIOTCS PA3IMIHbIE [IO/IXO/bl K OIPEIEIEHHUIO TOPsIJIKA IEMEHTa B KBA3UIPYIIIAaX.
M.M.Yo6au u JI.JI.Kupusik B pabore [2| BBesn nonsitue (m,n) - €MHAYIHOIO SJIEMEHTA W U3y IaJN
TOIOJIONMYECKUE MeJIMajbHbIe KBa3UTIPYIIbL ¢ (M, n) - eMHAYHBIM jeMenToM. 3sectHo [3], uTo
Besikast Jiynia MydaHnr siB/isiercst JuacColUaTuBHON, TO €CTh IIPOU3BOJIbHBIE JBA 3JIEMEHTa JIYIbI 10~
POXKJIAIOT MTOJIIPYIIILY, JieBas Jiyna BoJia sBJIsieTcst CTeleHHO aCCOIMaTUBHOI, TO eCThb JIOOOM 3JIeMEeHT
nopozkgaer noarpyiy. Ilopsijiok s/1eMeHTa CTeleHHO acCOIUATUBHOI JIybl ((Q, +) OIpeIeseTcst Kak
0OBbIYHOE IOHSITHE MOPsiJIKA dJIeMeHTa B rpymnnax [3].

Ounpenenenne 1. 3| Hopsadok saemernma x cmenenno accoyuamuenot aynv (Q,-) nasvieaemcs
NOPAJOK YUKAUNECKOT 2pynnvl < T >, KOMOPAA NOPONCOGEMCA IMUM INEMEHTNOM.

Ounpenenenne 2.[1|9aemenm = keazuepyno. (Q,-) umeem nopadox (m,n), ecau cyuecmsyrom
HAMYPaLbHYle Yucaa m u n, makue, wmo LT = R} = & u dasa npoussosvhoir mi, ny, 2de 1 <
m; < n, 1 < np < n, asemenm x neasasemca (m,n) - saemenmom, 2de L, u R, onemenmol
myavmunaukamuernot epynnu M(Q, ) xeasuepynnos (Q, ).

Sameuanwue. 13 onpesenenns 2 ciemyer, 9ro smement L, rpymmst M (Q), -) uMeeT HOPSIOK m u
ssieMeHT R, umeer nopsiaok n. [Tosromy nassanue (m,n) - HOPsJIOK dJeMEHTa MOXKHO UHTEPIIPETH-
poBarhb Kak (L, R) MOps/0K WIn JIBYCTOPOHHE! TOPSIIOK SJIEMEHTA .

DJICMEHT & HA3BIBACTCS WJIEMIIOTEHTBIM, €C/JIN T2 = .

ITo unyKIMN ONpeIessieTcs IpaBblii (J€BbIil) NIEeMIIOTEeHThIH S7IeMeHT CTyIeH: n(m), Tae n, m €
N.

Omnpenesienne 3. DaeMeHm T HA3LIBAEMCA NPAGHIM UOEMNOMERMHBIM CINYNEHU N, ECAU

n—pa3

CUMMETPHUYHO OIPEIETIAeTCH JIEBOH NIEMIIOTEHTHON 9JIEMEHT CTYIIEHU 1M

~
m—pa3

st kparrocTn ToxktectBo (1) u (2) 0603HAYNM CJIe LY IOIIM 00pA30M:

M =(((z-x)2)x)c=x 2=z (3)
n—pa3
Amnasoruvuso
My =z (z-(z-2).)=2, M=z (4)

m—pa3

Eci j1s1 371eMeHTa & BBIIOJIHSIETCs OJIHOBPEMEHHO TOXK1iecTBa (3) u (4), TO 3JeMeHT & Ha3bIBAeTCsl
UJIEMTIIOTEHTHBIM CTyIeHu (1, m).

IIo cymiecTByto onpejenerus 2 U 3 SKBUBAJIEHTHLI, B TOM CMBIC/IE UTO IJIEMEHT & KBA3UTDYIIIIbI
@, - UMeroIHii OpsIOK (1M, M) 9TO MIEMIIOTEHTHBI 3JIEMEHTBI CTyneHn (m,n) 1 Ha00OPOT.

IIpu n = m = 2 nosy4uuM > = = 0OBIYHOE HOHSATHUE HIEMTIIOTEHTHOIO 3JIEMEHTA B IIOJIYTPYIIIAX,
KBa3UIPYIIIAX U T.].

Hycrs zM = 2, y[") = y - nBe npaBommemmOTeHTHBIC 31EMEHTHI CTYIEHN N, KBA3UrpyIIs (Q, -),

v € Aut(Q,-), n € N.
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Torna
ol yly = (@) o), oWz M y) < o) M p(y).

Eciu ¢ - romomopdusm ksaszurpymmnst (Q, ) Ha kBasurpymiy (@, o). To

() = (), p(Ma) = (o(2)).

JlokazaTeIbCTBO JIErKO ITPOBOMUTCS WHIYKITAEH TI0 1.
[Tpumep. Iycrs (Q, ) - kBasurpynma 4-roro nopsiika @ = {a,b,¢,d} co cuenyromeii Tabiuueit
YMHOYKEHUST

O o e

SAERSURIQENES ) IS
ISEEISEESSUIRS NS N
QL 0|0
0 o Q&

JlerKo mpoBepuTh, uTo [a]* = a, [b]* = b, [¢]* = ¢, [d]* = d. 1o ecTb. [2]* = z,V2 € Q.

Hamee Wa = a, Wb #b, Ble = ¢, Bld = d, 10 ects [a]* =% ¢ = a.

Takum obpasom Vo € Q, x = {b,¢,d}, [z]° =z =z, Blo = b, Blp = ol = b, Bld = d, ¥d £ d.
DJIEMEHT @ SABJISETC UJIEMIIOTEHTHBIM 3J1eMeHTOM cTyrenu (4,4), sjementst b, ¢, d ujaeMIoTenTHbIE
9j1eMeHTHI crytern (3,4).

JIureparypa. [1] V. A. Sherbakov. On orders of elements in quasigroups. Bul. Acad. Stinite Repub.
Moldova, Mat (2004) no.2, p.49-54.]2] M. M. Choban and L. L. Kiriyak The medial topological
ouasigroups with identities, Applied and Industrial Mathematics. Oradea, Romania and Chishinau,
Moldova, Abstracts (Kishinev, Moldova), August 1995, p.11.[3] B. . Benoycos. OcuoBbl Teopun
kBasurpynn u Jyi. M.: Hayka, 1967.

Kynsabckuii rocymapcrBennblii yausepcurer uM. A Pynaxkun
TapKuKCKnT HAIMOHAJIBHDBINA YHUBEPCUTET

e-mail: tabarov2010@gmail.com

A. B. Tumenko (Mocksa)

O MOIIHOCTH PpeIIeTKN IOJMHOro00Opas3uii  MoJyrpYIIIOBOIO MHOI00Opa3ust
var Py

Onpenenenne 1. [lycte Py = D! = {(a,b,1|a? = ab = a,b*a = b?) — nsaTus/1eMeHTHBIT MOHOMT,

Teopema 1 [1]. Jlwo6ast moayrpyiia mopsijika nsiTh WK MeHee, OTJIMYHAs OT P21, SIBJISIETCSI HACJIE -
CTBEHHO KOHEeYHO Gasupyemoii. CiiegoBaTesibHO, B 9THX Caydasx penierka L(varS) Bcex mOIMHOIO-
obpasuii MHOrooOpa3usl, MOPOKIEHHOIO MTOJIYTPYIIIOi S, sSABjsieTcss He OoJiee, TeM CUETHOM.

Bomnpoc 1 [2]. dsnsercs iu MEOroobpasue var Py Hac/lecTBEHHO KOHeaHo bazupyembiM? Vimn, 9k-
BUBAJICHTHO, siBjigeTcst i permnerka L(var Py ) Beex HOAMHOT00Opa3Hii MHOT00ODasHst, HOPOKIEHHOTO
nosryrpymmoit Py, He 6osee, Wem caeTHoi?
Bompoc 2. Kakosa momuocts pemerku L(SIwS1)?

OxkasbIBaeTcs BOIPOCH! 1 U 2 0TYACTH CBA3AHBI MEXK/y COOOI.
IMpenyoxenne 1. varPy C SlwSL

IIpensnoxxkenune 2.
varPy = varPy V varLi V varNy. (1)

Sameuanne 1. Pemerounoe obbeunenne J0OBIX BYX moJMHOr006pasuit B (1) sBisiercs Hacie-
CTBEHHO KOHEYHO 0A3MPYEMbBIM.
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YacTudaHo npejjiokeHHas HHPOPMAIsS JOKJIaIbIBAIACh HA KOH(epeHuun KadeIpbl BbICIIEH
aarebpor B 2018 romy.

JIureparypa. [1] E. W. H. Lee, Finite basis problem for semigroups of order five or less:
generalization and revisitation. Studia Logica, 101 (2013), 95-115. [2] C. C. Edmunds, E. W. H. Lee,
K. W. K. Lee, Small semigroups generating varieties with continuum many subvarieties. Order, 27
(2010), 83-100.

@unancoBblit yaHuBepcuTeT 1pu [IpaBurenbcrBe Poccniickoit eeparnim

e-mail: alextish@bk.ru

A. B. Tokrapes (Mocksa)
OpTOroHATBLHOCTD JIBYX UJIEMIIOTEHTHBIX KBA3UTPYIII CO CBOMCTBOM: Z(ZY) = ¥

Ounpenenienne 1. Pacemorpum ajymrusayio abeseBy rpynmy (G,+) medernoro nopsinka N € N,
nycre G* = G\{0} - MHOXKeCTBO ee HEHYJIEBBIX 9JIEMEHTOB,

(N-1)/2

= U {zw}
i=1

Torma MHo2KecTBO
X ={=zi,yi}li =1,2,...,(N - 1)/2}

Ha3bIBACTCA CTapTEpPOM, €CJIM BBLIIIOJIHEHO CJICIYIOIIee CBOICTBO:

(N-1)/2

=1

ITpensoxkenne 1. s mo6oii agpuruBHOil abeseBoii rpynmnsl (G,+) HedeTHOro nopsijika 6e3 sJe-
MeHTOB Topsiyika 2 u craprepa X Haj (G,+) MHOXKeCTBO ¢ omeparuei

Q(X) = (G, x)

TaKoe UTO JJIsI JIFOOBIX JABYX S1,S2 € G

_f fx(s2 —s1) + 51,51 # 52
81X52_{ sl,s1 =52

ABJIACTCS UJIEMIIOTEHTHON KBa3UIPYIIION CO CBOMCTBOM

X (xxXy)=y.

Jlemma 1. [Ijst 100BIX IBYX CTapTEPOB

X ={zi,yitli=1,2,..., (N -1)/2}

X'= { {«f;,y;}h =1,2,..,(N-1)/2}

Haj1 abesieBoit rpynmoii (G, 4) HeYeTHOH MOIMIHOCTH 6€3 JIEMEHTOB HOPsiIKa 2 TAKUX, YTO

G* = {fx(9) — fx'(9:)|gi € G*}

kpazurpynmnbl Q(X) n Q(X?) opToroHaIbHLL
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Paccmorpum koneunwre nong Fy qna ¢ = ef + 1,e = 28 k > 1, f - meuernoe. Paccmorpum
IPUMUTHUBHBIN sjemMeHT ¢ € FJ n cienyiomee pasbuenne My/lbTUINIMKATUBHON rpynusl Ff Ha e
KJIaCCOB pa3mepa f:

Ci={g"""t=0,..,f—1}

Ha MmOXKecTBe Kiaccos onepeesnum pasouenue {V, V=, Dt D~} ua 4 xnacca pasmepa 252
1) Berierst co snakom + (obosnatmm ux xak V). CVF =] cys g

2) Boruerst co snaxoM - (obosnaunm ux kak V7 ) CV™ = J,cp- g

3) Boruerst co snakoM + (o6osmatmum ux kax D¥); CDT = cp+ g

4) Boruerst co snakom - (obosnaunm nx xax D™); CD™ = J,cp- g

Hns samanubix  kodbdunuenros f1,F2 € NQR(F, o ) i HEKOoTOporo pasbuenuss T =
{V*, V=, D% D™} na muoxkectse knaccos {Cy, C1, ..., Cas_1} obosnaunm TQ-craprep Kak craprep
BHJIA:

XT(ﬁlvﬁQ) - {(%,Bll’), (—l',,BQ.I')},
rex € CVT,—x € OV~ ,pix € CD*V Box € CD.

Jlemma 4. [lnsa maoboro #ederHoro umciaa ¢ = p°, takoro dro ¢ = 2°5f + 1, tne f € N -
HedeTHoe umnciao, s € Njs > 1, p - mpocroe HederHoe wUmcyo, (s-dernoe u p° = 1 (mod 4))
wm (p =1 (mod 8)) u nekoroporo pazouenus T = {VT V~ DT D~} na mHoxecrBe KjaccoB
{Cy, C1,...,Cos_1}, ecam CcyIecTByOT /1B TAKHE JIEMEHTA

p1€C;,Cie DT | By € Cii9s-1,C;19s—1 € D™, uTo

B1— 1€ NQR(E))
Ba+1€ QR(F))
Ba —1€ NQR(F)
B1+1€ QR(F))
B1— B2 € NQR(F)
i
B1—1€ QR(F))
B2 +1€ NQR(F;)
B2 — 1€ QR(F)
B1+1€ NQR(F;)
B — B2 € NQR(F)),
to kBasurpynunsl Q(Xr (51, —052)), Q(Xr (P2, —F1)) oproroHaILHBI.

JIureparypa. [1] OcuoBbl Teopuu kBasurpyun u jyi. Besoycos B./l. UsnarenscrBo Hayka, 1967
roz. [2] On two-quotient strong starters for Fq . Carlos A. Alfaro, Christian Rubio-Montiel, Adrian
Vazquez Avila. http://arxiv.org/abs/1609.05496. Submitted on 18 Sep. 2016.

MockoBckuit rocymapcTsennblii yausepcurer nmenn M.B.JIomonocosa

e-mail: toktarev@gmail.com

B. JI. Ycoabues (Bosrorpas)

O pemerkax mnojgaJjredp Pruca B HEKOTOPBIX KJlaccax TeEPHAPHBIX aredp ¢ OJTHIM
OIIepPaTOPOM

O6o3HauuM yepes A 4 HyJIeBYyI0 KOHIPySHIINIO ajareopol A, a yepesz ConA u SubA — pemlerku ee
KOHTPY3HIHH 1 momanaredp coorsercreenno. [lomanrebpa B € SubA maswsiBaercs momanrebpoit Puca,
ecn B2 U Ay ectb kourpysuius anre6pol A. Konrpysunus 6 € ConA Ha3biBacTCs KOHIDYSHIIHEH
Puca, ecoin @ = B? U A4 st mekoropoit B € SubA.
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[Monoxum () € SubA. Tlpu 3ToM ycI0BUM COBOKYIIHOCTBL Beex nomaiaredp Puca anre6pbr A o6-
pasyer perierky SubrA [1] orHOcuTesNbHO BKiOYeHHs. Mbl paccMarpuBaeM pelIeTKH I10ajrebp
Puca anrebp (A, d, f) ¢ oneparopom f, rje d — onHa u3 TepHapHBIX onepanuii p(z,y, z), s(z,y, z),
m(z,y, z), onpeJeseHus] KOTOPbIX MOXKHO Haiitu B [2|. Ouepaiust p(z,y, z) ABISETCS MAJbIEBCKOI
u onepanueii [ukcau (nmm 2/3-oneparyieil MEHBIIUHCTBA), TO €CTh, YJOBJIETBOPSIET TOXKIECTBAM
p(z,y,y) = p(y,y,x) = p(z,y,x) = x. Onepanus s(x,y, z) TakxKe sIBJISIETCs] MaJbIEBCKOIl, U Kpo-
Me TOro, Olepalfeil MEeHbITMHCTBA, TO €CTh, YJIOBJICTBOPsieT ToXKjaecTBaM s(z,y,y) = s(y,y,z) =
s(y,z,y) = x. Oneparuss m(x,y, z) sBIETCs onepanuei GOJIBINUHCTBA, TO €CTh, YIOBJIETBOPSET
roxnecrsam m(y, x,x) = m(x,z,y) = m(x,y,z) = x.

Yepes C!, rme h > 1, t > 0, obosnadaercst yHap (A, f) ¢ TIOPOKIAIOMIM 3JIeMEHTOM @, 33 aHHbIiT
onpeesionum cootromennem f(a) = f"(a). Yuap (A, f) HaspBaercs CBAZHLIM, eCiH JJIs JTIO-
6bix .,y € A Boinosasiercs yeaosue f(z) = f™(y) as mekoropbix n > 0,m > 0. MakcuMaibHbIi
0 BKJIIOYEHUIO CBSI3HBIN MOyHAD yHapa A Ha3bIBaeTCs KOMIIOHEHTOH cBsisHOCTH yHapa A. O0beau-
HeHue JIBYX Herepecekaronmxest ynapos B u C' HasbIBaeTcst UX CyMMoit 1 obosHadaercs yepes B+ C.
DnementT a yHapa (A, f) Ha3bIBaeTCs HENOABIKHBIM, ecau f(a) = a.

Teopema 1. Pemerka SubrA nopanrebp Puca anrebper (A, d, f) sBisercs aucrpubyTHBHOI TOrIa
U TOJIbKO Torja, Korja yHap (A, f) mubo comepkut He GoJsiee OJHONO OJHO3JIEMEHTHOIO MOJLyHApa,
60 mzomopden CY + CY + B, rie B — mpousBobHbIi mojtyHap (BO3MOXKHO, TiycToit) yHapa (A, f),
He COJIep KAIINI HETOABIKHBIX 3JIEMEHTOB.

Teopema 2. Pemerka SubrA nonanre6p Puca anrebpsr (A, d, f) sBisiercs MOJIYJIsIPHOl TOTIa U
TOJIBLKO TOTJa, Korja yHap (A, f) ;mbo comep:kur He Gojiee OJHOIO OJJHOIJIEMEHTHOIO IOJyHApA,
JinbO BCE €ro OJIHOIJIEMEHTHBIE MTOJIYHAPBI SIBJIAIOTCH KOMIIOHEHTAME CBSA3HOCTH.

JIureparypa. [1] R. F. Tichy, The Rees congruences in universal algebras. Publ. Inst. Math.
(Beograd), 29 (1981), 229-239. |2] B. JI. Vcombies, O raMuIbTOHOBLIX TEPHAPHBIX ajirebpax ¢ orre-
paropamu. Yebpimesckuii ¢6., 15(3) (2014), 100-113.

Boarorpaackuit rocyapcTBEHHBIN COMUAIBHO-TIEJATOTNIECKAN YHUBEPCUTET

e-mail: usl2004@mail.ru

JI. M. IIpi6yns (Mocksa)

O T-mpocTpaHcTBaxX N-CJI0B B OTHOCUTE/ILHO ¢BOOOIHOI asirebpe ["paccmana 6e3
eJIMHUTIBI B XapaKTePUCTUKe 2

B macTosimeit 3aMeTke mpoio/IzKaeTcs N3y 9eHne BOIpoca 0 B3aMMOCBS3H He YHUTAPHO 3aMKHY ThIX
T-upocrpaucts W, u W,, upu r > n (cm. [1], [2]) B omnocumenvro c60600noti arzebpe I'paccmana
F®) = k(zy,...,2zq...)/([[x1, 22], 23])T 6es edunuup, Han GeckomednbM mOTEM k XapaKTePHCTHKE
2. Ciryvail IpoU3BOJILHON HEUETHON XapaKTePUCTUKHU 3/1eCh HE PAcCMaTPUBAETCsl, HO OYJIeT IpejMe-
TOM JIaJbHEAIIero u3yvdeHuss B IOCIELYOMUX paboTax. B Hy/eBoil XapaKTepUCTUKE BCE JOBOJBLHO
npospasmo (e, [1]): FG) = W, > Wy D W3 D Wy O ...

HanomuuM, 4T0 00pasbl CBOOOIHBIX IEPEMEHHBIX anredpsl k(T1,...,x;,...) B anrebpe [F 3) 660-
3HAYAIOTCs TeMu Ke OykBamu. T-npocTpancTBo W, MOPOKIAETCST BCEMU N-CA0GAMU, T.€. OJHOYTIe-
HAMME, COJIEPKAIIIMU KarK/[yI0 CBOIO TIEPEMEHHYIO ¢ KPATHOCTBIO N (HuzKe jiyist yjpobcrsa W, uHorIa
6yaeM HasbBaTh T-TpocTpaHCTBOM N-cJioB). ViMenHo T-mpocTpaHCTBO 2-CJIOB B XapaKTEPUCTUKE 2
JIaJI0 MEPBBIi MpuMep He KOHEeYHO Gasupyemoro T-mpocrpascTBa [3], HPAKTHYECKH TOCITY KUBIIETO
OCHOBOI1 /11 pentennsi anajora npobaeMsr [lnexra B Hemynesoit xapakrepucruke. [Ipuvepro B 910
ke BpeMst jpyrumu asropamu (cum. [4], [5]) 6buin npeioxkeHbl HOBble KOHTPIPUMEDDI K 3TOi PO-
GJ1eMe, B TOM WJIM MHON Mepe UCIIOJIB3YIONIE KOHCTPYKIUIO OECKOHETHO 6a3upyeMbIx T-IPOCTPAHCTE
B T-TIPOCTPAHCTBAX N-CJIOB.

CorytacHo pesysbraTaMm paboThl [2| B XapakTepuCTHKe 2 MOXKHO MOCTPOUTH CJIEYIOILYIO Jua-
IrpaMMy CTPOIUX BKJIIOUEHUH, HECKOJIBKO MPOSICHAIONLYIO CBI3b MeXK Ly T-IPOCTPAHCTBAME T-CJIOB 1
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N-CJIOB.

U U U U
Wy D ng D) ng D) W2n3 D)
U ? ? ?
Wy D Wy, 7 Wy, 70 Wy 7
U ? ? ?
Ws D Wss, 7 Wgy, 7 Wsay, 7
U 2 2 2

Baecb myp > 1, (m;,2) = 1, my < 2n4, (n,2) = 1, n; < 2y, (ri,2) = 1, 1 < 2s;, (84,2) = 1,
mi; < mj, n; <nj, 1 <rj, 8 <sjurgupni<j,i,j=12,....B[2] 6bu0 g0Ka3aHO, YTO 3HAKH
BOILIPOCOB BCIOZY B 9TOM [[HarpaMMe 3aMeHsIOTCs Ha 3HAKH CTPOrUX BKJIOYEHUH, €CJH 7; U Tj, S; U
$j, & TAKIKE N U T4, 75 U S, U T.J1., COOTBETCTBEHHO, CBSI3aHbI OTHOIICHIEM JICJIUMOCTH (3aMETHM, 4TO
JUIS IEPBBIX JBYX CTPOK JEJIUMOCTH 7; Ha 1M, & TaKxXKe n; Ha n; 1 m; Ha m; He Tpebyercs). Oqnaxo,
KaK II0Ka3bIBAeT CJIeIyIolas TeopeMa, JCIMMOCTL 7 Ha 1 He Hy’KHa, eCIM COOTBeTCTBYIONIHE UM
T-npocrpancrsa W, u W,, HaxonaTcss B OIHOI U TOM »Ke CTPOKE JTHAIDAMMAUBL.

Teopema 1. Ilyctb r u n mesdarcs Ha ONHY U Ty Ke CTelleHb 2, IpudeéM 7 > n. Torma B ajaredbpe F®)
HaJ| TI0JIEM XapPaKTEPUCTUKU 2 BBINOJHEHO cTporoe BKioueHue W, C W,.

TlonoxxuB B npUBeAEHHON nuarpamme m; = 2t +1 =n; =r, = 8 = ..., 1 = 1,2,... 1 uc-
TIOJIb3Ysl yTBEPXKIAEHNE TeOPEMBI 1, TOCTPOUM CJIeAYIONIYIO AUarpaMMy CTPOTHX BKJIIOUEHUN MeXKITy
paccMaTpuBaeMbIMU 1 -ITPOCTPAHCTBAMU.

FO = W, > Wy > W; > W, >

U @) @] U
W O Wg DO Wig D Wiy D
U @) @) U
Wys DO Wi D Woy D Woeg D
U @) @) U
Wsg D Woyy D Wyg D Wi D
U @) @) U

U3 pesymnbraros paboThl (2| ciieryeT, 9To ecoiu T IeJINTCs Ha MEHBIILY IO CTelleHb 2, ueM N (1in BoobIe
He JIEJIUTCS Ha 2), TO upu r > n Ji0boii smemerT W, mponsBoJIbHON CTPOKU MOCIIEHEN JruarpaMMbl
He CBSA3aH OTHOIIEHNEM BKJIIOUEHUS] HU C KAKUM dJ1eMeHTOM W,, 13 HUXKeCJIeAYIOIMNX CTPOK, XOTs UX
nepecevenue Henysnesoe: W, ¢ W, W, 2 W, W, n'W,, # {0}.

B ciayuae ke, korma r gesmTcs Ha OOJBIIYIO CTEEHL 2, YeM 71, BOIMPOC O BKJOUYeHHH W, B
W,, ocraercst moka OTKpBITBIM. VIMEIOTCS KakK IMOJIOYKUTEIbHbIE, TaK U OTpuliaTe/bHble IpuMepbl. C
OJIHOI CTOPOHBI, U3 3TOW AMArpaMMbl BUIHO, 9TO T-IIPOCTPAHCTBA N-CJIOB U3 PA3HBIX CTPOK MOIYT
OBITH CBSI3aHLI OTHOIIEHHEM CTPOrO BKJIIOUeHMs, HanpuMep, Wog C W, xora 6 e gemut 20. Moxkno
Tak»XKe IMoKa3arhk, 9T0 Woy C Wig. C mpyroit cTOpoHBI, HECJIOKHO IIPOBEPUTH, 9TO Wou ¢ Waoq.
He uzBectno, BbInONHEHO Jin BKjtoueHue Wio C Wig. Ho mokasano, uro ecsiu r > n, To J1060it
ajiemerT W, 1rarpamMMbl, KpoOMe KakK U3 [epBoil CTPOKH, Jie2kuT B W, caMoii BepxHeil CTPOKH, IpuIeM
JIEJIUMOCTD T HA N He HYKHA, KaK yTBEPXKJIAJI0Ch B [2].

Teopema 2. Ecu r > n, 1o npu derHoM r u nedernoM n B anrebpe FG) max nomem xapaxrepucruxn
2 BBINOJIHEHO cTporoe BkJouenne W, C W,,.

[To-BuauMoOMy, IMEIOT MECTO aHAJIOrK TeopeM 1 1 2 B IPOU3BOJILHON HEUeTHONH XapaKTePUCTHKE.
JlokazaTebCTBY 9TUX AHAJOIOB U PEIIEHUIO OTKPBITHIX BOIPOCOB OVIyT IMOCBSAIIEHBI HAIIN IaIbHei-
e UCCIeIOBAHUS.

JIureparypa. [1] A. B. punun, JI. M. Ipi6Gyas. O cTpyKType OTHOCUTENLHO CBOOOIHON aJrebpbl
Ipaccmana. // @yngam. npuki. mat., 2009, rom 15, Ne8, c. 3-93. [2] JI. M. Lpi6ymns. Ocuouble T-
IPOCTPAHCTBA OTHOCUTEJILHO CBOOOMHOM anrebpnl ['pacemana 6e3 1 // @ymmam. npuki. mat. 2018.
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B nevaru. [3] A. B. I'pumnn. Ilpumepsr e koneunoii 6azupyemoctu T-nipoctpancTs u T-ujieajios B
xapakrepucruke 2 // @yumam. npuki. marem. 1999. T. 5. C. 101-118. [4] B. B. Turosues. IIpumepst
6eckoneano 6asupyembix T-ujeanos // Oyupam. npuki. marem. 1999. T. 5. C. 307-312. [5] A. 4. Be-
a0B. O HerexToBbIX MHOrooOpasusx // @yumam. npuki. marem. 1999. T. 5. C. 47-66.

MockoBcKHil 11e/1aroru4ecKuii rocy1apCTBEHHbIN YHUBEPCUTET

e-mail: liliya-kinder@mail.ru

A. . Yucromnoasckas (Mocksa)
HunbnorenTHbIE TTOPOXK TAOIIIE TOJIYIPOCTHIX ajaredp JIn

Tlouck MuHEMAIBLHOrO HAOOpPA HMOPOKIAIONINX AJTEOPHI SBJISETCS BAXKHONH M AKTUBHO M3ydae-
Moit 3amadeit B reopun anre6p Jlu. B 1951 roay Kypanumm [5] mokaszas, aro Jobast moJtympocrast
ajirebpa JIu Haj| mo/IeM HyJIeBOI XapaKTepUCTUKHU TOPOXKIaeTcs IBYyMsI djieMeHTamMu. depes 25 jier
Nonecky [4] nokasas, aro ecim g — npocras anarebpa JIu vag R win C, To jg1st 106010 HeHyJ1eBOro
ssieMenTa X € g Haiinércsa rakoil snement Y € g, uro X u Y nopoxjator g. B pabore [1] 2009
roma Boa mokazas, aro nosynpoctas ajarebpa JIu mas moseM xapaKTepUCTUKH, HE PaBHON 2 u 3,
IOPOXKIAETCS JIBYMsT 9JIEMEHTAMU, & TaKKe IepeHéc pedysbrar VoHecky Ha cjydail OCHOBHOI'O IOJIst
XapaKTePUCTUKHA OTIMIHON OT 2, 3.

B pa6ore [2] Mbl mostyunsu corepyronuii aHaaor pesysbrara VIOHeCKy Jjisi HUJIBIOTEeHTHBIX 110~
poxkatorux aireoper JIu g = sl, (K), rne K — GeckoneuHoe 1ojie XapaKTepUCTUKM, OTINIHOR OT 2.

Teopema 1. s 1106010 HEHY/JIEBOIO HUJIBIOTEHTHOrO djeMeHTa X € ¢ HallIéTcad TaKOH HUJIBIIO-
TEHTHBIH j1eMeHT Y € g, uro X n Y HOpOXKJAIoT g.

B aToM romy ¢ moMoIrbio o0I1ei TeEOpUn MOJIyIIPOCTHIX aaredp JIn ynanock 0600IIUTE 3Ty TEOpEeMY
Ha CJIydail CHMIUIEKTHYIeCKOi anrebpsl JIlu g = spo, (K) masn anrebpandeckn 3aMkuyTBIM mOsIeM K
XapaKTEePUCTUKU HOJIb.

JIureparypa. [1] J.-M. Bois. Math. Z. 262 (2009), no. 4, 715-741. [2] A.Chistopolskaya. Lin. Algebra
Appl. 559, 2018, 73-79. [3] D.H. Collingwood and W.M. McGovern. Nilpotent orbits in Semisimple
Lie Algebras. Van Nostrand Reinhold, New York, 1993. [4] T. Tonescu. Lin. Algebra Appl. 15 (1976),
271-292. [5] M. Kuranishi. Nagoya Math. J. 2 (1951), 63-71

MockoBckuit rocynapcrBennbiit yuupepcuter umenu M.B. Jlomonocosa
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. A. Yy6apos (Mocksa)
O KoHeuyHbIX Ipyiiiax, KPpUTHIECKUX OTHOCUTEJIbHO HEKOTOPLIX KJIaCCOB I'DVIIII

Bce paccmarpuBaembie TPYIIIBI TPEIIIOIATAIOTCS KOHETHBIM.

I'pymra G Ha3bIBaeTCH KPUTUIECKON OTHOCUTEIHLHO KJIacca rpymil F', ecjiu oHa He IPUHAJJIEXKUAT
F', a Bce ee cOOCTBEHHBIE TIOJAIPYIIIBI TPUHAIEXKAT. VcciietoBane KpUTUIEeCKUX TPy HAYAJI0Ch C
MUHAMAJIBHBIX Heabesebix rpymn (Mmiiep u Mopeno [1]). 3arem O.1O. IImuar onpeennt MuHu-
MaJibHble HEHUJIBIIOTEHTHbIE TPYMIbL [2] (¢ Tex mop rakue rpynibl HasbiBaroT rpyrmnaMu [TImumra),
ero paboThl ObLIIM Pa3BUTHI U 00OOIIEHBI MHOIUME aBTOpaMu (CM. 110 9TOMY 10BOJY crarbu [4,5] B
cbopuuke [3]).

Crpoenne rpym [Imuara ncnosib3oBaia Bumanar npu 10Ka3aTeIbCTBE COMPSIXKEHHOCTH XOJLIOB-
CKUX TIOJIPYIII MOPsAKA d B IPYIIIE ¢ HUJIBIOTEHTHON XOJIJIOBCKON MOArpymioii mopsijaka d [6].

W3yuanuch MUHEMAJIbHBIE HeCcBepXpaspentumble rpynsl (M. [7,8]). Hamomunm, gro rpymnmna Ha-
3BIBAETCS CBEPXPA3PEIINMOii, ecyin OHa 00JIaaeT TJIABHBIM PSIOM ¢ (DaKTOPAMU IIPOCTHIX MOPSJIKOB.
Onncanre MUHUMAJIBHBIX HecBepxpaspermunMbix rpyi nostyansi B.T.Harpe6enkwuii [9].

B mokname 6yner pacckazaHo 00 MCTOPHH W COBPEMEHHOM COCTOSTHUHU 9TUX HCCIeI0BaHuii. By-
JIeT PACCMOTPEHA BO3MOXKHOCTH 000011eHnsT TeopeMbl Buitan ra [6] Ha rpymisl ¢ cBepXpaspernMoi
XOJIJIOBCKOH IIOJAIPYIIIION.
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JIureparypa. [1] G. A. Miller G.A., H. C.Moreno, Non-abelian groups in which every subgroup
is abelian. Trans. Amer. Math. Soc., 1903, N 4, 398-404. [2| O. 0. muxr, I'pyumsr, Bee mos-
IPYIIbI KOTOPBIX crenuajibibie. Marem. c6opuuk,1924, N 3, 366-372. [3] Orro FOubesuu IIImur
(1891-1956)- k 125-neruro co must poxkuenusi. —M., 2017. — 232 c¢. [4] JI. A. Ilemerkos, Asre6-
pandeckas mrosa Orro FOmpesnua [Ivmara B Tomere. B c6opuuke [3], ¢.158-185. [5] B. U. Jlo-
rubos, M. A. Uyb6apos, Orro FOspesuu I[lIMunr u ero Tpajunuum B Teopuyr KOHEUHBIX Tpyiil. B
coopuuke [3], ¢.192-209. [6] H. Wielandt, Zum Satz von Sylow. I. Math.Zeitschr.,1954, 60, 407-408;
II. Math.Zeitschr.,1959, 71, 461-462. |7| B. Huppert, Normalteiler und maximale Untergruppen
endlicher Gruppen. Math.Zeitschr.,1954, 60, 409-434. [8] K. Doerk, Minimal nicht ueberauflosbare,
endliche Gruppen. Math.Zeitschr.,1966, 91, 198-205. [9] B. T. Harpebenkuii, O KOHEYHBIX MUHH-
MaJIbHBIX HecBepxpaspermuMbix rpymnmnax. ‘Koneansie rpymnmer’, Munck, 1975, ¢.104-108.
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I'. B. IITa6ar (Mocksa)
[ToBepxHocTu, pazbuBaemMble Ha KBaJIpaThl, 1 KPUBbIE HAJI YMCJIOBBIMH IIOJISIMU

B nokgane Oymer pacckazaHo 00 aHaJI0re OJHOIO CTaporo pesysiabrara apropa u B.A. Boepoackoro
[3], corslacHo KOTOPOMY pHMaHOBA MOBEPXHOCTH JIOIYCKAET PABHOCTOPOHHIOK TPUAHTYJISIIUIO TOLJIA
U TOJIBKO TOTJIa, KOT/Ia COOTBETCTBYIOIAsI €if ajirebpanvecKast KpUBasi OlpeiesisieMa HaJl [ToJieM aJl-
rebpandeckux duces. byaer chopMyiMpoBaH aHAJOTUIHBINA PE3Y/IbTAT, B KOTOPOM PABHOCTOPOHHUE
TPeyroJIbHUKU 3aMeHSTFOTCsT KBagpaTaMu. Oba pe3y/ibraTa CBSI3BIBAIOT MeXKIy cOOO0# pasiesibl MarTe-
MATHKY, HA MEPBBIA B3MJIA JATEKO OTCTOSIINIE IPYT OT APYTa, U JOKA3ATEIbCTBA ODOMX OCHOBAHBI
na naesx A. ['porennuxa [1].

[TosepxnocTH, pa3buBaeMble Ha KBaJIpaThl (Ha3bIBAEMbIe TaKXKe noseprrocmamy "6 xiemouxy”
U 0pu2amu) WHTEHCHBHO M3y4YalOTCsi B COBDEMEHHOII MareMaTHKe, CM., Hampumep, [2]. BosmoxHo,
CTATUCTUYIECKHUE PE3YILTATHI, MOJIYICHHBIE OTHOCUTEIHHO 9TUX MOBEPXHOCTEH, YAaCTCsT TPUMEHUTD
K BOIPOCAM O TUIUYHBIX CBOMCTBAX JETCKUX PUCYHKOB CO MHOTHMH DEOpaMU — HAIPUMEDP, O PaC-

IpeJieJIeHrN pa3MepoB ux opbut lasrya.

JIureparypa. [1] A. Grothendieck. Esquisse d’un programme. Geometric Galois actions, London
Math. Soc. Lecture Note Ser., vol. 242, Cambridge Univ. Press, Cambridge, 1997. [2] A. Zorich, Flat
Surfaces. Frontiers in Number Theory, Physics, and Geometry Vol.I, P. Cartier; B. Julia; P. Moussa;
P. Vanhove (Editors), Springer Verlag, 2006, pp. 439-586. 3] B. A. Boesoxckuit, I B. IIlabar,
PaBHOCTOpOHHI/Ie TPUAHTYJIAIINNA PUMaHOBBIX HOBerHOCTeﬁ 1 KpUBbIC Ha/I IIOJIAMU aﬂfe6paﬂ‘{eCKI/IX

qucesn, Jokmaaer AH CCCP. 304 (1989), No 2, 265-268.
Poccuiickuit ['ocymapcrBennsiit I'ymannTapubiii YHUBEpCHTET
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A. A. ITacpapeBuy (Mocksa)
['mbKoCTh HOPMaJIbHBIX S-MHOIM0OOPa3Mii

Hokua ocnosan Ha pabore [1].

Aurebpanmueckoe MHOr00Opasune X Ha3bIBAETCsS THOKUM, €CJIM KACATEJIbHOE ITPOCTPAHCTBO B KAaXK-
JIOl ero PeryJsipHOil TOYKe MOPOXKIEHO KACATEJIHLHBIMI BEKTOPAMHU K OpOUTaM PA3JIMIHBIX JIeHCTBUIT
OJIHOMEPHBIX YHHUIIOTEHTHBIX rpymi. B crarbe |2]| 6b110 mokazano, 4ro st adUHHBIX MHOI00Opa-
31ii, UMEIOIUX Pa3MEPHOCTH OOJIBIITYIO € IUHUIIBI, THOKOCTDH S9KBUBAJIEHTHA OECKOHEYHO TPAH3UTUB-
HOCTH JIEWCTBUS TPYIIIBI PErYJISPHBIX aBTOMOP(MU3MOB HA MHOYKECTBE TUIAJKUX TOUEK.

B 1972 rony 9.B. Bunabepr u B.JI. Ilomnos BBesm kjacc adpduHHBIX S-MHOr00Opasnii, T.e. TAKUX
MHOT000pa3uit, Ha KOTOPBIX JefCTBYyeT CBsi3Has ajreOpandeckasi rpymmna G ¢ OTKPBITONH OpOUTOIL,
IpudeM CTAIMOHAPHAS MOATPYIIA JIIOO0H TOUKH 3TOH OpPOUTBHI COMEPKUT MAKCHUMAJIBLHYIO YHUIIO-
TEHTHYIO HOArpyIiry rpyuisl G.

B marmeit pabore MBI JOKa3bIBaeM, 9TO HOPMaJibHbIE adPUHHBIE S-MHOr006pa3usi, y KOTOPHIX
HeT 00PATUMBIX PEryJIsipHbIX (DYHKINI, 38 UCKIIIOYEHUEM KOHCTAHT, ABJISIOTCS IUOKIMHU.
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JIureparypa. [1| S. Gaifullin, A. Shafarevich, Flexibility of normal affine horospherical varieties.
arXiv:1805.05024 (2018) [2] I. Arzhantsev, H. Flenner, S. Kaliman, F. Kutzschebauch, M. Zaidenberg,
Flexible varieties and automorphism groups. Duke Math. J. 162 (2013), No 4, 767-823.
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A. A. Ilnenkun (Kpacuosipck, Poccust)
HepI/IOﬂI/I‘-IeCKI/Ie I'pyIIIbl, HaCbIIIEHHbIE KOHEYHBLIMU IIPOCTLIMHU I'PYIIIIaMA
Ly(2%), La(2)

I'pymmna G Hacviwena TPyImaMu U3 MHOXKECTBa TPy R, ecn jobast KOHEUHAsT MTOATPYIINA U3
G conepxkurcs B nojarpymie rpyuisl G, nzomopdnoit Hekoropoii rpymme u3 R [1]. B Koyposckoit
rerpau [2] mocrasien Bomnpoc 14.101:

Bepno au, wmo nepuoduseckas epynna, HACHUCHHAA KOHEYHBLMU TPOCTBLMY 2PYNNAMU AUECA
MUNQ, PaH2YU KOMOPHLL 02PAHUNUNDL 8 COBOKYNHOCTIU, CAMG ABAALMCA NPOCMOT 2pYNNOoTl AUEBL MUNG
o

Tlosyden bacTUYHBIN OTBET HA STOT BOIPOC IJisi T'PYII, HACBIIMIEHHBIX KOHEUHBIMHU ITPOCTHLIMU
rpymmamu smesa Tuma L3 (27) u Ly(2Y). Tlomoxum

¢ = {L3(2%) | k — maypambmoe, ne dukcupoBammoe},

A= {L4(2") |1 <lp — maypambroe, bukcupoBansoe},
M=AUC.

Teopema 1. Ilycts mepuommyeckast rpymmna G HacblllleHa rpynnamu 13 MmHOXKectBa I Torma G
“30MOPQHA, OJHON M3 IPYIII CJIEAYIOMIEr0 MHOYKECTBA

{Ls(R), L4(2")},

riae R — JI0KaJIbHO KOHEYHOE II0JIE.

Wccnenopanue Boimosineno npu dpunancopoit momaepxkke PH® B pamkax maydnoro mpoexrta Ne
18-71-10007.

JIureparypa. [1] A. K. [Ilnenkun, O HEKOTOPBIX HEPUOJNIECKUX TPYIIAX, HACHIIEHHBIX KOHEHbI-
Mu npocThiMu rpynnamu, Maremarudeckue tpyabt. 1998, T.1, Ne 1. C. 129-138. [2] Hepemennbie
BOTIpOCHl Teopun rpymm. Koyposckas Terpasnb, 18-e uzz., HoBocubupcek, NUu-v marem. CO PAH,
2014.
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A. K. IITnénkun, A. C. Penocenko (Kpacuosipck), K. A. @uymmnmnos

O rpymmax IlyHKOBa, HACBIIEHHBIX HPSIMBIMU [TPOU3BEICHUSAME IUKJIMIECKIX
IPYIIT HEYETHOI'O MOPsJIKa U JUHEHHBIX IPYII CTelleHn 3

I'pynmna G HachIlieHa IpynmnaMu U3 MHOXKECTBa IpyIil R, ecym jrobast KoHeUHas noarpymmna K
u3 G copepKuTes B noArpyiie rpynibl G, usomopdHoii HeKoTopoii rpyrme u3 R [2].

Hamomaum, uro rpymma G HaseiBaercs rpymmoit [llyrkosa, ecsm jyist jio0oii ee KOHEUHOU 01~
rpynusl H B dakrop-rpyune Ng(H)/H no6bie 1Ba CONPsIZKEHHBIX 3JEMEHTa [IPOCTOrO MOPsi/IKa
nopoxkaaror kKonednyto noirpymmy [1]. Jaunsiii kinace rpynn 6si1 seemen B.II. Ilynkosbim B 70-€
ronpl, u nepBonadasbuo, cam B.II. [IlynkoB HazbiBaJl Takue I'PYHIIBI CONPIKEHHO OUIIPUMUTUBHO
KOHEYHBIMU.

I'pynmner [IlyHkoBa OTIUYHBI OT HIEPUOAMIECKUX I'PyHIl. KpoMme TOro, mocTpoeHb! MpUMephI IPYIIII
HIynkoBa cojiep2Kaliiux 3JeMEHTHl OECKOHEYHOTO MOpsIKa U He O0DJIAJAIoNIuX HePUOIUIECKOil Ja-
cThio. HamoMHuM, 9TO 0/T TEPUOINYIECKON YaCThIO TPYIIILI TOHUMAETCS MHO2KECTBO BCEX DJIEMEHTOB
KOHEYHOT'O MOPs/IKa IPYIIIbI, IIPH YCJIOBUU, YTO OHU O0OPA3YIOT HOIIPYIIILY.
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[Tycts A — MHOXKECTBO BCEX KOHEUHBIX IUKJIMYECKUX IPYIIl HEYETHOrO mopsiaka, B = {L3(q) |
qg=2FkE=1,2- -} — MHOXKeCTBO BCeX YHUTAPHBIX I'PYIIl CTENEHN 3 HaJ[ KOHEUHBIME IIOJISIMU
YeTHOI XapaKTePUCTUKH.

Teopema 1. I'pynma Illyakosa (G, HachIeHHAS IPYIIIIAMA U3 MHOXKECTBA
R ={B x A|lA €, B € B},

00J1a/TaeT TEPHOIMIECKOIl IacThio, KOTOpasi JOKAJIbHO KoHedHa n n3omopdua L3(Q) x I, tae [ —
JIOKAJIbHO IHUKJINYIECKas I'PyIIa 6€3 HHBOJIIONU, () — JIOKAJILHO KOHEYHOE I10JIe YeTHOH XapaKTepH-
CTUKU.

JInreparypa. [1| Cenamos B. 1., Ilyukos B. II., I'pynmst ¢ ycioBusimu Koneunoctu. Hogocu-
6upck: Hayka. Cubupcras usdamenvckan gupma PAH, (2001) 326 c. [2] Illnéukun A. K., Conpsi-
JKeHHO OUTIPUMUTHUBHO KOHEUHBIE TPYIIIIBI, COJEPKAIe KOHEUHbIE Hepa3pelmnMbie ToArpyst. [11
metco. Kong. no aszebpe, mesuv, doxaados, Kpacnosper, (1993).

Kpacuosipckuit rocyapcrBenHblil arpapHbiil yausepcuret, Cubupckuii (peiepasibHbIil YHUBEPCH-
TET

e-mail: filippov kostya@mail.ru
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B. B. ITlokyposB (Mocksa)
OFpaHI/IquHOCTb JIOTKaAHOHNYECKOI'O NHIEKCa

[Iycrs (X/Z > o, B) — makcumaJsibHast JorkaHoHudeckast O-napa, rje B — rpaHuiia HelpuBo-
JIIMOT0, HOPMAaJIbHOI'O MHOroobpasmsi wim ajredpamdeckoro mnpocrpancrea X, a X — Z 3 o —
CcOOCTBEHHBIN MOPGU3M HaJ OKPECTHOCTBIO TOUKH 0 Oasbl Z. Ilapa HaswpBaeTcs riaobajbHOM, ecan
MHOTOOOpaszne X 0oTo0paxKaeTcs IEJUKOM B TOYKY 0. B mpoTuBHOM citydae — mmapa JIOKaIbHa. ba3a
Z upepnosaraercsi adbuHHON cxeMoii HaJi OCHOBHBIM T10JieM k. Jlorkanonuuasocts napel (X/Z 3 o, B)
O3HAYAET JIOTKAaHOHMIHOCTD apsl (X, B). Jlorkanonnanocrs Makcumasibia, ecin napa (X, B) nmeer
JIOTKAHOHUYIECKUH TEHTP HaJl TOYKOH 0. B rjobajibHOM ciiytuae 3TO BBIIOJHEHO BCETJIA, ITOCKOIBKY
MHoroobpasue X, a, TodHee, ero o0IMas TOYKA SBJSIETCS BCEryla JIOTKAHOHUYECKUM IEHTPOM II0
OIIPEICJIEHUI0 U OTOOPAaYKAeTCs B TOUKY 0. B JIOKAJIBHOM CJlydae MaKCUMAJIbHOCTh O3HAYAET CyIlle-
CTBOBaHIE COOCTBEHHOTO II0 BIIOYKEHHIO JIOTKAHOHUIECKOTO TieHTpa napsel (X, B) Ha Toukoii 0. Ecin
9TO yCJIOBUE HE BBIIOJHEHO, TO €10 MOYKHO JOOUTHCS JOOABIEHIEM TIOJIXOJIAIIEN MOJIOKUTETBHON Be-
[IIECTBEHHOM KPATHOCTH JIOCTATOYHO ODOINEro BEPTHKAIbHOTO nuBu3opa Kaprbe Ha X, comeprKaliero
[EHTPAJIbHBIN CJION — CJION HAJ TOYKON 0 M YUCJIEHHO TPUBUAILHOTO HaJ Oazoit Z. Tpebyemasi Kpar-
HOCTBH HA3bIBAETCS JIOTKAHOHUIECKUM TOpOoroM. llosiyueHHast mapa MakCHMAaJbHO JIOTKAHOHUYIHA B
TOM CMBICJIE, ITO YBEJIUIEHUE KPATHOCTHU BBIIIE [TOPOTa HAPYIIAET JIOTKAHOHUIHOCTD. VHade roBops,
TaKoli TIOPOr paBeH HYJIIO JIJIsi MAKCUMAJIbHBIX JIorKaHoHnuckux nap (X/Z 3 o, B).

HanomunM, uro napa (X/Z > o, B) sasasercs 0-mapoii, ecam ona Jjiorkanonndna u K + B =
0/Z > o, rie K — KaHOHWYECKUI TUBA30D MHOrOOGpasust X .

[Iycrs T C [0, 1] — HOAMHOXKECTBO €IMHUYHOIO MHTEPBAJIA BEIECTBEHHBIX YHCEJ, Y/IOBJIETBODSI-
folree yeJI0BUIO 0OpbIBa yObIBaOImuX Iereil u cogepxkaiiee 0. Hanmpumep TakoBo ruriepcrasgapTHoe
MHOKecTBO P (R) acconnumpoBanioe ¢ KOHEIHBIM HOIMHOXKECTBOM R HEOTPHUIIATEIHHBIX BEIECTBEH-
ueix guces [3] u 1 € R. st qusuzopa B Mbl tiuieM, uyto B € T') eciin Bce ero KpaTHOCTH JIEXKAT B
I'. Takoii qUBU30D SBJISAETCS TPAHUIIEH.

[Tycrs (K + B) — MUHUMaJIbHOE PAIMOHAILHOE aUHHOE HTOAIMIPOCTPAHCTBO B IIPOCTPAHCTBE Be-
IeCTBEHHBIX MuBU30poB Divp X MHOroobpasmss X. Besikoe Takoe HOAIIPOCTPAHCTBO 3a1aETCSI JIN-
HeHHbIME (BO3MOXKHO HEOJHOPOJIHBIMHI) yPABHEHUSIME C [EJbIMU KO3(bMUIIMEHTAME B CTAHIAPTHOM
basuce MPOCTPAHCTBA JUBU30POB. BYIEM TOBOPHUTD, UTO MPOCTPAHCTBO OI'PAHUYIEHO, €CJITH OHO 3a1a-
ércs JINHERHBIMY YPABHEHUSIMU C TEJIBIMU OrpaHuYeHHbIMU Ko3ddurmentamu. Eciin Bce kpaTHOCTH
rpaHuilel B paluoHaIbHBL, TO OIPAHUYEHHOCTh PABHOCU/IbHA KOHETHOCTH BO3MOXKHBIX KPATHOCTE.
[To parmmonasbHOCTH Teopuu mepecedennii Beskuit qusuzop D € (K + B) kak u nususop K + B
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YUCJIEHHO TpUBHMAJEH HaJl Z O 0. Bojiee Toro kaxkjplit Takoir guBu30p R-JIHHEHHO TpUBHAJIEH HAJ,
Z 3> o. B gacTHOCTH, HEKOTOpAas IOJIOXKUTEIbHAS KPATHOCTb KaXKJIOI'0 PAIMOHAJILHOIO JIMBU30DA
D € (K + B) nuHeiiHO TpUBHAJIbHA.

IIycts I — mesoe moJIOXKUTEIbHOE YUCIO0. BysieM roBoputhb, UTO I — JIOTKAHOHUYECKUIT WHIEKC
napsl (X/Z 5 o,B), ecan npocrpanctso (K + B) umeer palpioHajibHble obpasdyiomue D; Takue,
uTto KparHocThb ID; Kaxmoro auBum3opa D; jauHelino TpuBmajbHa Hax Z S 0. To 9TO AUBU30PHI
D; sasiiorcst obpasytomumu npoctpancTBa (K + B) o3Havaer, 9T0 MUHUMATIHHOE PAIMOHAIBHOE
nojpocrpancteo B Divg X, cosepxkaiiee Bee jqusu3opbl D, cosnagaer ¢ (K + B). B uwactHOCTH,
ecI BCe KPATHOCTH TPaHWIbl B parmonagbhel, To auBu3op (K + B) JnHEHHO TpUBHAJIEH HAT
Z 3> o.

I'mnoresa. lust muOkecTBa [N 1 /1106010 HATYPAIBHOIO YUCIa d CYIIECTBYET KOHETHOE TIOJMHOKE-
creo I'(d) C T u nestoe nosoxkuresbroe yuciio I(d,I') Takue, 9410 ecim pasMepHOCTb MAKCHUMAJIbHOM
napsl (X/Z > 0,B) pasaa du B € T, T0

(1) B € I'(d);

(2) upocrpancrso (K + B) orpanudeno u

(3) I = (d,T") — norkanonnveckuii nHuexc napel (X/Z 3 o, B) Kak 910 O6bLI0 00bSICHEHO BHIIIIE.

Teopema [4]. T'unoresa Bepua, ecau mopdbusm X — Z 3 o umeer caaboiii Tun Pano, a k — nose
xapakrepucTuku 0.

Canabsrit Tunt Pano — 06001eHne Tua GaHo 1 03HAYAET TOUTH TOXKE caMoe: Ha MHOToobpasuu X
cymecrByer 3¢ dekrusnas rparuna B’ ¢ BemecTBenHbIME KO3bumenTamu takas. uro (X/Z 3 o, B)
— Kapamara norrepmunanbias O-napa u rpanuna B’ o6bémua. OHAKO OTHOCHTEIbHAS TPOCKTUB-
HoCcTh X /Z S 0 He upeanosaraercs.

JlokazaTeabCcTBO OCHOBAHO Ha TEOpPUU n-aonoHennit. OMHaAKO JJTsT TOKA3ATEbCTBA KOHETHOCTH
(1) B ruobanbHOM Cirydae HMEIOTC U Apyrue moaxoast [1] [2].

JIureparypa. [1] C. Birkar, V. V. Shokurov, Mld’s vs thresholds and flips. J. reine angew. Math.
638 (2010), 209-234. [2] C. Hacon, J. McKernan, C. Xu, ACC for log canonical thresholds. Ann.
Mathematics, 180 (2014), 523-571. [3] Yu. G. Prokhorov, V. V. Shokurov, Towards the second main
theorem on complements. J. Algebraic Geometry, 18 (2009), 151-199. [4] V. V. Shokurov, Existence
and boundedness of n-complements, in preparation 124 pp

Otnen anrebpandeckoii reomerpun, nHCTUTYT MaTemMatuku uM. B. A. Creknosa, PAH

Johns Hokins University

e-mail: shokurov@mi-ras.ru

shokurov@math.jhu.edu

ITasen IlIreiinep (Mocksa)
JIuHelinble 0TOOpazKeHus, COXPaHIONIe MHOIOMEPHYIO MayKOPU3AIIIIO MaTPHUIL

IIycte M, 4, — HPOCTPAHCTBO AEHCTBUTEIBHBIX MATPUIL pa3Mepa n X m (numem M, upu m = n).
st Bekropa @ € R 0003HaUMM 1Uepes Z[j] ero j-10 [0 HEBO3PACTAHUIO KOOD/IMHATY.

Onpepenenne 1. Ilycrs z,v — Bekropa u3 R™. T'oBopum, uro v masrcopupyem x, v < v (wim
v = x), ecan Z?Zl r) < Z?Zl v) Wit k= 1,...,n, n npu k = n JoCTATAeTCS PABEHCTBO.

OHpe,ueJIeHne 2. Pazjauynble TUIIbI Ma}KOpI/I?)aL[I/Iﬁ MaTpHUIL OIIPEAC/IAI0OTCA CJICAYIOITUM o6pa30M

(em. [2], [3]):

o Ciabast maxkopuzanusi: A =< B, ecjiu CymecTByeT Takasi CTPOIHO-CTOXACTUIECKAsT MATPUIA
X eM,, aro A= XB.

e Maskopmzarus 1o Hanpasienmio: A <¢ B, ecsiin Az < Bx as moGoro x € R™.

e Cwibnas maxkopuzaiust: A <° B, eciiu CymecTByeT Takas JBOSKO-CTOXACTUIECKAs MATPUIA
X eM,, aro A= XB.
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OrpeiesiuM MHOTOMEPHYIO MATPUIHYIO MarXKOPHU3AIUI0 HA Mffm

Onpepenenne 3. Ilycrs A= (A4y,...,A), B=(B1,...,By) € M/j’m.
Torma A <* B, ecin A; <% B; nisg moboro i =1,...,k

JIuHeitHbIE OTIEPATOPHI HA Mffm OIIPEIETISIIOTCST CJIEIYIOIIM 00pa30M:
Mycrs T : M,’fm — Mffm — JsmHelHEI ontepaTop. Torma

T(X1, .. Xp) = (THX) 4+ + TR (X) 5, TH(X) + -+ T (X))

'

KOMIIOHEHTa 1 KOMIIOHEHTa k
J ..
rae 17 — nuneiinble onepaTopsl Ha M,

Sameuanmne 1. [Iycts T — imHeiiHbIil onepaTtop Ha M,’f m.» OIIPENIeJICHHDII TaK, KaK II0Ka3aHO BBIIIE.

Torma, eciu T coxpaHsieT MHOTOMEPHYIO MarKOPU3AIIUI0 KAKOTO-JIM0O0 TUIA, TO KarK bl Tij coxpa-
HAET MATPUIHYIO.

Teopema 1. [lycts 7 — nuHeitHBIH onepaTop Ha Mff,m. Torma cienyromnne yTBEpKICHUS SKBABA~
JIEHTHBL:

o A= B= T(A) =" T(B) ana mobeix A, B € M,

o Karkmprit Tij — JIMHEHHBIN OIepaTop, COXPAHSIONIN ¢1abyi0 MaKOpHU3aluio Marpuil. bojee
TOTO, B KaXKJI0i KOMIIOHEHTE j TOJILKO 1 omeparop TZ.’ HEHYJIeBO.

Teopema 2. [lycts 7 — juHeitHBII onepaTop Ha Mrlim. Torma cienyioniue yTBepKICHIST SKBUBA~
JIEHTHBI:

o A=4B=T(A) =¢T(B) s mobwix A, B € M},
o A=*B= T(A) =* T(B) s mobuix A, B e M
o A=*B=T(A) =*T(B) nna mobbix A, B € Mk,

o Kakiprii TZ-J MOYKET UMETb BUJI;

NE

1. 381, ,8m € My : |R(Sy)| =1Vpu TV(X) = Y (e'zP)S,.

p

Mz L

2. 3pu Sy, ..., Sm € My : |[R(Sp)| > 1uTVH(X) = (e'zP)S,.

1

p
3.38¢€ M, :T/(X)=JXS.
4. 3R, SeMuuPeP,: R#0uT/(X)=PXR+JXS.

Bouee roro, eciu T} nmeer Buz (4), To ocransubie T B KOMIOHEHTE j IMEIOT BUJ| OTJIMIHBLH
or (2) u (4).

ABTop moKITa T8 Hiraromapen CBoeMy HayIHOMY pyKoBogauTesio mpodeccopy A. D. I'yrepmany 3a
ITOCTAHOBKY 33/a9U U [EHHBbIE 00CYXKJICHUS.
Pabora Boimosrnena npu dpunancopoit nogaepxkke rpaara PHP-16-11-10075.

JInreparypa. [1| G. Dahl, A. Guterman, P. Shteyner. Majorization for matrix classes. Linear
Algebra Appl., 555(2018), 201-221. [2] A.W. Marshall, I. Olkin, B.C. Arnold Inequalities: Theory
of Majorization and Its Applications, Second Edition, Springer, New York, 2011. [3] F.D. Martinez
Peria, P.G. Massey, L.E. Silvestre. Weak matrix majorization. Linear Algebra Appl., 403 (2005)
343-368.
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A. A. dpuenko (F'omesnb, Berapycn)

O crenensax HEKOTOPbIX HEIIPUBOAMUMBIX XapaKTE€pOB 1 HOPMaJIbHBIX IIOATI'DYIIIax
KOHEYHBIX I'DYIIII

ITycTh T — MHOXKECTBO IIPOCTBIX HEYETHBIX unces, G — KOHedHasl T-pas3pelimMasi IpyIa, KOTo-
pasi UMeeT TOYHbBII KOMIIEKCHBIH XapaKTep Y CTEIeHH N U COJEePKUT m-XoJutoBy 1'[-nioprpymmy H.
Ecsin xapakrep x Henpusoaum, 1o B [1] yrBepkaercs, aro mmbo H <G, mbo n menures va |H| win
Ha Takyio crerneHb f > 1 HekoToporo npocroro uncia, 4ro f = —1 wiu 1(mod|H|).

Homycrum, aro (xm,lg)m # 0. Ilo zakony B3ammuocru @Ppobenmyca st XapaKTepOB
(1g)% x)g # 0. YrounumM yTBep:K/ieHme Teopembl u3 [1] ayis creneneit Takux xapakrepos Y. O6o-
saunm Irr((17)%) — MHOXKECTBO BCeX HENPUBOAMMBIX KoMmmonenT xapaktepa (17)C.

Teopema 1. Ilycts G — koHeuHas rpyia ¢ w-XojaoBoit 1 I-noarpynmoit H HEYETHOTO MOPSIKA.
Torna H < G Torga u TosbKo Torja, korya |H| we mesaut x (1) st BceX HEPUBOAUMBIX KOMIIOHEHT
x € Irr((15)%).

Bepna tak:ke Teopema 2.

Teopema 2. Ilycts G — KOHeUYHas I'pyiia ¢ w-Xojaopoi 1 I-noarpynmoit H HEYETHOTO MOPSIKA.
Torna cieyromnme yTBEPK/ICHIS PABHOCHIIBLHBL:

(1) H«G;

(2) |H| me memur x(1) mis Beex menpusoauMmbix Kommoment x € Irr((15)%);

(3) x(h) # 0 ms Beex menpuBomuMbIx Kommonent X € Irr((1z)%) n a1s Beex saementos h € H.

JIureparypa. [1] A. A. fiuenko, K npobieme Aiizekca. Marem. cbopuuk, 204 (2013), No 12, 147—
156.

Wucruryr maremaruku HAH Benapycu

e-mail: yadchenko 56@mail.ru

D. V. Artamonov (Moscow)
Newton diagramns in the representation theory

Consider a Lie group GL,(C) and the space of functions on this group. This space has a
natural structure of a representation of GL,(C) and hence a structure of a representation of the
corresponding Lie algebra gl,,(C). Every irreducible finite dimensional representation of a Lie algebra
gl (C) can be realized as a subrepresentation of this representation.

For an irreducible finite dimensional representation of gl,,(C) other constructions are know. For
example, there exists the Gelfand-Tsetlin construction, where base vectors are indexed by some
tableaux and explicit formulas for the action of generators of gl,,(C) onto this tableaux are know.

The natural question is the following one: which functions correspond to Gelfand-Tselin tableau
and what is an interpretation of the formulas for the action from the point of view functional
realization.

The answer is know in the case n = 3. It turns out that the functions correspondind to Gelfand-
Tselin tableaux are written as classical hypergeometric depending on minors of an element from
GL,(C). The coefficients describing the action of the generators can be drived by investigation of
the behaviou of these function in their singulaties.

In the talk I will present a progress in the problem of genralization of these result to an arbitrary
n. It turnes out that the situation in the case n > 3 is much more difficult than in the case n = 3.

The natural candidate for the function which allows to express explicitely a function
corresponding to a Gelfand-Tselin tableaux as a hypergeometric I'-series which was defined by
Gelfand, Kapranov and Zelevinsky. But using it we mange to obtain in the case of arbitrary n
a weak analog of the results in case n = 3.

Theorem 1. 1. These exists a base in an irreducible finite dimensional representation of gi,,(C)
formed by functions which are solutions of some PDE, the initial conditions for these PDE are
hypergeometric I'-series.
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2. The formulas for the action of the generators of the algebra onto this base are written
explicitely. They can be drived by investigation of the behaviou of these function in their singulaties
of the PDE.

3. In the case n = 3 this is the Gelfand-Tselin base.

The main method for obtainig of these results is a consideration of Newton diagramns of the
functions.

M.V. Lomonosov Moscow State University
Russian Presidential Academy of National Economy and Public Administration

e-mail: artamonov.dmitri@gmadlr.com

Ivan Arzhantsev, Sergey Bragin, Yulia Zaitseva (Moscow)
Commutative algebraic monoid structures on affine spaces

An (affine) algebraic monoid is an irreducible (affine) algebraic variety S with an associative
multiplication
w:SxS—=5S, (ab)— ab,

which is a morphism of algebraic varieties, and a unit element e € S such that ea = ae = a for all
a € S. Examples of affine algebraic monoids are affine algebraic groups and multiplicative monoids
of finite dimensional associative algebras with unit. The group of invertible elements G(S) of an
algebraic monoid S is open in S. Moreover, G(S) is an algebraic group. By a result of A. Rittatore,
every algebraic monoid S, whose group of invertible elements G(S) is an affine algebraic group, is
an affine monoid. An affine algebraic monoid S is called reductive if the group G(S) is a reductive
affine algebraic group.

By a group embedding we mean an irreducible affine variety X with an open embedding G — X
of an affine algebraic group G such that both actions by left and right multiplications of G on itself
can be extended to G-actions on X. In other words, the variety X is a (G x G)-equivariant open
embedding of the homogeneous space (G x G)/A(G), where A(G) is the diagonal in G x G.

Any affine monoid S defines a group embedding G(S) < S. The converse statement claims that
for every group embedding G — S there exists a structure of an affine algebraic monoid on S such
that the group G coincides with the group of invertible elements G(S). This is proved in [3] under
the assumption that G is reductive and in [2| for arbitrary G.

Nowadays the theory of affine algebraic monoids and group embeddings is a rich and deeply
developed area of mathematics lying at the intersection of algebra, algebraic geometry, combinatorics
and representation theory.

We study commutative algebraic monoids on affine spaces. The ground field K is an algebraically
closed field of characteristic zero. The theory of commutative reductive algebraic monoids, i.e.
algebraic monoids with an algebraic torus as the group of invertible elements, is nothing but the
theory of affine toric varieties. We concentrate on non-reductive commutative monoids.

Let us define the rank of a commutative monoid S as the dimension of the maximal torus of
the group G(S). We give a classification of commutative monoids on A" of rank 0, n — 1 and n. In
particular, this provides a classification of commutative monoid structures on A™ for n < 2.

In our main result in [1] we classify commutative monoid structures on A3. For b, ¢ € Z>o, b < c,
denote by @ . the polynomial

d

d+1 b(k—1 b(d—k) d—

Qb,c(%yhmw):E < 1 )HCTH )yf“ )fcg MLk,
k=1

where c =bd +e, d,e € Z, 0 < e < b. Note that Qp(z1,y1,%2,y2) = Qpc(Y1, 21, Y2, 22) and

= (afy) ™ — ()

b—e, b—e
T Y1

(ﬁlfyz + ?/11)902)

Qbc(x1,y1,T2,Y2) =

73



Theorem 1. Every commutative monoid on A? is isomorphic to one of the following monoids:

rk ‘ Notation ‘ (1,2, 23) * (Y1,Y2,Y3)
3A (x1+y1, v2 + Y2, 3+ y3)
L M4A+a (2191, 28y + o, 25ys + yi3),
1| M t A lj— A | (211, 28y2 + yhaa, 2Sys + yws + Que(21, Y1, 22, 42)) s
,C
2 | M+ M l;i— A (x1y1, T2Y2, xl{$§y3 + ylfygw?))»
,C
3 3M (z1y1, T2y2, T3Y3)

Moreover, every two monoids of different types or of the same type with different values of parameters
from this list are non-isomorphic.

The proof is based on the classification of pairs of commuting homogeneous locally nilpotent
derivations of degree zero on a positively graded polynomial algebra K[z, z9, z3].
The first and the third authors were supported by RSF grant 19-11-00172.

References. [1| I. Arzhantsev, S. Bragin, and Yu. Zaitseva. Commutative algebraic monoid
structures on affine spaces. arXiv:1809.05291. [2] A. Rittatore. Algebraic monoids and group
embeddings. Transform. Groups 3 (1998), no. 4, 375-396. 3] E. Vinberg. On reductive algebraic
semigroups. In: Lie Groups and Lie Algebras. AMS Transl. 169, 145-182, Amer. Math. Soc., 1995

National Research University Higher School of Economics
Lomonosov Moscow State University

e-mail: arjantsev@hse.ru, sbragin@hse.ru, yuliazaitseva@gmail.com

Ivan Arzhantsev (Moscow), Alvaro Liendo (Talca), Taras Stasyuk (Moscow)
Lie algebras of vertical derivations on semiaffine varieties with torus actions

Let X be a normal variety endowed with an algebraic torus action. An additive group action
on X is called vertical if a general orbit of the action is contained in the closure of an orbit of the
torus action and the image of the torus normalizes the image of the additive group in Aut(X). Our
first result is a classification of vertical additive group actions on X under the assumption that X is
proper over an affine variety. Then we establish a criterion as to when the infinitesimal generators
of a finite collection of additive group actions on X generate a finite-dimensional Lie algebra inside
the Lie algebra of derivations of X.

The results are based on the combinatorial description of homogeneous locally nilpotent
derivations on graded algebras in terms of proper polyhedral divisors obtained in [4]. In turn, we
obtain a Demazure type theorem that generalizes results obtained earlier in [3] and [2].

References. [1] Ivan Arzhantsev, Alvaro Liendo, and Taras Stasyuk. Lie algebras of vertical
derivations on semiaffine varieties with torus actions. arXiv:1902.01523; 15 pages |2] Ivan Arzhantsev,
Jiirgen Hausen, Elaine Herppich, and Alvaro Liendo. The automorphism group of a variety with torus
action of complexity one. Moscow Math. J. 14 (2014), no. 3, 429-471 [3] Michel Demazure. Sous-
groupes algebriques de rang maximum du groupe de Cremona. Ann. Sci. Ecole Norm. Sup. 3 (1970),
507-588 [4] Alvaro Liendo. Gg-actions of fiber type on affine T-varieties. J. Algebra 324 (2010),
no. 12, 3653-3665

National Research University Higher School of Economics
University of Talca, Chile
Lomonosov Moscow State University

e-mail: arjantsev@hse.ru, aliendo@inst-mat.utalca.cl, taras4834Q@Qgmail.com
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T. S. Busel, I. D. Suprunenko (Minsk, Belarus)

On the behaviour of unipotent elements from subsystem subgroups of small
ranks in modular representations of algebraic groups

The talk will be devoted to a series of results on the behaviour of unipotent elements from
subsystem subgroups of small ranks in irreducible representations of simple algebraic groups in
positive characteristic. It occurs that often the images of such elements have Jordan blocks of all a
priori possible sizes. A detailed information on the properties of the images of individual elements in
representations is important for solving recognition problems on representations and linear groups
on the base of the presence of certain matrices.

In the first part of the talk results on root elements and unipotent elements of the classical
algebraic groups with the minimal polynomial of degree 2 in the standard realization of a relevant
group will be briefly discussed. We also plan to mention some open questions for short root elements.

The bulk of the talk is concerned with the behaviour of regular unipotent elements from proper
subsystem subgroups of type A3 and C5 in irreducible representations of algebraic groups of types
A, and C),, respectively. It occurs that if the ground field characteristic p is not too small, then the
image of such element in a p-restricted irreducible representation usually has blocks of all a priori
possible sizes provided a certain linear combination of two or three coefficients of the highest weight
is less than p. In what follows K is an algebraically closed field of characteristic p > 3, G = A, (K)
with n > 3 or C(K) with n > 2, w;, 1 < ¢ < n, are the fundamental weights of G, H C G is a
subsystem subgroup of type As for G = A, (K) and of type Cy for G = C,,(K). Denote by N,
the set of all integers ¢ with 1 < ¢ < m and for an irreducible representation ¢ of G and a regular
unipotent element x of H, denote by J,, the set of the sizes of blocks in the canonical Jordan form
of ¢(z) (without multiplicities).

Theorem 1. Let ¢ be a p-restricted irreducible representation of G with highest weight w =
Yoy aw;. If G = Ay (K), assume that 3a; + 4ai+1 + 3a,42 < p for some ¢ with 1 <i <n—1.If
G = Cp(K), suppose that 3a,—1 + 4a, < p. Set S = 3a; +4az + ...+ 4ap—1 + 3a, for G = A, (K)
and S = 3ay +4as + ...+ 4a, for G = C,(K).

1). Let n > 3 and S < p. Assume that w & {w;, a1w; + apwy} for G = A, (K) and w & {w;, ajw; }
for G = Cp(K). Then J, = Ngyq.

2) Let (p—1)/3 <a < p, w=aw; or aw, for G = A,(K), and w = aw; for G = C,(K). Then
Jo =Ny \{2,p—3,p—2} fora=(p+1)/3 and J, = N, \ {2,p — 2} otherwise.

3) Let p> 11 and S > p. Then |J,| > p — 3 and |J,| > p — 2 if w is not a weight from Item 2.

Actually, in the assumptions of Theorem 1 a more detailed information on J, is available. The
length of the abstract does not permit us to give exact statements here, but they will be presented
in the talk. If S < p, the set J,, is completely determined in all cases (and for G = C3(K)). If p > 11
and S > p, this set is found for all representations, except some special ones. Here usually J, = Nj,.

Observe that regular unipotent elements of subsystem subgroups considered in Theorem 1 have
order p if and only if p > 3.

For G = A,(K) and p > 11, Theorem 1 was proved by A.A. Osinovskaya and the second author
and has been announced in [1]. For G = A, (K) and p > 11, this theorem will appear in [2].

This research has been supported by the Institute of Mathematics of the National Academy of
Sciences of Belarus in the framework of the State Research Programme "Convergence-2020".
References. [1] A.A. Osinovskaya and I.D. Suprunenko, Unipotent elements from subsystem
subgroups of type As in representations of the special linear group (in Russian). Doklady NAN
Belarusi, 56 (2012), no 4, 11-15. [2] T.S. Busel and I.D. Suprunenko, The block structure of the
images of regular unipotent elements from subsystem symplectic subgroups of rank 2 in irreducible
representations of symplectic groups. I-III (in Russian). Matematicheskie Trudy (Sobolev Institute
of Mathematics, Russian Academy of Sciences), 22-23 (2019-2020).

Institute of Mathematics, National Academy of Sciences of Belarus
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1)



D. A. Dolgov (Kazan, KFU)
Polynomial k-ary ged algorithms over finite fields

Computing greatest common divisor (GCD) is one of the oldest problem in mathematics.
Euclidean algorithm is the oldest ged algorithm. Algorithm complexity equals to O(n?) in the worst
case, where n is a degree of two input polynomials. We will introduce the main k-ary ged algorithms
and complexity estimations in the worst case. In the beginning we introduce degree estimations for
auxiliary polynomials a, b and division polynomial k.

Theorem 1. Let F is a field. Yu, v, k € Flz|, 3 a, b, t € Flz|: au + bv = tk, 3 w, q, 71,
ro € Flz], au = gk + 11, bv = wk + ro, 1 < deg(q) < /deg(k) — deg(k) + deg(u), 1 < deg(w) <
Vdeg(k) — deg(k) + deg(v), deg(u) > deg(v) > deg(k).

Then, r1 = 7o, 1 < deg(a), deg(b) < +/deg(k). If we take a, b: deg(a) > deg(b), then deg(k) € [1,
(1—&-\/1—4(de4g(1;)—Mmk))Q)7 deg(u) < rank < (v/4deg(v)—1)2—1

T + deg(v), where rank is rank of the

Sylvester matrix of two input polynomials u, v.

Polynomial k is chosen as irreducible. We consider two polynomials u, v over finite field F}, with
small charasteristic p. We store residues « of the form v mod k, that is we will store field elements
Fynlz]/(k), deg(k) = n. Input polynomials will be taken from the ring Fj[x], not from Fpn[x]/(k).
Next theorem is described iteration count in the worst case.

Theorem 2. Let u,v,k € Fplz], F, is a finite field, ¢ = degmin{t® : t°||n, and n € F,lx],
t is irreducible polynomial in Fy[z]}, ¢ € Fplz]. Computation of gcd(u,v) takes O((deg(u) +
deg(v))/deg(Q(k))) iteration in the worst case.

Next theorem is described division complexity D(n,m) for right-shift polynomial k-ary ged
algorithm.

Theorem 3. Let u,v,k € F[x], k is irreducible polynomial in a field F, deg(u) = n > deg(v) =
m > deg(k). Then D(n,m) ~ O(n?) in the worst case.

Next theorem is described multiplication complexity M (n, m) for right-shift polynomial k-ary
ged algorithm, for detais see [3], [4].
Theorem 4. Let u,v,k € F[z], k is an irreducible polynomial in a field F, deg(k) =
O(logy(n) logy logs(n)) or deg(k) = O(n'°823/2) deg(u) = deg(v) = n. So, M(n,m) ~ O(n?) in

the worst case.

Corollary 1. u, v, k € F', F is a field. A general estimation of the complexity of the main loop of
the right shift k-ary ged algorithm is O(n?) in the worst case.

Also we introduce a generalization of the Weber’s ged algorithm and complexity estimation in
the worst case. Weber’s algorithm allows you to get rid of precomputation phase in the beginning
of k-ary ged algorithm [1], [2].

References. 1] J. Sorenson, Two fast GCD Algorithms. J.Alg., 1(16) (1994), 110-144. [2] K. Weber,
The accelerated integer GCD algorithm. ACM Transactions on Math. Soft., 1(21) (1995), 111-122.
[3] A. Schoénhage, Schnelle Berechnung von Kettenbruchentwicklungen. Acta Informat., 2(1) (1971),
139-144. [4] S. B. Gashkov, Entertaining computer arithmetic: Fast algorithms for operations with
numbers and polynomials. Librokom, 2012.
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A. S. Dzhumadil’daev (Almaty, KAZAKHSTAN)
Associative- and Lie-admissible operads

An algebra A is called Lie-admissible (LiA), if its minus algebra A7) = (A, [ ,]) is Lie, associative-
admissible (AsA) if its plus-algebra A = (A, {,}) is associative, < a,b,c >= 0, for any a,b,c € A,
where [a,b] = ab—ba,{a,b} = ab+ba and < a,b,c >= {a,{b, c}} —{{a, b}, c}. Non-commutative Lie
algebra (NCL) is an algebra that satisfies Jacobi identity and all consequences of skew-symmetric
identity in degree 3. Let us introduce some classes of algebras.
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Name of algebras identities
Reverse-associative revas=ty (tots) — (tsta)t;
Anti-reverse-associative arevas=ty (tat3) + (t3t2)t:
Left-weak-Leibniz lwlei=[t1, to|ts — 2t1(tats) + 2ta(t1t3)
Right-weak-Letbniz rwlei=t[to, t3] — 2(t1ta)ts + 2(t1t3)te

Weak-Leibniz lwlei, rwlei
Non-commutative Lie (t1ta)ts + (tats)t1 + (tst1)te,
=Two-sided Leibniz (t1to + taty)ts, revas

Theorem 1. Associative-admissible operad is Koszul and its dual is non-commutative Lie operad,
AsA' = NCL. Dimensions of multilinear parts of AsA in degree n is equal to

1+ d\"'( 1+a
1—xz—22% dz 1—xz— a2
Let AsLiA = AsAN LiA be associative- and Lie-admissible operad. Then AsLiA is Koszul. Its

Koszul dual is reverse-associative and (one-sided) weak-Leibniz operad, AsLiA' = RevAs N LwLei.
Dimensions of multi-linear parts of AsLiA in degree n is equal to

Example. Any Zinbiel algebra, i.e., algebra with identity a(bc) = (ab + ba)c is associative-
admissible, but not Lie-admissible.

Example. Any two-sided Leibniz algebra is weak Leibniz.

Example. Let U = KJ[z] and a xb = ad(b) — d(a)b + uab, for some u € U. Then (U,*) is
weak-Leibniz. It is associative-admissible and Lie-admissible.

Well known that if Leibniz algebra is simple, then it is Lie. Any Leibniz algebra is weak-Leibniz.
Our example shows that the class of weak Leibniz algebras contains simple algebras, that are not
Leibniz and not Lie.

Theorem 2. Weak Leibniz operad is self-dual, W Lei' = W Lei, but it is not Koszul.

Theorem 3. Reverse-asociative operad is Koszul and RevAs' = ARevAs. Let X be set of
generators, F(X) free reverse-associative algebra, Com(X) free commutative algebra and ACom(X)
free anti-commutative algebra. Then F(X) = Com(X) & ACom(X). In particular, dimensions of
multi-linear parts of free reverse-associative algebra in degree n > 1 is 2(2n — 3)!1.

Institute of Mathematics, Almaty, KAZAKHSTAN
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A. S. Dzhumadil’daev (Almaty, RK), K. M. Tulenbayev (Almaty, RK)
Universal enveloping Bicommutative algebras for metabelian Lie algebras

Authors establish Poincare-Birkhoff-Witt theorem (PBW theorem) for metabelian Lie algebras

and Bicommutative algebras. We also prove that the variety of Bicommutative algebras is not
Schreier. Freiheitssatz also is not true for Bicommutative algebras. Word decidability is true for
Bicommutative algebras.
Projective metabelian algebras of finite rank were studied in [1]. Second author of given article
establish the definition of Zarisky topology on bicommutative algebras. Let A = (A, o) be an algebra
over field with characteristic p > 0 and A x A — A, (a,b) — a o b, is product. An algebra (A, o) is
called Bicommutative, if

(aob)oc=(aoc)ob(RCom)
ao(boc)="bo (aoc)(LCom)

for any a,b,c € A. We mention that bicommutative algebra over new commutator operation

7



[a,b] = aob— boa satisfies the following three equations:

1.[a,b] = —[b, a
2.[[a, b],c] + [[b, c], a] + [[¢,a],b] =0
3.[[a, b],[c,d]] = 0.

It means that bicommutative algebra over new commutator operation is Lie metabelian algebra.
We establish Poincare-Birkhoff-Witt theorem (PBW theorem) for metabelian Lie algebras and
Bicommutative algebras. We use description of linear basis of algebras metabelian Lie algebras.
Let F = F < a1, -+ ,a, > be free Lie metabelian algebra generating on free variables aq,--- , a,.
Then linear basis of F' will be the following right-normed products [[[a;,, ai,], @is], - -+ , @i, ] where
i1 > 2 < i3 < i Also we use representation of bicommutative basis as a pair (X,Y). Let us
introduce order on bicommutative monomials. Degree of (X,Y) is equal to sum of degree X and
degree Y. We say that Z = (X,Y) < Z1 = (X1, Y1) if degZ < degZ;.

When degZ = degZ; at first we will compare X and X; as monomials in associative and commutative
algebra. If X = X7 then we will compare Y and Y7 as monomials in associative and commutative
algebra with deg-lex order.

This representation we use in Buchberger algorithm for bicommutative algeras in order to prove
Theorem 4.

Theorem 1. Let F'=F < ay,--- ,a, > be free Lie metabelian algebra and B = B < x1, -+ , 2, >
be free Bicommutative then mapping ¢ : F' — B expanding from generating elements ¢(a;) = x; is
injective homomorphism.

Let I be an ideal of free metabelian Lie algebra F. Denote < ¢(I) > an ideal of Bicommutative
algebra B, generated by¢(I). Also we find that the following Lemma is true.

Lemma 1. ¢(I) =< ¢(I) > No(F).

Theorem 2. Any metabelian Lie algebra L is subalgebra of some bicommutative algebra B over
commutator.

Given construction of Bicommutative algebra give us universal enveloping Bicommutative for
metabelian Lie algebra. Now we can prove analogue of Poincare-Birkhoff-Witt theorem (PBW
theorem) for metabelian Lie algebras and Bicommutative algebras.

Let e1,--- ,en, -+ be linear basis of metabelian Lie algebra L then there exists universal enveloping
Bicommutative algebra U(L) with linear basis T'(((e;, o €s,) 0+ ) oe;, ), where i; > ip < i3 < ;. The
operator T is taken from right-normed products (head) and defined by formula T'(((e;, 0 €j,)0---)o0
eik) = [Heil’ 6i2]7 61'3], T 7eik]'

Theorem 3. For any homomorphism 7 : L — D, where D is Bicommutative algebra with
commutator operation |[,| exists only one homomorphism 6 : U(L) — D as Bicommutative algebras
and T =00¢

Theorem 4. The graded algebra grU(L) is abelian algebra

Any metabelian Lie algebra can be represented as subalgebra of Bicom™. For example it is not
true for Jordan and Ass™t algebras. The subalgebra membership problem is decidable also for free
metabelian groups and free metabelian Lie algebras[6]. Word decidability is true for Metabelian Lie
algebras, proof one can see in|7|. Variety of Metabelian Lie algebras is not Schreier. Proof of this
result is given in Theorem 1 [4]. Freiheitssatz is not true because of metabelian idenity. Lets take
0 = [[x2, x3], [[x2, 3], x2]]. We have relation without x3. Using results of A.A. Mikhalev and I. P.
Shestakov in [5], we have for PBW pair is not Schreier and Freiheitssatz is not true for second algebra
if first algebra has no this property. Because metabelian Lie algebras and Bicommutative algebras
over commutator give PBW pair, we prove theorem.

Theorem 5. The variety of Bicommutative algebras is not Schreier. Freiheitssatz is not true and
Word decidability is true for Bicommutative algebras.
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Authors are grateful to U.U. Umirbaev and M.V. Zaicev for helpful comments. The work is
supported by the grant AP05133271 of SC of the MES of RK.
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A. V. Galatenko, V. A. Nosov, A. E. Pankratiev (Moscow)

Construction of multivariate quadratic quasigroups by means of proper families
of functions

A finite quasigroup is a pair (@, f) such that @ is a finite set, f : @ x @ — @ is an operation,
and for any a,b € @ all equations of the form f(z,a) = b and f(b,y) = b are solvable. If |Q| = 2"
for some n € N then elements of ) can be encoded by binary n-tuples, and f can be thought of as a
vector function (fi, ..., fn)? where f; are 2n-ary Boolean functions. Since any Boolean function can
be represented by a unique (up to permutation) polynomial over the field GF'(2), we can consider the
vector (dy,...,d,)T of degrees of the polynomials corresponding to f;, i =1,...,n. If k, 0 < k < n,
polynomials are of degree 1 and the remaning n — k polynomials are of degree 2 then the quasigroup
is said to be a multivariate quadratic quasigroup (MQQ) of type Quad,,_xLing. MQQ are used in a
number of public key cryptosystems (see e.g. a survey [1]). We propose four methods for construction
of a large number of MQQ by means of proper families of Boolean functions.

A family (gi,...,9n) of n-ary Boolean functions is called proper (of order n) if for any two
distinct binary n-tuples (t1,...,t,) and (¢},...,t)) there exists an index 4, 1 < i < n, such that
ti # t;, but gi(t1,...,tn) = gi(t},...,t,). Nosov proved that the functions

fi(xl) ey Ty Yty ee 7yn) = Z; ®yl @g(ﬂl(ﬂfl,?/l)a .- 'aﬂ-n(l‘nvyn))v (1)

1 = 1,...,n, specify a quasigroup for any choice of Boolean functions =1,...,m, if and only if
the family (g1,...,gn) is proper (see e.g. [2]). Thus a single proper family can identify up to 16
quasigroups, however the functions defined by different values of m; may coincide. Note that the
degree of the polynomial corresponding to a Boolean function in two variables is at most 2. Hence
two obvious options for generating MQQ are using linear proper families and using proper families
formed by quadratic functions and disallowing to substitute quadratic m; for variables in quadratic
terms.

A family of n-ary Boolean functions (g¢i,...,g,) is called triangular if up to consistent
renumbering of functions and variables a function g; does not essentially depend on variables t;, ..., t,
(in particular, g; is a constant). It can be easily seen that any triangular family is proper. Note that
any MQQ generated by a triangular proper family contains at least one linear component.

The results of Nosov and Pankratiev from [2] almost directly imply that the following assertion
holds.

Theorem 1. A family of linear functions is proper if and only if it is triangular.
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Theorem 1 allows to obtain a lower bound on the number of MQQ generated by linear proper
families.

Theorem 2. The number of MQQ of type Quad,,_rLing, 0 < k < n, generated by linear proper
n2
families is 27 To(?).
The construction can be further improved.

Theorem 3. Suppose that (g1,...,9n) is a triangular family. Then for any 7; ; the functions f; =
i DY ® gi (mia(z1,y1), ..., Tin(Tn,Yn)) identify a quasigroup.

Piven proved that applying permutations to indices of the variables z; and y; in (1) is an isotopy
([3]); it can be easily shown that in case of linear proper families this technique preserves degrees of
functions and increases the number of quasigroups generated by the factor (n!)2.

Now consider the case of triangular families of quadratic functions. Note that if some g; contains
a monomial of degree 2 and the corresponding functions 7; are nonconstant then the resulting
quasigroup can not be generated using linear proper families. Thus the following assertion holds.

7,,’3
Theorem 4. Quadratic triangular families of order n € N, n > 2, generate 9% +o(n?) MQQ that can
not be generated by linear proper families.

Similarly to the linear case, additional quasigroups can be generated using Theorem 3 and Piven’s
permutation construction.

All quasigroups constructed above contained at least one linear component f;. A possible way
to construct an MQQ such that all components are quadratic is to use multiaffine families, i.e. to
consider g; = li1 -11-2, where [ are linear Boolean functions. The fact that such family is proper can be
proved using the criterion obtained by Nosov ([4], Theorem 5). An example of a proper multiaffine
family is given in the following theorem.

Theorem 5. Let n > 2 be a natural number, g; = to-t3, go =t3-t4, ..., Gn_1 = tn - t1, gn = t1 - to.
Then the family (g1, ...,gs) is proper if and only if n is odd.

Finally recall a construction proposed by Nosov in [4] that allows to produce proper families of a
larger number of variables from smaller proper families. This construction allows e.g. generating
MQQ of type Quad,Ling for arbitrary value of n from a family described in Theorem 5.
Suppose that (g1,...,9,) is a proper family, n’ > n is the required size of the new family.
Represent n' as a sum n + s1 + ... + s, s € NU {0}, ¢ = 1,...,n. Consider the family
(G115 191,81, 91009915+ +» G259 9200+ s In1s -+ -1 Insns Ino) (if si is equal to O then g;; with
natural j are omitted). Define functions gé’ ; in the following way (dummy variables are omitted):

91 = Gi1 (9i(t105 -+, tnp))
950 = Gi2(9i(t1,0, -, tno0)s ti1)

9is; = Gisi (Gi(t105 -3 tn0)stity - tis;—1)
9io = Gio(9i(t105- s tno)s ity tis,) s

where G;; are arbitrary Boolean functions. By [4, Theorem 6| the resulting system is proper. Thus
if g/ is at most gadratic, all functions Gj; are linear in the first variable and at most quadratic in
the remaining variables, and all functions ; are linear, then equations (1) define a MQQ.
References. [1]. C. Wolf, B. Prenel. Taxonomy of public key schemes based on the
problem of multivariate quadratic equations. Cryptology ePrint Archive, Report 2005/077, 2005.
[2]. V. A. Nosov, A. E. Pankratiev. Latin squares over abelian groups. Journal of Mathematical
Sciences, 149, 3 (2008), 1230-1234. [3]. N. A. Piven. Investigation of quasigroups generated by
proper families of Boolean functions of order 2. Intelligent Systems. Theory and Applications, 22, 1
(2018), 21-35 (in Russian). [4]. V. A. Nosov. Constructing Families of Latin Squares over Boolean
Domains. Boolean Functions in Cryptology and Information Security, 2008, 200-207.
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A. A. Galt (Novosibirsk)
On splitting of the normalizer of a maximal torus in groups of Lie type

Let G be a simple connected linear algebraic group over the algebraic closure F,, of a finite field
of positive characteristic p. Let o be a Steinberg endomorphism and 7' a maximal o-invariant torus
of G. It’s well known that all the maximal tori are conjugated in G and the quotient Ng(T)/T is
isomorphic to the Weyl group W of G. The following problem arises.

Problem 1. Describe the groups G in which Ng(T') splits over 7.

A similar problem arises in simple groups of Lie type. Let T = T'N G be a maximal torus in a
finite group of Lie type G, N(G,T) = Ng(T) N G an algebraic normalizer of G.

Problem 2. Describe the groups G' and their maximal tori 7" in which N(G,T) splits over T.

The problem of splitting of the normalizer of a maximal torus was stated by J.Tits in [1]. We
will discuss the progress in these questions.

The work was supported by the Russian Science Foundation (project 19-11-00039).

References. [1] J. Tits, Normalisateurs de tores I. Groupes de Coxeter Etendus // Journal of
Algebra, 1966, V.4, 96-116.
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Pavel Kolesnikov (Novosibirsk), Hassan AlHussein (Novosibirsk)
Hochschild cohomology via Morse matching

Homological methods allow us to get important information about the structure of an algebra. For
associative algebras, Hochschild cohomologies play an important role in structure and representation
theory. Finding the Hochschild cohomology group H™(A, M) of a given algebra A with coefficients
in a given A-bimodule M is often a difficult problem. In order to solve this problem one needs a
long exact sequence starting from A, a resolution of A. The most natural bar-resolution is easy to
construct but it is too bulky for computations. Another approach was proposed by David J. Anick in
1986 [1], where it was built a free resolution for associative algebra which is homotopy equivalent to
the bar-resolution. The Anick resolution was also used to find Poincare Series. Computation of the
differentials in the Anick resolution according to the original algorithm described in [1] is extremely
hard. In order to make the computation easier, one may use the discrete algebraic Morse theory
based on the concept of a Morse matching defined in [3, 4|. This concept was used in geometry first,
then it became applicable in algebra. In the present work, we apply the Morse matching theory to
find the Anick resolution and calculate the groups of Hochschild n-cohomologies of the Manturov
group (which has applications in Dynamical Systems [6]), Weyl algebra and chinese algebra.

References. [1] D. J. Anick. On the homology of associative algebras, Transactions of the American
Mathematical Society, 1986, Vol. 296, No 2, P. 641-659. [2] V. Lopatkin. Cohomology rings of
the plastic monoid algebra via a Grobner - Shirshov basis, 2017, arXiv:1411.5464v7 [math.AT].
[3] E. Skoldberg, Morse theory from an algebraic viewpoint, Trans. Amer. Math. Soc., 358 (1)
(2006) 115 — 129. [4] M. Jollenbeck and V. Welker, Minimal Resolutions Via Algebraic Discrete
Morse Theory, Mem. Am. Math. Soc. 197 (2009). [5] Yuxiu Bai and Yuqun Chen, Grébner-Shirshov
Bases for the Groups G5 and G%, School of Mathematical Sciences, South China Normal University,
(2017). [6] V. O. Manturov, Non-reidemeister knot theory and its applications in dynamical sestems,
geometry, and topology, preprint (2015), arXiv:1501.05208.
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A. V. Kondrateva, M. I. Kuznetsov (Nizhny Novgorod)
Non-alternating Hamiltonian Lie algebras in characteristic two

Well known Lie algebras of Cartan type consisting of vector fields preserving special, Hamiltonian
or contact form have the analogous in characteristic p. Note that the algebra of functions must be
replaced by an algebra of divided powers O, (F)(see [1]) that corresponds to some generalized flag
F in the space of variables £ =< x1,...,2, >, F : E = Ey D E; D .... In the case of a field
of characteristic 2 one can construct a large class of simple Hamiltonian Lie algebras corresponding
to symmetric differential forms. The class of Hamiltonian Lie algebras of characteristic 2 with the
simplest symmetric Poisson bracket was constructed in 1993 by Lei Lin [2]. Later on, in [3] the
symmetric Hamiltonian forms in divided powers were introduced and the symmetric Poisson brackets
of L.Lin were obtained by classical Hamiltonian formalism. But only classical forms analogous to
those which correspond to Hamiltonian Lie superalgebras were considered [4]-[5]. In [6] the invariant
construction of the complex of symmetric differential forms in characteristic 2 was given and some
program of investigation was proposed. In the first stage the authors have obtained all invariants
of symmetric Hamiltonian differential forms with constant coefficients with respect to parabolic
subgroup of GL(V') corresponding to flag F. In particular, it was shown that there exists a basis of
V coordinated with flag F such that a form has a matrix diag(Mo, ..., My, My,..., My, 1) where

0 1 0 1
MO_<1 0) andM1—<1 1)

Later on, the authors have proved that in the case when n > 4 or n = 4 and the flag F is non-
trivial or n = 2, 3 and Fj contains a non-isotropic vector with respect to the form w on E dual to
the form w, each filtered Lie algebra associated with a graded non-alternating Hamiltonian algebra
is given by a symmetric Hamiltonian differential form with non-constant polynomial (in divided
powers) coefficients. It has been proved that in case when the heights of some variables is large
enough, such a form can be reduced to non-alternating Hamiltonian form with constant coeflicients.
Thus, in the case when variables are of large enough heights the graded non-alternating Hamiltonian
Lie algebras are rigid with respect to filtered deformations in contrast to the classical Hamiltonian
algebras.

The investigation was supported by REFBR, grant 18-01-00900/a.

References. [1] A. I. Kostrikin, I. R. Shafarevich, Graded Lie algebras of finite
characteristic. Izv. AN SSSR. Ser. Matem., 33 (1969), 251-322. [2] L. Lin, Non-alternating
Hamiltonian algebra P(n, m) of characteristic 2. Comm. Alg., (21) (1993), 399-411.
[3] S. Bouarrouj, P. Grozman, A. Lebedev, D. Leites, Divided power (co) homology. Presentation
of simple finite dimensional modular superalgebras with Cartan Matrix. Homology, Homotopy
Appl., 12 (2010),237-248. [4] S. Bouarroudj, P. Grozman, A. Lebedev, D. Leites,
I. Shchepochkina, New simple Lie algebras in characteristic 2. Math. Research Notices, 2009
(2015),1-16. [5] U. Yier, D. Leites, M. Messaoudene, I. Shchepochkina, Examples of simple
vectorial Lie algebras in characteristic 2. J. Nonlin. Math. Phys., 17, Suppl. 1 (2010), 311-374.
[6] M. I. Kuznetsov, A. V Kondrateva, N. G. Chebochko, On Hamiltonian Lie algebras of
characteristic 2. Matem. J. (NAS of Kazakhstan), 16 (2016), 54-65.
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Li Lu (Moscow)
On thick subcategories of derived categories of perfect complexes of quasi-
coherent sheaves on noetherian schemes

Classification of subcategories of derived categories is quite an active subject widely studied by a
number of authors(see, for example, [1-11]. In [9], Neeman and Bokstedt state a remarkable theorem:

Theorem (Neeman-Bokstedt)

Let R be a commutative noetherian ring. We denote by supp~!(®) the subcategory of Lerf(R)
consisting of all R-complexes M*® with supp(M?®) C ®. There is an inclusion-preserving bijection of
sets

{Thick subcategories of Berf(R)}
supplusum?

{Specialization closed subsets of Spec(R)}.

Neeman and Bokstedt’s theorem is a beautiful result. Our aim is to prove a similar result for a
noetherian separated scheme.

Main Theorem Let X be a noetherian separated scheme. Consider the following three sets:

(1) SC = {Specialization closed subsets of X}.
e (2) TS = {Thick subcategories of Perf(X)}.
(3)

3) SS = {Serre subcategories of Coh(X)}.
o (4) HT = {Hereditary torsion theories of QCoh(X)}.

All of the sets are bijectively corresponding to one another.

References. [1| P. Balmer. The spectrum of prime ideals in tensor triangulated categories. Journal
fur die reine und angewandte Mathematik, 2005(588) : 149-168, 2005. [2] D. Benson, S. Iyengar,
and H. Krause. Stratifying modular representations of finite groups. Annals of mathematics, 17(3):
1643-1684, 2011. [3] P. Gabriel. Des categories abeliennes. Bulletin de la Societe Mathematique
de France, 90: 323-448, 1962. [4] J. Hall and D. Rydh. Perfect complexes on algebraic stacks.
Compositio Mathematica, 153(11): 2318-2367, 2017. [5] M. J. Hopkins. Global methods in homotopy
theory. Proceedings of the 1985 LMS Symposium on Homotopy Theory, 73-96, 1987. [6] R. Kanda.
Classifying Serre subcategories via atom spectrum. Advancesin Mathematics, 231(3-4):1572-1588,
2012. [7] R. Kanda. Classification of categorical subspaces of locally noetherian schemes. Documenta
Mathematica, 20:1403-1465, 2015. [8] H. Krause. Thick subcategories of modules over commutative
Noetherian rings. Mathematische Annalen, 340(4):733-747, 2008. [9] A. Neeman and M. Bokstedt.
The chromatic tower for D(R). Topology, 31(3):519-532, 1992. [10] R. Takahashi. Classifying
subcategories of modules over a commutative Noetherian ring. Journal of the London Mathematical
Society, 78(3):767-782, 2008. [11] L. A. Tarrio, A. J. Lopez, and M. J. S. Salorio. Bousfield
localization on formal schemes. Journal of Algebra, 278(2): 585-610, 2004.
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D. V. Lytkina, V. D. Mazurov (Novosibirsk), A. Kh. Zhurtov (Nalchik)
Finite generalized Frobenius groups

Let G be a group, F' a proper non-trivial subgroup of G. A coset Fx of G by F is said to be a
primary coset if all elements of Fx are p-elements for some prime p (depending on Fx). A periodic
group G having a non-trivial proper normal subgroup F' is called a generalized Frobenius group with
kernel F' if Fx is a primary coset for every element Fx € G/F of prime order.

Notice that every finite Frobenius group and every finite Camina group [1] are generalized
Frobenius groups. The talk is devoted to the classification of perfect finite generalized Frobenius
groups. The reported study was funded by RFBR according to the research project No. 19-01-00507.

Let V be a G-module over a field of prime characteristic p. We say that V is a p’-free module
(and G acts p'-freely on V) if vh # v fro every 0 # v € V and every 1 # g € G such that g is a
p’-element.

Finite perfect groups which have a p’-free module for some p are described in [2].

The main result of this talk is the following

Theorem. Let G be a non-trivial perfect finite generalized Frobenius group with kernel F. Then F
is nilpotent and G acts p’-freely on every chief factor of G inside F.

Moreover, one of the following holds:

(1) F is a p-group for some odd prime p dividing |G : F| and G/O,(G) ~ SL2(p*), a > 1.

(2) F is a 2-group and G/O5(G) is isomorphic to L2(2%), a > 2, Sz(22°T1), or to Ly(22¢H1) x
Sz(22+h), (2a+1,2b+ 1) = 1.

(3) Fis a 3-group and G/O3(G) ~ SLa(r), r € RU{7,17}.

(4) F is a {3,r}-group, G/F ~ SLa(r), r € RU{7,17}.

(5) G/F ~ SLs(5).

Here fR is the set of all primes r satisfying the following conditions:

(a) r=2%-3"41fora>2b>0;

(b) (r +1)/2 is a prime.

The authors are grateful to Professor A. S. Kondratiev who drew their attention to Camina
groups.

References. [1| A. R. Camina, Some conditions which almost characterize Frobenius groups. Israel J.
Math., 31, No. 2 (1978), 153-160. [2] P. Fleischmann, W. Lempken, P. H. Tiep, Finite p’-semiregular
groups. J. Algebra, 188, No. 2 (1997), 547-579.
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A. Mamontov, A. Staroletov (Novosibirsk), M. Whybrow (Kaiserslautern, Germany)
Minimal 3-generated groups of 6-transpositions and Majorana algebras

The Monster group was first constructed as the automorphism group of the Griess algebra Vi,
which is a 196884-dimensional commutative non-associative real algebra [1]. Then it appeared in the
context of Vertex Operator Algebras (VOA). A. A. Ivanov [2] introduced Majorana theory as the
axiomatization of certain properties of this algebra, presuming the bijection between involutions
in the automorphism group and certain idempotens (axes) of the algebra, and reproving the
classification of algebras generated by two axes.

It is natural to study next algebras, generated by three axes. This is in generally a hard question,
since S. P. Norton has shown that the Monster algebra is 3-generated in many different ways. We
introduce the definition of a minimal 3-generated Majorana algebra and provide an almost complete
classification of such algebras. In our work we use correspondence between groups and algebras, and
definition of «minimality» for groups and algebras is similar.

Classification of two-generated algebras imply that involutions D, corresponding to the axes, have
6-transposition property, i.e. the order of their product is not greater than 6. Morover, corresponding
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group is minimal 3-generated, i.e. if H < G and H = (H N D) then either H = G or H can be
generated by two elements of D. The classification of minimal 3-generated groups will be presented
on the talk.

References. [1|] R. L. Griess. The friendly giant. Invent. Math. 69 (1982), 1-102, 1982.
[2] A. A. Ivanov. The Monster Group and Majorana Involutions. Number 176 in Cambridge Tracts
in Mathematics. Cambridge University Press, Cambridge, 2009.
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V. H. Mikaelian (Yerevan)
On pairs of wreath products of groups generating equal varieties

The aim of this communication is to present our recent note [5| which suggests a method of
detection of wreath products which generate the same variety of groups. More precisily: we are given
the groups A1, Ao, By, By such that A; and As generate the same variety 4, and the groups By and
By generate the same variety 0. Do the wreath products A;WrB; and AsWrBs generate the same
variety? In other words, does the equality

var(A1WrB;) = var(AasWrBs) (%)

hold for the given Aj, As, B, Ba (see background information on varieties of groups in [7])? This
topic continues our research of [3, 4, 6] in which we discussed other properties of varieties generated
by wreath products, in particular, equality of the variety generated by A1 WrB; to the product L5.
To give an answer to the above question for some classes of nilpotent and abelian groups we need
some auxiliary notations for abelian groups (we adopt them from [2]). Let Bj and Bs be abelian
groups of finite exponent, and let for a prime p their p-primary components Bj(p) and Ba(p) have
direct decompositions Bi(p) = C;:fl X e X C’;:f’rur and By (p) = C’;:flle S X C;f;vs, where C’;}fiui is
the direct product of myu; copies of the cycle Cpu; of order p“i; and ngvi is defined similarly for Bs.
Suppose u; > -+ > u, and v1 > -+ > v,. Define Bi(p) = Ba(p) if and only if: either Bi(p), B2(p)
both are finite and isomorphic; or Bj(p), B2(p) both are infinite, and there is a k such that: ()
C’;:f:k is the first infinite factor of By (p), C;f;:k is the first infinite factor of Ba(p); (i) wur = vg;
(iii) U; = U, Mpu; = Mpyv; for each i = 1, . ,k —1.
Theorem. (Theorem 2.3 in [5]) Let A;, A2 be non-trivial nilpotent groups of exponent m generating
the same variety, and let By, Bs be non-trivial abelian groups of exponent n generating the same
variety. If any prime divisor p of n also divides m, then the equality (x) holds for A, As, By, By if
and only if By(p) = Ba(p) for each of such primes p.

We have especially simple situations in cases, when Bj, Bs both are finite, or if one of them is
finite, and the other is infinite:

Corollary. In the above notations:
1. equality (*) holds for finite groups By, By if and only if By and By are isomorphic,

2. equality (%) never holds if one of the groups Bi, By is finite, and the other is infinite.

The presented facts generalize some results of Kovdacs and Newman on subvariety structure of
product varieties of groups [1].

The proofs technique uses both standard methods of varieties of groups reflected in |7], and also
newer methods, such as, Shield’s theory developed for computation of the nilpotency class for wreath
products [8, 9].

References. [1| L.G. Kovacs, M.F. Newman, Torsionfree varieties of metabelian groups, de Giovanni,
Francesco (ed.) et al., Infinite groups 1994. Proceedings of the international conference, Ravello, Italy,

85



May 23-27, 1994. Berlin: Walter de Gruyter. 125-128 (1996). [2| L. Fuchs, Infinite Abelian Groups.
Volume II, Academic Press, New York, 1973. [3] V.H. Mikaelian, Metabelian varieties of groups
and wreath products of abelian groups, J. Algebra, 2007 (313), 2, 455-485. [4] V.H. Mikaelian,
The criterion of Shmel’kin and varieties generated by wreath products of finite groups (Russian),
Algebra and Logic, 56, 2, (2017), 164-175. [5] V.H. Mikaelian, Subvariety structures in certain
product varieties of groups, Journal of Group Theory, 21 (2018), 5, 865-884. [6] V.H. Mikaelian, On
the classification of varieties generated by wreath products, Izvestiya: Mathematics, 82 (2018), 5,
1006-1018. |7] H. Neumann, Varieties of Groups, Varieties of groups (Ergebn. Math. Grenzg., 37),
Berlin-Heidelberg-New York, Springer-Verlag 1967. [8] D. Shield, Power and commutator structure
of groups, Bull. Austral. Math. Soc. 17, (1977) 1-52. [9] D. Shield, The class of a nilpotent wreath
product, Bull. Austral. Math. Soc. 17 (1977) 53-89.
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A. V. Mikhalev, E. E. Shirshova (Moscow)
The ordered projective geometry over skew fields

Let FF =< F,+,- > be a skew field. Recall that the skew field F' is said to be a partially ordered
skew field whenever < F,+, <> is a partially ordered group and the following condition holds:

if a <band c >0, then ac < bc and ca < ¢b for all a,b,c € F.

We will call a partially ordered skew field F' a directed skew field whenever the group < F, 4+, <>
is a directed group.

Everywhere below, F' always denotes a partially ordered skew field, the characteristic of F' is equal
to zero, and the unity element of the field F is a positive element.

One can find the next definition in books [1| and [2].

A left vector space pV =< V,+,{a| a € F} > over a partially ordered skew field F is said to
be a partially ordered vector space whenever the group < V,+, <> is a partially ordered group and
the following condition holds:

if 0 < v, then 0 < aw for all elements v € V and all o > 0 from the skew field F'.

A partially ordered vector space gV over a partially ordered skew field F' is said to be directed
(linearly ordered) if the group < V,+,<> is a directed (linearly ordered) group. The vector space
rV is called a vector lattice if the group < V, 4+, <> is a lattice-ordered group.

The idea of vector lattices was first considered by L. V. Kantorovich [3] and Riesz [5]. The
concept of vector lattices is important in the functional analysis. For this reason, properties of real
function spaces were investigated by different authors (see [4]).

At present, we have seen a beginning of systematic investigation for partially ordered vector
spaces over different partially ordered skew fields.

Let M be a linear subspace of a partially ordered vector space pV over a partially ordered skew
field F. We will call M a directed subspace if the group < M, +,<> is a directed subgroup of the
group < V, 4, <>

Let us denote by L = L(rV') the set of all directed subspaces of a partially ordered vector space
rV over a partially ordered skew field field F.

Theorem 1. Suppose gV is a partially ordered vector space over a directed skew field F', and
0 < v € V; then there exists a directed subspace M, of the space pV, where any positive element
u € M, satisfies inequalities u < awv for some elements o > 0 from the skew field F'.

A partially ordered group G is referred to interpolation groups whenever for inequalities uy, us <
v1, U2 there exists an element w € G for which uq, us < w < v1, vy for all uy, us,v1,v2 € G.

We will call a partially ordered vector space gV over a partially ordered skew field F' an
interpolation space if the group < V,+, <> is an interpolation group.

Positive elements a and b are called to be almost orthogonal in a partially ordered group G
whenever inequalities g < a, b imply the validity of inequalities g™ < a, b for all elements g € G and
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all integers n > 0. A partially ordered group G is referred to AQ-groups whenever each element
g € G has a representation g = ab~! for some almost orthogonal elements a and b of the group G.
An interpolation AO-group is said to be a pseudo lattice-ordered group.

Theorem 2. If pV is an interpolation space, then L is a sublattice for the lattice of all subspaces
of the vector space V which has a least element and the greatest element.

In addition: 1) L is a complete upper sublattice;

2) if the group < V,+, <> is a pseudo lattice-ordered group, then L is a complete distributive
lattice, where L has the least element and the greatest element. Furthermore, L is Brauer’s lattice.

References. [1| G. Birkhoff, Lattice theory. Providence: Rhode Island, 1967 [2] R. Ber, Linear
algebra and projective geometry. Moscow: IL, 1955. [3] L. V. Kantorovich, Linear semiordered spaces.
Math.Annalen, 2 (1937), 121-168. [4] L. V. Kantorovich and G. P. Akilov, Functional analysis.

Moscow: Nauka, 1977. [5] F. Riesz, Sur la théorie générale des opérations linéaires. Ann.Math,
41(1940), 174-206.
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D. V. Millionshchikov (Moscow)
Naturally graded Lie superlagebras

We consider positively graded Lie superalgebras
g=00B01 =S 008D/ N01, [0 05 C 00 5 moasr @B €{0,1},

We call a positively graded Lie superalgebra g = go @ g1 naturally graded if it is isomorphic to
its associated graded Lie superalgebra grcg with respect to the filtration by the ideals C'g of the
lower central series.

We classify narrow in the sense of Shalev and Zelmanov [1] naturally graded Lie superalgebras

g=go® 01 = O TgH @D, Tg] such that
1 <dimg} <2,dimg} =1,i >2,dimg] =1,j > 1.

This classification generalizes the classical result by Vergne [3| on naturally graded filiform Lie
algebras and the recent classification of narrow naturally graded Lie algebras [1].

References. [1] A. Shalev, E. Zelmanov, Narrow algebras and groups. J. of Math. Sciences, 93
(1999), 951-963. [2] D. V. Millionshchikov, Narrow positively graded Lie algebras. Dokl. Math.,
98 (2018), 626—628. [3] M. Vergne, Cohomologie des algebres de Lie nilpotentes. Bull. Soc. Math.
France, 98 (1970), 81-116.
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E. A. Morozov (Moscow)
Surfaces containing two parabolas through each point

We prove that any surface in R3 containing two arcs of parabolas with axes parallel to Oz

through each point has a parametrization (;EZ?};, ggzz;, 5;&%) for some P, Q, R, Z € R[u,v] such

that P, @, R have degree at most 1 in v and v, and Z has degree at most 2 in v and v (under some
additional technical assumptions). This result can be considered in the context of describing surfaces
containing two isotropic circles through each point in isotropic geometry (in the Euclidean case all
such surfaces are described in [1]). We also consider some other problems about surfaces containing
isotropic circles and lines through each point.

References. [1] M. Skopenkov, R. Krasauskas. Surfaces containing two circles through each point
// Math. Ann. (2018).
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D. Osin (Nashville)
Quasi-isometric diversity of finitely generated groups

Geometric group theory studies groups as metric spaces. The most interesting results in this
direction are obtained by neglecting local features of groups and exploring their large scale geometry.
In particular, it is customary to consider groups up to the quasi-isometry relation, which plays the
same role is geometric group theory as the isomorphism relation in algebra.

We use standard tools of descriptive set theory to show that every set of finitely generated
groups with “sufficiently complicated structure"contains 2% quasi-isometry classes. Several known
constructions of continuous families of non-quasi-isometric groups due to Grigorchuk, Bowditch,
Cornullier-Tessera, and Kropholler—Leary—Soroko can be thought of as particular manifestations of
this general phenomenon. The exact statement of our main result is somewhat technical and we
do not reproduce it here. Instead we record three applications to constructing non-quasi-isometric
groups satisfying certain interesting algebraic or geometric properties.

Theorem 1. There exist 280 quasi-isometry classes of finitely generated groups of asymptotic
dimension 1.

This result should be compared to the well-known fact that every finitely presented group of
asymptotic dimension 1 is virtually free; in particular, there are only 2 quasi-isometry classes of such
groups.

The next result is related to the famous Burnside problem, asking whether every finitely
generated group of a fixed exponent n € N is finite. In modern terms, the question of Burnside can be
reformulated as follows: Are all finitely generated groups of bounded exponent quasi-isometric?. The
negative solutions due to Novikov-Adian and Ivanov imply that there are at least 2 quasi-isometry
classes of groups of exponent n for every sufficiently large n. Our approach allows us to prove the
following.

Theorem 2. For every sufficiently large n, there exist 280 quasi-isometry classes of finitely generated
torsion groups of exponent n.

Yet another application of our method yields non-quasi-isometric solvable groups. It is well-
known that finitely generated metabelian groups satisfy the maximum condition for subgroups. In
particular, there exist only countably many such groups up to isomorphism. On the other hand,
there are 2% isomorphism classes of solvable groups of class 3. In [?], Cornulier and Tessera showed
that, up to quasi-isometry, there are continuously many solvable groups of step 4. We improve their
result as follows.

Theorem 3. There exist 280 quasi-isometry classes of finitely generated center-by-metabelian
groups.

Vanderbilt University
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D. Piontkovski
Algebras and formal languages

In a number of cases, either an infinite algebraic system or a linear basis of such a system are
in one-to-one correspondence with a common formal language. This gives a way to calculate the
corresponding generating function (such as the Hilbert series of a graded of a filtered algebra). For
example, a linear basis of an associative algebra defined by a finite number of monomial relations
forms a regular language, as well as the set of nonzero words in a finitely presented monomial
semigroup. It follows that the Hilbert series of such an algebra a rational function (Govorov’s
theorem). A natural more general class with rational Hilbert series is the class of automaton algebras
introduced by Ufnarovski. By definition, the normal basis of such an algebra forms a regular language.
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In the first part of the talk, we will discuss a class of associative algebras and monoids for which
the leading terms of the Groebner basis of relations form an unambiguous context-free language.
Under mild restrictions, such algebras have algebraic Hilbert series. We discuss examples of finitely
presented algebras of that kind with irrational Hilbert series (discovered in co-operation with La
Scala and Tiwari) and their connection with classical context-free languages (such as the Dyck
language). So to say, in these examples the noncommutative Groebner basis machine generates a
context-free language like a formal grammar.

In the second part, we discuss more general (linear) algebras defined over an arbitrary non-
symmetric operad with finite Groebner basis (such as the operad of associativity and its more
general versions). We show that a linear algebra defined by a finite set of monomial relations has a
monomial basis which forms a deterministic context-free language. It follows that the Hilbert series
of such an algebra is again an algebraic function.

National Research University Higher School of Economics

e-mail: dpiontkovski@hse.ru

M. E. Semenov (Tomsk, Russia)
Self-crossing points of a closed-path motion

We consider a closed-path motion in the two-dimensional Cartesian coordinate system. This
model has been studied for a number of applications: geological faults, textile structure, robots
trajectory planning, bioinformatics, computer graphics [1-3].

Let (a,b,c) € N be a triple and « € (—m, 7| is an angle of rotation. A line segment is represented
by its two end-points [z, y]. To construct a closed-path motion, we proceed as follows:

1. Draw a first line segment of length a on the horizontal axis.

2. Turn right by an angle of a.

3. Draw a second line segment of length b from the end-point of the first segment.

4. Turn right by an angle of a.

5. Draw a third line segment of length ¢ from the end-point of the second segment.

6. Repeat previous steps n = 2 T times.

After steps 1-6 we shift from orlgln (0,0) by some vector £ and turn by the angle of a. Now
repeat the deterministic algorithm, and shift from the current position by some vector z5 which is
exactly like #7, but turned by the angle of a. The sum of vectors 27, 23, 3, ... 2, is zero because
all of them have the same length, and each one is turned by the angle of a. As the result of the
algorithm we get the closed-path motion and return to the starting point. Moreover, intermediate
positions will be n points forming a regular n-sided polygon.

We are interested in the number of self-crossing points, k, between the line segments for the triple
(a,b,c). Self-crossing points in a line segment for different triples (a, b, ¢) are depicted in Figure, the
origin (0,0) is the starting point for the construction of a closed-path motions, the angle of & = —7.
The green line marks the movement by steps 1-6 from the origin (0,0), then the red line indicates
the rest of a closed-path motion to the starting point. End-points of line segments are denoted with
open squares while self-crossing points denoted with filled red circles.

Triplet: (3,3, 3) Triplet: (3, 2, 2) Triplet: (3,1, 2) Triplet: (5, 2, 2)
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When forming a triplet (a, b, c) it is necessary to consider at least three cases: a) all numbers are
equal to one another a = b = ¢, b) all numbers are unique a # b # ¢, and ¢) a triplet has the two
repeating elements, for example, a = b. In the last case, there are three possible relations between a
and b should be emphasized: a) a =2-b, b) a > 2-b, and ¢) a < 2-b. The order of a, b, and ¢ in
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the triplet is irrelevant and a desired closed-path motion can be obtained by combining translation
and rotation [1] for the original closed-path motion through matrix multiplications.

The further research can be continued in the following directions. At first, it is the detection
whether line segments interfere or intersect with each other. At second, it is the computaion of
interferensions or intersections of analytic curves.

References. [1] S. M. LaValle. Planning algorithms. Cambridge University Press, 2006.
[2] B. Chazelle, H. Edelsbrunner. An Optimal Algorithm for Intersecting Line Segments in the Plane.
Journal of the Association for Computing Machinery. 39 (1) 1-54 (1992). [3] N. M. Patrikalakis,
T. Maekawa. Intersection Problems in "Handbook of Computer Aided Geometric Design". North-
Holland, Amsterdam, 623-649, (2002).
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D. V. Skokov (Ekaterinburg, Russia)
Special elements of the lattice of semigroup varieties

The collection of all semigroup varieties forms a lattice with respect to classtheoretical inclusion.
This lattice is denoted by SEM. The lattice SEM has been intensively studied since the beginning
of 1960s. A systematic overview of the material is given in the survey [1]. There are a number of
article devoted to an examination of special elements of different types in the lattice SEM (see [1,
Section 14] or the recent survey [2] devoted specially to this subject).

We continue study the special elements of the lattice SEM and here we focus on modular
elements.

An element z of a lattice (L;V, A) is called modular if

Vy,2€L (y<z)— (xVy Az=(zAz)Vy.

It is interesting that the problem of description of modular elements of the SEM, being
historically the first type of special elements of the SEM that attracted the attention of researchers,
is open so far.

We are going to talk about a recent results and some constructions on modular elements of the
SEM.

The reported study was funded by RFBR according to the research projects No. 18-31-00443 and
No. 17-01-00551 and by the Ministry of Education and Science of the Russian Federation (project
1.6018.2017/8.9).

References. [1| L. N. Shevrin, B. M. Vernikov, M. V. Volkov, Lattices of semigroup varieties.
Izvestiya VUZ. Matematika, 3 (2009), 3-36 |Russian; Engl. translation: Russian Math., 53:3 (2009),
1-28]. [2] B. M. Vernikov, Special elements in lattices of semigroup varieties, Acta Sci. Math.
(Szeged), 81 (2015), 79-109.
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M. B. Skopenkov (Moscow)
Surfaces containing two circles through each point

This is a joint work R. Krasauskas.

Motivated by potential applications in architecture, we find all analytic surfaces in 3-dimensional
Euclidean space such that through each point of the surface one can draw two transversal circular
arcs fully contained in the surface (and analytically depending on the point). The search for such
surfaces traces back to the works of Darboux from XIXth century. We prove that such a surface is
an image of a subset of one of the following sets under some composition of inversions:

-theset {p+¢q:p€a,q€ B}, where a, 3 are two circles in R3;

90



- the set {2|gig|2 'pEa,q€f,p+q#0}, where a, B are circles in the unit sphere S?;

- the set { (7,y,2) : Q(x,y, 2,22 + y?> + 2%) = 0}, where Q € Rz, v, 2,1] has degree 2 or 1.

The proof uses a new factorization technique for quaternionic polynomials. A substantial part
of the talk is elementary and is accessible for high school students.

This research was conducted within the framework of the Academic Fund Program at the
National Research University Higher School of Economics (HSE) in 2015-2016 (Grant No 15-01-
0092) and supported within the framework of a subsidy granted to the HSE by the Government of
the Russian Federation for the implementation of the Global Competitiveness Program, and also
by the President of the Russian Federation Grant MK-6137.2016.1, “Dynasty” foundation, and the
Simons—IUM fellowship.

References. [1] R. Beauregard, When is F|[x,y] a unique factorization domain?, Proc. Amer.
Math. Soc. 117:1 (1993), 67-70. [2] J. Kollar, Quadratic solutions of quadratic forms,
http: //arxiv.org/abs/1607.01276. [3] J. Schicho, The multiple conical surfaces, Contrib. Algeb. Geom.
42:1 (2001), 71-87. [4] M. Skopenkov, R. Krasauskas, Surfaces containing two circles through each
point, Math. Annalen (2018).
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M. M. Sorokina (Bryansk)
On §“-abnormal maximal subgroups of finite groups

Only finite groups are considered. A subgroup H of the group G is called quasisubnormal in G if
for every Sylow p-subgroup P of G a subgroup H N P is a Sylow p-subgroup of H for all p € 7(G)
[1], where 7(G) is the set of all prime divisors of |G|. L.A. Polyakov in [2] established the criterion
of quasisubnormality of §-abnormal maximal subgroups of the group where § is a local formation.
We consider the concept of an §“-abnormal maximal subgroup of a group which is the natural
generalization of the concept of an F-abnormal maximal subgroup. Let § be a class of groups, w be a
non-empty subset of the set P of all primes. According to [3| a maximal subgroup M of the group G is
said to be §“-abnormal (F¥-normal) in G if G/Coreq(M)NO,(G) € § (G/Coreqg(M)NOL(G) € §
respectively) where Coreg(M) and O, (G) are the largest normal subgroup of G included into M
and the largest normal w-subgroup of G respectively. If § is a homomorph then every §F-abnormal
maximal subgroup of the group is its §“-abnormal maximal subgroup, the opposite is not true. If
m(G) C w then the concepts of an F-abnormal maximal subgroup and an §“-abnormal maximal
subgroup of the group G coincide. We have obtained the necessary and sufficient conditions under
which §¥-abnormal maximal subgroups of the group G are quasisubnormal (Theorems 1 and 2
respectively).

Not listed designations and definitions can be found in [3]. Denote the class of all finite groups
by € and the class of all finite nilpotent groups by 9; §., is a class of all w-groups belonging to
the class §; 7(F) = Ugezm(G). If §1 and §2 are classes of groups then §1§2 = {G € € : there
exists N < G such that N € §; with G/N € §2}. Let f : wU {w'} — {formations of groups},
where f(w') # @, and ¢ : P — {non-empty Fitting formations of groups} be functions. A formation
wF(f,6) = {G € € : G/O,(G) € f(W') and G/Gsqpy € f(p) for all p € wN7w(G)} is called an
w-fibered formation with the w-satellite f and the direction § [4], where Gy, is the largest normal
subgroup of G belonging to the class d(p). A formation wF'(f,d) is called an w-local formation if
d(p) = €N, for all p € P where €,MN, is the class of all p-nilpotent groups.

Theorem 1. Let § be an w-local formation closed under normal subgroups and extensions, 7 = 7 (§),
w C 7w and G be a group. If every §¥-abnormal maximal subgroup of GG is quasisubnormal in G then
G = [A]B where A € §€,n, and B is a nilpotent w’-group.

Theorem 2. Let § be a non-empty formation, 7 = 7(§) and G be a group. If G € §N and M is an
§“-abnormal maximal subgroup of G with =(| G: M |) C 7’ then M is quasisubnormal in G.

References. [1| O. Kegel, Sylow-Gruppen und Subnormalteiler endlicher Gruppen. Math. Z.,
78:3 (1962), 205-221. [2] L. A. Polyakov, On the Theory of Generalized Subnormal Subgroups of
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A. Staroletov (Novosibirsk)

On minimal polynomials of powers of cycles in ordinary representations of
symmetric and alternating groups

Denote the symmetric (alternating) group of degree n by S,, (A,,). Recall that a partition of n is a
nonincreasing sequence of positive integers (A1, Ag, ..., \p) whose sum equals n. It is well-known that
there exists one-to-one correspondence between the set of equivalence classes of ordinary irreducible
representations of .S, and the set of partitions of n.

The alternating representation is the representation of degree 1 such that o € S, maps to
sgn(o). Furthermore, if V' is a vector space of dimension n with a basis ej,es,. ..,e, then S, acts in
the natural way on V', namely, for every o € S, and i € {1,...,n} we have o(e;) = e,(;). There are
two irreducible constituents in such representation: the line | = (e; +e2+ ...+ €,) and its orthogonal
complement [*. This representation of S,, on I+ is called the standard representation of S,. It is
known that this representation corresponds to a partition (n — 1,1). Any irreducible representation
that corresponds to a partition (1"71,2) = (1,1,...,1,2) is called the representation conjugated with
the standard representation.

Consider a permutation o € S,, and an irreducible CS,,-module (or CA,,-module) V. The minimal
polynomials of o on V' such that |o| is a prime were found in [1]. Observe that |o| = p for a prime
p iff o is a product of some pairwise disjoint cycles of length p. We say that ¢ € 5, is of shape
[a?la? e azk], where a; are distinct integers, if a cycle decomposition of o consists of by cycles of
length a1, by cycles of length as,. . ., by cycles of length a;. The main result is the following.

Theorem 1. Let n, » and m be positive integers such that n > 3, » > 2 and rm < n. Assume that
o € S, is of shape [r™1" "] and p : S,, = GL(V) is an irreducible nontrivial representation of S,
over C. Denote the minimal polynomial of p(o) by uf (x). Then uf () # 2" — 1 if and only if one
of the following holds:

(i) »=mn, m =1 and p is the standard representation. In this case uf,(v) = Z=;
(ii) nis odd, r = n, m = 1, and p is the conjugated with standard representation. In this case
z"—1

(iii) n is even, r = n, m = 1, and p is the conjugated with standard representation. In this case
z"—1

M%(%): r+1 °

(iv) o is odd, p is the alternating representation and u{,(z) = = + 1;

(v) o is even, p is the alternating representation and uf,(x) = = — 1;

As a corollary of this result, we find minimal polynomial of p(c¢) in ordinary representations of
alternating groups. Moreover, we give examples for other shapes of permutations, where 1 is not an
eigenvalue.

References. [1] A. E. Zalesskii. Eigenvalues of prime-order elements in projective representations
of alternating groups. (Russian) Vestsi Akad. Navuk Belarusi Ser. Fiz.-Mat. Navuk 131:3 (1996),
41-43.
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S. V. Tikhonov
On genus of division algebras
The genus gen(D) of a finite-dimensional central division algebra D over a field F' is defined
as the collection of classes [D’] € Br(F), where D’ is a central division F-algebra having the same
maximal subfields as D. This means that D and D’ have the same degree n, and a field extension
K/F of degree n admits an F-embedding K < D if and only if it admits an F-embedding K — D'
The following questions were formulated in [1]:

Does the fact that division algebras D and D’ have the same maximal subfields imply that the
matrix algebras M;(D) and M;(D’) have the same maximal subfields / étale subalgebras for any (or
even some) [ > 17

Let ny and ng be relatively prime positive integers. Let also D; and D) be central division
algebras of degree n; over a field F' for ¢ = 1,2. Is it true that if gen(D;) = gen(D}) for i = 1,2,
then gen(D; ® Ds) = gen(D} ® D})?

Negative answers to these questions are given in [2].

References. [1] V. I. Chernousov, A. S. Rapinchuk, I. A. Rapinchuk. The finiteness of the genus of a
finite-dimensional division algebra, and some generalizations. arXiv:1802.00299. [2| S. V. Tikhonov.
On genus of division algebras. arXiv:1904.03933.
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I. A. Timofeenko (Krasnoyarsk)
The Chevalley groups of type Ej over a ring of Gaussian integers is (2,2, 2)-
generated

A group is called (2,2, 2)-generated if it can be generated by three involutions. Let ® be a reduced
indecomposable root system. We denote ®(Z + Zi) the adjoined Chevalley group of type ® over the
ring of Gaussian integers Z + Zi. It is generated by root subgroups X, = {z,(¢t) |t € Z+ Zi}, r € ®
[1, corollary 3, p. 107|. By following notations from [2|, we define monomial and diagonal elements
respectively

ny(t) = xr(t)x,r(—t_l)mr(t),

he(t) = ny(t)n.(-1), r € ®, t € {£1,+i},
ny = ny(1),

he = hp(—1).

Theorem 1. The adjoined Chevalley groups of type E; over the ring of Gaussian integers are
generated by the involutions a1, s and ag from table 1.

Ta6umna 3: Involutions

Group aq oy Qs

Eo(Z + Zi) Ty () Try g (D) Py | My Ny Mg P Ny Mg Mg Ry Py P
Eq(Z + Zi) Try () ryry (D Py | Moy Ry g g o P, Ty Ty T My P
Es(Z + Zi) Try ()ryry (D Pry | Ny Ny g g s Py Ty Ty T Ty Mg Py
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N. V. Timofeeva (Yaroslavl)
On resolution of torsion-free coherent sheaves: arbitrary dimension

I will discuss the iterative process to resolve a flat family of torsion-free coherent sheaves on
nonsingular polarized (i.e. supplied with very ample invertible sheaf L) projective algebraic variety
(S,L) of arbitrary finite dimension. The procedure returns a family of locally free sheaves on
projective algebraic schemes of appropriate class. This is intended to be higher dimensional analog
of the «standard resolution» of family of coherent sheaves on a surface (for description of two-
dimensional case see 1] and references to author’s papers within).

The standard resolution for dimension two contains one step and is a key procedure to interpret
moduli scheme for semistable coherent sheaves with fixed rank and Hilbert polynomial on the surface
S as moduli scheme of so called admissible pairs (i.e. locally free sheaves on appropriate schemes)
with same rank and same Hilbert polynomial. The higher dimensional analog for standard resolution
contains number of steps which is equal to homological dimension of the sheaf under resolution.

The procedure of standard resolution has two versions.

e Pointwise version is the transformation of the data ((S, L), F) to the data (admissible pair)
((S, L), E) where E is a torsion-free coherent sheaf on (S, L) and (S, L) is certain class
projective scheme S with very ample invertible sheaf Land F a locally free sheaf. If Hilbert
polynomial of E is compute with respect to L and Hilbert polynomial of E is compute with
respect to L then these two polynomials are equal.

e Global version is the transformation of a flat family ((7" x S,0r W L),E) of torsion-free
sheaves with base scheme T to the family of pairs, i.e. to ((7 : ¥ — T,L),E). It consists
of the flat family of projective schemes m : ¥ — T with base scheme T, of invertible
sheaf L which is very ample relative to 7, and of locally free coherent sheaf E. Scheme 1:
is birational to 7" and 7 : T'— T is the corresponding morphism. If restricted to points p € T
and p = 7(p) € T this transformation leads to pointwise version taking ((.S,L), E|pxs) to
((wil(ﬁ),]Ij\ﬁq(@),fﬁl\ﬁq@) Hilbert polynomials of sheaves E|, - 1(p) With respect to L, - 1
remain equal as the point p varies.

Acknowledgement: this work was carried out within the framework of the State Programme of
the Ministry of Education and Science of the Russian Federation, project No. 1.12873.2018/12.1

References. [1] N. V. Timofeeva. Admissible Pairs vs Gieseker-Maruyama. arXiv:1711.07816. To
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Aleksandr Tsarev (Jeju, South Korea)
Lattices of foliated formations of T-groups and the laws

A class closed under taking homomorphic images and finite subdirect products is called a
formation.

There is a duality in the research of formations of finite groups and formations of other algebraic
systems. This gives the motivation to consider their properties from a unified viewpoint. Such a
unified approach can be realized considering formations of so-called T-groups.
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Consider an additive group G with zero 0. Refer to G as a T-group whenever we are also given
some system 7' of k-ary algebraic operations on G for some positive integer k, while ¢(0,...,0) =0
for all t € T', where 0 appears on the left k& times if ¢ is an k-ary operation ([3], [4,I11], |6, VI]). Some
particular cases of T-groups are groups, modules, rings, and multirings (i.e., T-groups with the
condition every ¢ € T on G is distributive with respect to addition).

In the theory of group classes, the constructions of the lattice theory have found some interesting
applications, which allow creating simple proofs both the known facts and new results. Every law
of the lattice of all formations is fulfilled in the lattice of all n-multiply w-composition formations
for all positive integers n [10, 12]. We generalize this fact for the lattices of formations of T-groups.
For obtaining our main result, we use an elegant concept of partially foliated formation, which was
introduced by Vedernikov [11].

Theorem [9]. Let 9t be the class of all T-groups satisfying the minimality and maximality
conditions for T-subgroups, and let n be a positive integer. Then every law of the lattice of all 7-
closed M-formations (denoted by 70 FY) is fulfilled in the lattice 7Q F3) (of all 7-closed n-multiply
Q-foliated 9M-formations with direction ¢, such that @ < ).

Formations of finite rings appeared first in [1|; and in [5], the concept of formation (local
formation, n-multiply local formation) of multirings was introduced. As an immediate corollary
from the theorem, for T-groups G with the condition every ¢ € T on G is distributive with respect
to addition, we obtain the following result.

Corollary. Every law of the lattice of all formations of finite multirings is fulfilled in the lattice of
all n-multiply local formations of finite multirings.

Corollary [2, Theorem 2]. Let 9t be the class of all T-groups satisfying the minimality and
maximality conditions for T-subgroups. Then the lattice 7Q;F,y (of all 7-closed n-multiply ;-
foliated 9M-formations) is modular for any nonnegative integer n and any direction ¢, such that

Yo < ©.

Corollary [13, Theorem 3.1]. The lattice of all 7-closed n-multiply w-composition formations

¢/, is modular for any nonnegative integer n.
n

Let § be a formation. We denote the intersection of all maximal 7-closed n-multiply w-
composition subformations of § by ®7, (§), and we set ®7, (F) = § if there are no such subformations.

Corollary [7]. Let §1 and F2 be nonempty 7-closed n-multiply w-composition formations. If §; C
S2 # (1) then @7 (F1) C @], (F2) for any nonnegative integer n.

This work was partially supported by the Belarusian Republican Foundation for Fundamental
Research (BRFFI-RFFI M-20017, grant F17TRM-063).
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L. Yu. Tsiovkina (Yekaterinburg)

An upper bound for the prime spectrum of the automorphism group of an arc-
transitive AT4(p,p + 2,7)-graph

Let I' be a nonbipartite antipodal distance-regular graph of diameter 4. If the fundamental bound
(in the sense by Koolen, Jurisi¢ and Terwilliger) for I' holds with equality, then the local graphs of I'
are strongly regular, and the intersection array of I is expressed in terms of the non-trivial eigenvalues
p and —q(g > 0) of the local graphs and the antipodality index of I'. In this case, I" is called an
antipodal tight graph of diameter 4 with parameters (p, ¢, r) or simply an AT4(p, q,r)-graph.

The study of the class of AT'4(p, q,r)-graphs is motivated by the fact that it contains almost all
known non-bipartite antipodal distance-regular graphs of diameter 4, including the famous antipodal
triple cover of the 3-transposition graph of the sporadic Fischer group Fiss’. Many of the known
examples are related to important permutation representations of some quasisimple groups or have
pseudogeometric local graphs.

The case when parameters of an AT4(p, q,r)-graph satisfy the equation ¢ = p + 2 is of special
interest: each AT4(p,p + 2,7)-graph has zero Krein parameter ¢, and, by a theorem of Jurigic,
any its second subconstituent is again a non-bipartite antipodal distance-regular graph of diameter
4, which makes the family of AT4(p,p + 2,r)-graphs a potentially rich source of new examples of
non-bipartite antipodal distance-regular graphs of diameter 4.

In this talk, we consider the problem of classification of AT4(p, p+2, r)-graphs with arc-transitive
automorphism groups. By a Brouwer’s result, the unique AT4(p,p + 2,r)-graph with p = 2 is the
distance-transitive Soicher graph with intersection array {56,45,16,1;1,8,45,56} (its local graphs
are isomorphic to the Gewirtz graph). This graph admits an arc-transitive action of 32.U4(3). There
are no known examples of AT4(p,p + 2, r)-graphs with p > 2.

An approach to the above stated problem involves a necessity to determine the prime spectrum
of the automorphism group of an AT4(p, p + 2,7)-graph. In recent papers [2] and [3] it was noticed
that the prime spectrum the automorphism group of an AT4(p, p+2,7)-graph with p = 5,7 depends
essentially on the structure of its local graphs. It is known that the local graphs of any AT4(p, p+2,7)-
graph are strongly regular graphs with parameters ((p + 2)(p* + 4p + 2),p(p + 3),p — 2,p). In the
talk, we will give a description of the automorphism group of any strongly regular graph with these
parameters and find an upper bound for its prime spectrum in case when p is a prime power. On
the basis of these results we will find some restrictions for the prime spectrum and the structure of
the automorphism of AT'4(p, p+ 2,r)-graph with p being a prime power. In particular, we will show
the following statements.

Theorem 1. Let I be an AT4(p, p+2,r)-graph, let {a,b} be an edge of I" and G = Aut(T"). Then G,
acts faithfully both on I'i(a) and on I'z(a), and if p > 2 is a prime power, then 7(Gqp) € {2,3, ..., p}.

Corollary. Suppose that I' is an AT4(p, p + 2, r)-graph, where 2 < p is a prime power, a € I" and
the group G = Aut(I") acts transitively on arcs of I'. Then

T((p+2)P*+4p+2)(p+ 1)(p+4) C7(G) C{2,3,....,p+ 2} Un((p? +4p+ 2)(p + 4)).

If, moreover, the numbers p 4+ 2 and p? + 4p + 2 are prime, then the group G, is almost simple.
Theorem 2. AT4(p,p + 2,r)-graphs with p € {11,17,27} are not arc-transitive.
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K. M. Tulenbayev (Almaty, RK)
Algebraic geometry over Bicommutative algebras

Author construct Zarisky topology over prime ideals for Free Bicommutative algebras. Algebraic
geometry over free metabelian Lie algebras was created in [2].

Let A = (A, o) be an algebra over field with characteristic p > 0 and A x A — A, (a,b) — aob,
is product. An algebra (A, o) is called Bicommutative, if

(aob)oc=(aoc)ob(RCom)
ao(boc)="bo(aoc)(LCom)
for any a,b,c € A.

A? is associative and commutative [3].
Definition. An ideal I is called prime iff I N A? is prime.

The description of basis of Bicommutative algebras in terms of Young diagrams of special type,
which we call hooks, was given in [4] .

Also we use another representation of hook as a pair (X,Y). Let us introduce order on
bicommutative monomials. Degree of (X,Y) is equal to sum of degree X and degree Y. We say
that Z = (X,Y) < Z1 = (X1, Y1) if degZ < degZy. When degZ = degZ; at first we will compare X
and X; as monomials in associative and commutative algebra. If X = X; then we will compare Y
and Y] as monomials in associative and commutative algebra with deg-lex order.

Let A=C < z1,...,x, > be free Bicommutative algebra on n variables. Then A is a Noetherian
algebra.

The Noetherianity of bicommutative algebras over an arbitrary field of any characteristic was given
in [5].

Realization of Buchberger algorithm for Bicommutative algebras needs new definition of S-
polynomials.

Another representation is as pair (z{' * 252 % ... * x4"; x’fl * xg2 * ... xxh). Let I to be an ideal
of A. Firstly, consider case of homogeneous ideal I and monomial Z € I and Z=(X,Y), where
X = (@ *25?x...x2% and ¥ = mfl *a:§2 *...*xﬁ") Suppose we have Z; = (X1,Y7) and
Zy = (X2,Ys) then Z; o Zy = (X1 - Xo,Y) - Y2) where - is usual multiplication in polynomial ring.
(X,Y) is not Cartesian product and but is useful notation for base elements of linear vector space.
Also we must add unit element 1 as element with a; = 0 and 8; = 0.

The realization of Burberger algorithm is organized as follows. We consider an ideal K
of polynomial ring on n variables, generated by elements X from base elements (X,)Y) from
bicommutative ideal I. So K by is finitely generated by elements f;, where¢ =1,--- | k. Next we take
vector subspace of bicommutative ideal I V(f;) = Lin < (f;,Y) > . Ideal of polynomial ring on n
variables M;, generated by such Y, is finitely generated by g,(;). We consider an ideal L of polynomial
ring on n variables, generated by elements Y from base elements (X,Y) from bicommutative ideal
I. So L is finitely generated by elements h,, where p = 1,---,l. Next we take vector subspace
of bicommutative ideal I V(h,) = Lin < (X, h,) > Ideal of polynomial ring on n variables NN,
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generated by such X, is finitely generated by 7). We introduce the order on bicommutative base
elements. We take elements (u, v) from the ideal I such that (u, v)<(fi,gsc;)) or (u, v)<(rypy, hp)
The number of such elements is finite. Then I is generated by (fi, gs;)) and (ry(), hp) and (u, v) as
an ideal.

The work is supported by the grant AP05133271 of SC of the MES of RK.
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A. V. Vasil’ev (Novosibirsk)

The 2-closure of a permutation group, the Weisfeiler-Leman closure of a color
graph and an isomorphism problem

In 1968, B. Weisfeiler and A. Leman establish a rather simple procedure (called now
the Weisfeiler-Leman algorithm) which given a graph constructs a matrix algebra with two
multiplications that keeps all the information on the automorphism group of the graph [1]. This
algebra has a uniquely determined linear basis consisting of {0, 1}-matrices and the binary relations
underlying these matrices form a combinatorial object now known as a coherent configuration. The
use of the Weisfeiler-Leman algorithm for graph isomorphism testing was one of the reasons that
forced researchers to study the theory of coherent configurations. An outstanding example of the
coherent configuration approach to the Graph Isomorphism Problem is a recent breakthrough result
by L. Babai [2] giving a quasipolynomial algorithm testing isomorphism of arbitrary graphs.

The term ‘coherent configuration’ itself first appeared in D. Higman'’s article [3|. Following ideas
of I. Schur and H. Wielandt, he used it as a tool to study permutation groups via analyzing invariant
binary relations. In fact, there is a natural Galois correspondence between subgroups of symmetric
group on a set 2 and coherent configurations defined on 2 (see, e.g., [4]). The closed objects with
respect to that correspondence are 2-closed permutation groups and schurian coherent configurations.
In our talk, we will discuss these notions from various points of view: algebraic, combinatorial,
algorithmic. We will also address the question how one can effectively solve the following problems.

2-Closure Problem. Given a finite permutation group, find its 2-closure.

Isomorphism Problem for Schurian Coherent Configurations. Given two finite schurian
coherent configurations, find the set of isomorphisms between them.

References. [1] B. Weisfeiler, A. Leman. Reduction of a graph to a canonical form and an algebra
which appears in the process. NTI, Ser. 2 (1968), no. 9, 12-16 (Russian). [2] L. Babai. Groups,
Graphs, Algorithms: The Graph Isomorphism Problem. Proc. ICM 2018, Rio de Janeiro, Vol. 3,
3303-3320. [3] D. G. Higman. Coherent configurations. I, Rend. Sem. Mat. Univ. Padova, 44 (1971),
1-25. [4] G. Chen and I. Ponomarenko. Coherent Configurations, Electronical Lecture Notes, 2019
(http://www.pdmi.ras.ru/~inp/ccNOTES.pdf).
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M. Vukovié (Sarajevo, BA)
About paragraded rings and their radicals

Abstract radical theory begins with rings. In the theory of rings many structure result were
obtained with the use of radicals. In generalizing the classical notion of the radical in a ring, different
kinds of radicals have been defined by many authors, including Azumaya, Baer, Brown-McCoy,
Jacobson, Koethe, Kurosh, Levitzki, and McCoy, Kostrikin.

In this talk we present some results from the radical theory of paragraded rings, structures
introduced by Krasner and myself [M. Krasner, M. Vukovi¢, Queen’s Papers, Ontario, 1987| (see
also [M. Vukovi¢, Institut Fourier, Grenoble, 2001]).

It is well known that the ADS (Anderson-Divinski-Suliniski) - Theorem overcomes the problem
of the relation "being an ideal"not being transitive for associative rings. We prove a version of the
ADS-Theorem for associative paragraded rings, that is, we prove that for any paragraded radical «
(in the sense of Kurosh - Amitsur) and any associative paragraded ring R, if I is a homogeneous
ideal of R, then «([I) is a homogeneous ideal of R.

We also examine properties of some concrete radicals, the Baer and the Jacobson radical of a
paragraded ring and their paragraded versions. In particular, we prove that the paragraded Baer
radical of a paragraded ring coincides with the largest homogeneous ideal which is contained in the
classical Baer radical of a paragraded ring.

Similar results are obtained for the Jacobson radical but, following Halberstadt’s results on
graded rings, we also establish a relation between the paragraded Jacobson radical and the Jacobson
radical of a ring which corresponds to an idempotent, under assumptions that the underlying
paragraded ring is regular and that each element of its paragrading set is either idempotent or
nilpotent of degree two with respect to minimal multiplication.

We also study special paragraded radicals of paragraded rings. It is known that any special radical
of a ring can be defined by means of same class of modules over that ring [V.A. Andrunakievich, Y.
A. Ryabuhin, Moscow, 1979|. Besides tt is proved that the largest special class of paragraded rings
coincides with the class of allparagraded rings.

The aime if my talk is to show that all special paragraded radicals of paragraded rings can be
described by an appropriate class of their paragraded modules. This is already done for graded rings
[I.N. Balaba, Buletinul Academie de Stiinte a Republicii Moldova. Matematica, 2004].

We define the general class of a paragragraded radical of a paragraded ring as the intersection
of annihilatrs of paragraded modules over that ring which belong to the general class

Key words and phrases: paragraded ring, radical and paragraded radical, Bear radical, Jacobson
radical.
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V. I. Yanchevskii (Minsk)
Graded algebras and anisotropic algebraic groups of classical types

Let k be a field and G be a k-defined k-simple algebraic group of a classical type (except
3D4 and ®Dy). Then its group Gy of k-rational points is either a special linear group, or one of
unitary groups (including orthogonal and symplectic groups). Classical groups are called groups of
a noncommutative type if division algebras used for their definition are noncommutative. We shall
consider simply connected groups of such type and the series A,,. The Kneser-Tits conjecture on the
structure of k-isotropic groups is well known. It was proved in many cases for special fields k, but
for anisotropic groups it is false as it was shown by V.P. Platonov [1]. So the necessity to study the
so called reduced Whitehead groups has appeared. Now many results on computing such groups are
available in the case of inner forms of groups of the series A,, (see, e.g., [2-10]). But the anisotropic
case still remains almost unapproachable (for the first steps see [11-12,14]). The aim of the talk is to
present a scheme of computing such groups associated with so called graded division algebras with
unitary involutions. Observe that in the case of inner forms of groups of the series A,, associated
with such algebras results on these groups were obtained in [9-10,13].

There will be three parts in the talk. The first one will be devoted to describing an important
class of so called cyclic unitary involutions (the existence, the cloning, etc.). The second part will
contain the scheme mentioned above. The final part will be devoted to an analysis of some important
examples for special fields and algebras.
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Fundamental Research, Project F17TMC-021.
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